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We study the following problem: If np,(G) > 0 then, does
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Compact group

1. Introduction and results

Let G be a compact (Hausdorff) group and denote by m¢ the (unique) Haar measure
on G. The following question is proposed in [9, Question 1.20.]:
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Question 1.1. Let G be a compact group, and suppose that

Nk(G) = {(:Z::[) 0. 7$k—|—1) 6 Gk+1 | [1‘1, « o ’:I:k:_j’_l] = ]_}’
has positive Haar measure in G**1. Does G have an open k-step nilpotent subgroup?

Here [z1,x2] = xl_lxg_lxle and [z1,...,Zkt1] is inductively defined by [[z1, ..., zk],
zj+1] for all k& > 1. The Haar measure of Nj(G) is called the degree of k-nilpotence of
the group G.

Denote by PAj the class of compact groups giving positive answer to Question 1.1. In
[8] it is proved that PA; contains profinite groups and in [6] it is proved that all compact
groups are included in PA; (see also [1]). In [2] it is shown that PAs contains all compact
groups. Martino et al. have shown that PA; contains all profinite groups for any k (see
[9, Theorem 1.19.]). Here in Theorem 2.12 below, we give another proof of the latter
result without using submultiplicativity of the k-nilpotence degree of a finite group (see
[9, Theorem 1.21.]).

Our main result is the following.

Theorem 1.2. Let G be a compact group with np,(G) > 0. Then the connected component
GO of G is abelian and there exists a closed normal nilpotent subgroup N of class at most
k such that G°N is open in G.

2. Relative nilpotent probability and submultiplicativity

We denote the set of continuous functions on a compact group G by C(G). If N is
a closed normal subgroup of G, then G/N is a compact group, equipped with quotient
topology. There exists a projection-like map P : C(G) — C(G/N) defined by

Pi(g) = / £(gy) dy.

where dy stands for the Haar measure on N. We will use the following two simple lemmas
repeatedly:

Lemma 2.1. Let G be a compact group and N be a closed normal subgroup of G. Then,
for all f € C(G)

[f@ras= [ Pr@as
G

G/N
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Proof. The functional

I:C(G)—=C, fw— /Pf(a)da
G/N

is nonzero, positive and left-invariant, also I(1) = 1, so by the uniqueness of Haar integral
the result holds. O

Remark 2.2. We have an analog of Lemma 2.1 whenever H is a closed not necessarily
normal subgroup, see [4, (2.49) Theorem].

The Uniqueness of Haar measure has another achievement; consider a continuous
epimorphism ¢ : G — H between compact groups. Then

I:C(H)— C, ft—>/fo¢(g)dg
G

defines a nonzero, positive and left-invariant functional. Also, I(1) = 1, so we have

Lemma 2.3. Let ¢ : G — H be a continuous epimorphism between compact groups. Then
[ty an= [ toswyds (s ecam)
H G

Lemma 2.4. Let H be a closed subgroup of a group G. Then yCq(x) N H is either empty
or a coset of Cy(x), for all x,y € G. In particular, we have mpy(yCq(z) N H) <
my (Cy(x)), for all z,y € G.

Proof. If z € Cg(z)Ny~1H, then one can easily check that Co(z)Ny 1H = 2Cy(x). O

Let H be a closed subgroup of a compact group G. For z1,xs,...,x; in GG, we define

N(H;xq,...,25) = {(yl,...,yk) € H* : [z, ..., c0ys] = 1}

and np(H;x1,...,25) = mgx (N (H;z1,...,28)).
Also, by cp(G), we denote the probability that a randomly chosen pair of elements of
G commute, i.e. mg: ({(z,y) € G* : zy = yz}).

Proposition 2.5. Let H be a closed subgroup of a compact group G. Then np(H;z,y) <
cp(H) for all z and y in G.
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Proof. By the above lemma, we have

np(I; . y) = / / Ly (627) A A€
Z/mH(x_lca(yn)ﬂN) dn
H
< / my (Cyr(yn)) dy
- / my (5~ Ca(€) N H) dé
< / my (Cp(€)) d€ = ep(H). O

Remark 2.6. In [9, Lemma 6.2.], using combinatorics methods, the authors have shown
that for a normal subgroup N of a finite group G,

n-times
—
np(N;xlw"an) S np(N,l,,l)
for all z;, € G, 1 < k < n. We could not implement these methods in the case of infinite
compact groups to have the above inequality for a closed normal subgroup N, and of
course we do not need this generalization.
Now, we are going to prove that np(N;x1,...,x,) is bounded away from 1, for all
closed normal subgroup N of a compact group GG which is not nilpotent of class at most

kand all z, € G, 1 < k <n.

Proposition 2.7. Let H be a closed subgroup of a compact group G. Then

1 H _
np(H;acl,...,an)gi 1+np m;xl,...,xn ,

for all x41,...,z, € G, where Z is the center of G, and T denotes the image of x in
H/(ZNH).

Proof. Put K .:=ZnNH,

X={y=WWi, --yn) € H" : [1Y1, ..., zryn] € K}

and



140 A. Abdollahi, M. Soleimani Malekan / Journal of Algebra 631 (2023) 136—147

NzN(%;x—l,...,m) |
Then one can easily verify that
Ix(yz) =1x(y) (yeH",z€ K") (2.1)
(1x is the characteristic function of X) and
1x(y)=1 ifand only if 1x(y)=1. (2.2)

Now, we have
np(H; a1, n 1) = / my (275 Cal(mn, - anyal) 0 H) dy
Hn

< / my (Cor([21y1, - . 2nya])) dy

= /mH (Cr([r1y1,. -, Tnyn])) dy

+ / my (Cr([z191, - Zayn])) dy
H™\ X

8

< myze (X) + 51— mze (X))

(1+mpgn(X)).

N =

The latter inequality holds because on X¢, Ca([x1y1, ..., Tryy]) has index at least 2. We
compute mpn (X):

miz (X) = / 1x(y) dy

Hn

= / /1X(yz)dzdy, by Lemma 2.1,
H/Kn K"

= [ uwds by @,

Hn/K'n,

— [ wedr by,

(H/K)™
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By Theorem 2.7 we obtain the following characterization of closed and nilpotent
normal subgroups of a compact group:

Proposition 2.8. Let H be a closed subgroup of a compact group G. Then H is nilpotent
of class at most n if and only if

np(H;xl,...,xn+1) =1
for somexp, € G, 1 <k<n-+1.

Proof. Only one direction needs proof.

Using induction on n, we prove the result. For n = 1, assume that np(H;z,y) = 1 for
some z,y € G, so by Proposition 2.5, cp(H) = 1, whence implies that H is an abelian
group. Assuming that the result is valid for n — 1, we prove its correctness for n. If

np(H;mlv"'axn-I—l) =1

for some zj, € G, 1 < k < n+1, then by Proposition 2.7, we get np (325 71, ..., Tn) = 1.
H

Now, by induction hypothesis, = is nilpotent of class at most n —1, so, H is nilpotent

of class at most n. O

Definition 2.9. Let H be a closed subgroup of a compact group G. The relative k-
nilpotence of H in G, denoted by npy, ;(H), defined to be

Sup{np(H;xl,.. .,Cl?k+1) X1y, Tyl € G}
When H = G, then we remove G from the index and simply write np, (G).
Remark 2.10. Since the Haar measure is left-invariant, one can easily verify that
np.(G) = np(G;xy,...,2541) for all z1,..., 2541 € G. So, np,(G) is nothing but
the degree of k-step nilpotence of G defined in [9]. Also, by Proposition 2.5, we have
np; (H) = cp(H) for a closed subgroup H of a compact group G.

The following result follows inductively from Proposition 2.8, 2.5 and [5, Theorem].

Theorem 2.11. Let H be closed subgroup of a compact group G which is not nilpotent of
class at most n. Then npk’G(H) <1- %%, for all positive integer k < n.

By Theorem 2.11 in hand, we give another (simple) proof for the following statement.

Theorem 2.12. ([9, Theorem 1.19.]) Let G be a profinite group with np,(G) > 0. Then
G has an open k-step nilpotent subgroup.
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Proof. By [3, Lemma 2.4.], there is an open normal subgroup N along with elements

Z1,...,Tp+1 € G such that np(N;xq1,...,2541) > 1 — 2,6%, so by Theorem 2.11, N

should be nilpotent of class at most k. O

If B is a measurable subgroup of a compact group A, then ms(B) = [A : B]™!, by
convention on “é = 0". We have

Lemma 2.13. Let G be a compact group, H be a closed subgroup of G and N be a normal
closed subgroup of G. Then

mg(H) =my(NNH)mg/ny (NH/N).
Proof. The following is well known
[G:H]=|G:NH|[NH : H =[G/N : NH/N|[N : NN H].
This along with the explanation before the lemma implies the result. O

Theorem 2.14. Let G be a compact group with closed subgroups H and closed normal
subgroup N contained in H. Then npy, ¢(H) < npy, ¢,n(H/N)npy, o(N).

Proof. For z1,...,zr+1 € G we have

np(H;xq,...,Tk41) < /mH(CH([xlyly-~-a$kyk]))dy-
Hk:

By Lemmas 2.1 and 2.13,
/ mu (Cr 21y, - .. ryel)) dy = / / mu(Cr(fz1yiza, ..., erye])) dz dy
Hk Hk/Nk Nk

= [ [mx@lowma, . mma)muy (NCu(ena. ... o)) /N) dady
HF/Nk Nk

(%)
< / /mN(CN([zlylzla---axkykzk]))mH/N (Cryn([@1v1, - - Thye))) dzdy
HE/NF Nk

= / my /N (Cr/n([T1Y15 - - - ThTr))) /mN(CN([$1y131w'~7=Tk:ykzk]))dz dy
Hk/NE k

= / my /N (Cru/n([T101 - - -, Ter)) np(N; 2191, - - - Tye, 1) Ay
HE/NF
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< np; ¢(N) / my /N (Cu/n [Tyt - - Teye))) dy
(H/N)k

< npy ¢(N)npy g/n(H/N).
The inequality (*) obtained by the inclusion
NCH([$1y1, c. ,xkyk])/N C C’H/N([xlyl, c. ,:L‘kyk]). O
As a corollary of the above theorem, we state:

Corollary 2.15. Let N be a closed normal subgroup of a compact group G. Then np,(G) <
np, (G/N)npy ¢(N). In particular, cp(G) < cp(G/N)cp(N).

3. Proofs of main results
Using Corollaries 2.15 and 2.11, we prove the following.

Theorem 3.1. Let G be a compact group and assume that np,(G) > 0. Then the length
of all closed normal series of G which its factors are not nilpotent of class at most k
should be bounded.

Proof. Let
1:Gr+1§Gr§"'§G1§GO:G

be a closed normal series such that G;/G;y1, 0 < i < r, is not nilpotent of class at most
k. Using the Theorem 2.14 repeatedly, we have

np,(G) < npy, ¢, (Gr)np,(Go/Gr)
< npy ¢, (Gr)nPk ¢, /6, (Gr-1/Gr)np,(Go/Gr-1)

1
< H NPg.Gy /G, (Gi—l/Gi).

=2

The Corollary 2.11 implies that the right hand side of the above inequality is at most
(1 — Q,C%)T All in all, we get

Innp,(G)

(-5 -
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Theorem 3.2. Let G be a compact group with np,(G) > 0. Assume that there ezists a
decreasing net (Hy) of closed normal subgroups of G such that (), Ho = 1. Then H, is
nilpotent of class at most k for sufficiently large .

Proof. If none of H,’s are nilpotent of class at most k, then we can construct an infinite
closed normal series of G which its factors are not nilpotent of class at most k, violates
Theorem 3.1; indeed, suppose we have constructed a closed normal series,

G=Hy>H,, > >H,, (3.1)

such that its factors are not nilpotent of class at most k. Since H,,,, is not k-step nilpotent,
there exists (21,...,Zgy1) in Hé‘:l such that [z1,...,zk4+1] # 1. By the assumption, we

can choose H, such that [z1,...,2541] € Ha,,,,, 50 H,, ., can be added to (3.1). O

An 41

Since ({N : N is an open normal subgroup of G} = 1, for a profinite group G, The-
orem 3.2 gives another proof for Theorem 2.12.
Theorem 3.1 has also another implication:

Corollary 3.3. Let (Go)a be a collection of compact groups. If

np; <H Ga> > 0,
then G, ’s are nilpotent of class at most k for all but finitely many a.

Now we're ready to show that the class PAj contains connected compact groups. A
little preparation is needed before proving the later.

Lemma 3.4. Let G be a compact group. Then G contains no nontrivial closed semi simple
connected compact Lie subgroup H with npy, o(H) > 0.

Proof. Suppose N' = N (H;z1,...,xrs1) has positive measure for some z1,...,Tp11 €
G. Since N is Zariski-closed and has positive measure, it should be equal to H**1, so H
should be nilpotent by Proposition 2.8 and hence trivial by semi simplicity. O

Also compact Lie groups belong to PA;. Next we use G° to denote the connected
component of a compact group G.

Lemma 3.5. Let G be a compact Lie group with np,(G) > 0. Then G is torus. In
particular G has an open k-step nilpotent subgroup.

Proof. Denote by Z the center of G°. By Corollary 2.15 and Theorem 2.14, we obtain

0 <np,(G) < npk,G(G0> < npk,G/Z()(GO/ZO)'
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Now the result obtained with Corollary 3.4, because G°/Zg is a semi simple connected
compact Lie subgroup of G/Zg. The last claim of Lemma follows from the fact that G°
is a closed subgroup of G of finite index ([7, Theorem 6.36.]), so it should be open. O

Remark 3.6. The above lemma is attributed to Yves de Cornulier ([12]), which is given
in response to a question posed by the second author ([11]). Of course, the above proof
is somewhat different from the proof presented in [12].

The main result of the Lemma 3.5 is true for arbitrary compact groups. Denote by
N(G) the set of all closed normal subgroups N of G such that G/N is a Lie group.

Theorem 3.7. Let G be a connected compact group with np,(G) > 0. Then G is an
abelian group.

Proof. Suppose G is non-abelian. Since G is compact and therefore residually Lie ([7,
Lemma 9.1.]), there exists a closed normal subgroup N < G such that G/N is a connected
non-abelian compact Lie group, and it follows from Corollary 2.15 that np,(G/N) >
np, (G) > 0. But this contradicts Lemma 3.5. O

Proof of Theorem 1.2. By Corollary 2.15, np,(G/N) > 0 for all N € 9(G). Lemma 3.5,
now implies that (G/N)? = G°N/N ([7, Lemma 9.18.]) is an open abelian group and so,
G°N becomes open and normal in G. If none of G°N’s is k-step nilpotent, N € N(G),
then we can construct a closed normal series of G whose factors are not nilpotent of class
at most k, violates Theorem 3.1; indeed, suppose we have constructed a closed normal

series,

G>G'Ny > - >GON, (3.2)
such that its factors are not nilpotent of class at most k& and Ny,..., Ny € N(G).
Since GON, is not k-step nilpotent, there exists (x1,...,2,41) in (GON,)**! such that
[T1,...,2k41] # 1. But, [z1,...,2%,1] is equal 1 modulo Ny, for G'N, /N, is abelian.
Therefore [x1,...,2,4+1] € N, and by the fact that {N : N € M(G)} =1 ([7, Lemma
9.1.]), we obtain N4 in 9(G), which does not contain [z1,...,241]. O

The following question is proposed in [2] in order to resolve Question 1.1.

Question 3.8 (Question 3.2 of [2]). Are there finitely many words w;; (1 < i < n,
1 <j<k+1) in the free group on k + 1 generators such that if G is a compact group,
(1, Tpr1),u = (ug,...,upy1) € GFand [z1w; 1 (0), ..., 2pr1w;i k1 ()] = 1 for all
ie€{l,...,n} then [uy,...,up41] =17

To settle Question 1.1, we will prove that using Theorem 1.2, we may study the
following slightly simpler question on finite groups.
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Question 3.9. Are there finitely many words w;; (1 < i < n,1 < j < k+1) in

the free group on k + 1 generators such that if G is a finite group, (z1,...,2k+1),u =
(w1, ... upr1) € GETY (ug,. .., upy1) is abelian-by-(k-step nilpotent) and [x1w; 1 (u), . ..,
Tr1wi g+1(u)] =1 for all 4 € {1,...,n} then [uq,...,up41] =17

Theorem 3.10. If the answer of Question 5.9 is positive, the answer of Question 1.1 is
also affirmative.

Proof. First note that by Theorem 1.2 together with Hall Theorem, [10, 15.4.1], all
finitely generated subgroups of GG are residually finite.

Let n be the positive integer in Question 3.9. By [2, Theorem 3.1] there exists an open
subset V' of G containing 1 such that

m ((n} Nk(G)yi) > 0, (3.3)

i=1

where y; € VF1 4 = 1,...,n. By continuity of word maps, we can find an open
neighborhood U of 1, such that w; ;(u) € V for

u = (uh s 7uk+1) € Uk+17

and 1 <i<mn,1<j<k+1 Now, foru= (u,...,upr1) € UFTL (3.3) ensures the
existence of x1,...,xr+1 € G, such that

[zrw;1(a), ..., zep1wi g ()] =1, (1 <i<n). (3.4)
But (z;,u; :i=1,...,k+ 1) is residually finite, so by passing to its finite quotients and
by hypothesis on Question 3.9, we get from (3.4) that [uy,...,ux+1] = 1, whence the
open subgroup (U) is a k-step open subgroup of G. O
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