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1. Introduction

Let G be a finite group and L, := {x(g) | 1 # g € G} where y is a complex character of G. It is known
that the order of G divides ]_[aeLX (x (1) —a) [2,13]. The pair (G, x) (or briefly, the character yx) is called
sharp of type L or L-sharp if |G| = [],; (x (1) —a), where L = L. Clearly, x is faithful whenever (G, x)
is L-sharp. The notion of sharpness was first introduced for permutation characters by Ito and Kiyota
in [12], as a generalization of sharply t-transitive permutation representations. Thereafter Cameron and
Kiyota extended this concept to arbitrary group characters and posed the problem of determining all the
L-sharp pairs (G, x) for a given set L [6]. After that for several cases those problems have been studied
by many authors. For instance, in [1] Alvis and Nozawa gave a complete classification of sharp pairs of
type L when L contains an irrational number.

Theorem 1.1 ([1, Theorem 1.3]). Suppose (G, x) is sharp and x assumes an irrational value. Then one of
the following holds:

(1) Gis cyclic of order m, and either m > 3 and y is linear, or else m > 5 and x is the sum of two complex
conjugate linear characters of G.

(2) G is dihedral of order 2m, where m > 5 is odd, and x is irreducible of degree 2.

(3) G is dihedral or generalized quaternion of order 2m, where m > 8 iseven, and x =y or x = ¥ + ¢,
where r is irreducible of degree 2 and ¢ is linear with cyclic kernel of order m.

(4) G is isomorphic to the binary octahedral group and x is irreducible of degree 2.

(5) Gis isomorphic to SL(2,5) and x is irreducible of degree 2.

(6) G is isomorphic to As and x is irreducible of degree 3.

Among the groups which appear in Theorem 1.1, dihedral groups of order 2m, where m > 5 is an odd
prime, are the only groups all non-linear irreducible characters of which are sharp (see Proposition 2.2).
This observation raises the question if there are other groups with this property? Since all nonprincipal
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irreducible characters of simple groups are faithful, it seems that some simple groups have this property.
But we will show that the group with the mentioned property must be solvable (See Corollary 2.16). Note
that if a group G has a sharp linear character A, then the derived subgroup of G is trivial and consequently
G is abelian. Since A is faithful the center of G is cyclic and thus G is cyclic. Moreover, if all nonprincipal
linear characters of a group G are sharp, then G is cyclic of prime order.

In this paper we shall study the nonabelian group all non-linear irreducible characters of which are
sharp. More precisely, we prove the following.

Main Theorem: Suppose that G is a finite nonabelian group such that every non-linear irreducible
character of G is sharp. Then one of the following holds:

(1) Gis dihedral of order 2m, where m > 5 is an odd prime;

(2) Gisan extraspecial 2-group;

(3) G = E(p") : Zt is a Frobenius group with kernel E(p") = G such that t > 2 and it is even if p is
odd.

Moreover, in case (3) every non-linear irreducible character of G contains exactly one negative value.

2. Proof of main theorem

In this section we first consider the finite nonabelian groups G such that (G, x) is sharp for every non-
linear irreducible character x € Irr(G) but L, contains an irrational value for some .

Lemma 2.1. Suppose that G is a finite nonabelian group such that (G, x) is sharp for every non-linear
irreducible character x € Irr(G). Then G’ is the unique minimal normal subgroup of G.

Proof. Tt is known that each normal subgroup of G is the intersection of ker x for some x € Irr(G). By
hypothesis, the kernel of every non-linear irreducible character is trivial. This implies that each normal
subgroup of G is the intersection of some of ker A, for some linear irreducible characters A of G. So for
each normal subgroup N of G we have

{1} # G =(")tkera | A € Irr(G), A(1) =1} S N.

Hence G’ is the unique minimal normal subgroup of G. O

Proposition 2.2. Suppose that G is a finite nonabelian group such that (G, x) is sharp for all non-linear
irreducible characters x € Irr(G). If x assumes an irrational value for some x, then G is dihedral of order
2m, where m > 5 is an odd prime.

Proof. Since G contains a sharp character with irrational values, it follows from Theorem 1.1 that G must
be one of the groups appear in cases (1) — (6).

Since G is not an abelian group, (1) does not occur. Suppose that G = D,,, where m > 5 is odd. By
[16, Theorem 3.2], every faithful irreducible character of G is sharp. But one can see that every non-linear
irreducible character Dy, is faithful iff m is prime. So (2) holds iff m > 5 is an odd prime.

If G = D,,, where m > 8 is even, then G has a non-linear irreducible character such that it is not
faithful, and if G is a generalized quaternion group of order 2m where m > 8 is even, then Z(G) < G/,
which contradicts Lemma 2.1. So (3) does not hold. The cases (4), (5), and (6) do not occur, because
binary octahedral group and SL(2, 5) have irreducible characters of degrees 2, 5, respectively, that are
not faithful and A5 has an irreducible character of degree 5 which is not sharp. O

For the rest of the paper, we will refer to a group G as a Q-group if every non-linear irreducible
character is rational valued. When every irreducible character is rational valued, G will be called a Q-
group. It is clear that every Q-group is a Q;-group.
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Lemma 2.3 ([7, Corollary 3.5]). Let G be a p-group. If G is a Q1-group, then p = 2.
Theorem 2.4 ([7, Theorem 3.6]). Let G be a Q1-group. Then Z(G) is an elementary abelian 2-group.
Theorem 2.5 ([7, Theorem 3.10]). Let G be a nonsolvable group. Then G is a Q1-group iff G is a Q-group.

Theorem 2.6 ([8, Theorem B]). Let G be a noncyclic finite simple group. Then G is a composition factor
of a rational group if and only if G is isomorphic to an alternating group or one of the following groups:

(i) PSpa(3), Sps(2), Of (2),
(ii) PSL3(4), PSU4(3).

Lemma 2.7 ([8, Corollary B.1]). Let G be a noncyclic simple group. Then G is a rational group if and only
if G = Sps(2) or Of (2).

The next Lemmas will be needed later.

Lemma 2.8 ([3, Lemma 5]). Let N be a minimal normal subgroup of G so that N = Sy x - -+ X S, where
Si = S, a nonabelian simple group. Let A be the automorphism group of S. If o € Irr(S) extends to A, then
o X ---x o € Irr(N) extends to G.

Proposition 2.9. Let G be a finite group and N be a normal subgroup of G. Suppose that x € Irr(G) such
that N = 0 for some 6 € Irr(N). If x is sharp, then [ [ ,.; (8(1) — a) divides |G| where L; := {6(x) | x €
N; 6(x) # 0(1)}.

ael,

Proof. Put L = {x(g) | 1 # g € G}. Since yx is sharp, |G| = [[,c (x(1) — b). But L; S L and
0(1) = x (1), thus

HueLl 1) —a) HbeL(X(l) —b).

This completes the proof. O

Theorem 2.10. Suppose that G is a Q1-group such that (G, x) is sharp for all non-linear x € Irr(G). If
" = S where S is a non-abelian simple group such that G < G < Aut(G) and G/G' is an elementary
abelian 2-group, then

S & {PSp4(3), Sps(2), Oy (2), PSL3(4), PSU4(3)}.

Proof. First we note that since G/G’ is an elementary abelian 2-group, if p is an odd prime divisor of |G|,
thenp | |G].

Suppose that S = PSp4(3) and G' = (PSp4(3))". By character table of PSp4(3) in [5], x19 is the
Steinberg character of S and L,,, = {—8,—2,—1,0,1,4}. By Lemma 2.8, (x19)" extends to G. Hence
(=1)" € L(y,,):- Then by Proposition 2.9, (x19(1))" — (—=1)* | |G|. But x19(1) = 64, therefore

64" — (—1)! = (64 + D | |G,

for some integer «. Thus 13 divides |G| and hence 13 divides |G'|, a contradiction.

If S = PSU4(3) and G = (PSU4(3))?, then character table of PSU4(3) in [5] shows that ;¢ is the
Steinberg character of Sand Ly,, = {—3,—1,0, 1,9}. It follows from Lemma 2.8 that (x19)" extends to G
and so (—1)" € L(y,4y- Thus (x19(1))" — (—=1)" divides |G| by Lemma 2.9. Since x19(1) = 729, we have
729t — (—1)! divides |G|. Thus 73 divides |G|, a contradiction.
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Let S = PSL3(4) and G' = (PSL3(4))". By character table of PSL3(4) in [5], x10 is the Steinberg
character of Sand L,,, = {—1,0, 1}. By Lemma 2.8, (x10)’ extends to G. Therefore (—1)" € Lyt and
by Proposition 2.9, (x10(1))" — (—=1)" divides |G|. Thus 64" — (—1) divides |G| and then 13 divides |G]|.
This is a contradiction.

Now suppose that S = Spg(2) and G = (Spe(2))". The character table of Sps(2) in [5], shows that
x30 is the Steinberg character of Sand Ly,, = {—16,—4,—1,0,1,2,8}. Since (x30)' extends to G we have
1 = 1 € L(y)- S0 (x30(1))" — 1 divides |G| and then 512! — 1 divides | G|. This implies that 73 divides
|G|, a contradiction.

Finally, if § = Og‘(2) and G = (Og‘ (2))" then by [5], x51 is the Steinberg character of Sand L,,, =
(—8,—4,—1,0,1,64}. Since (xs51)" extends to G we have 1 € L(ys))t- SO (xs51(1))! — 1 divides |G| and
4096' — 1 must divide |G]|. Since 13 { |G| we have a contradiction. O

Lemma 2.11 ([4, Lemma 2.2]). Let n > 5 be an integer and let p be a prime. If the p-part of n! is p*, then
v<n/(p—D.

Lemma 2.12. Let G be a finite group and p be a prime. Let m and n be positive integers. If p™"* divides
|G"|, then p™ divides |G|.

Proof. If the p-part of |G| is p” for some r € N, then since p™” divides |G"| = |G|", we have p™" divides
p™. Hence p™ = sp™" for some s € N. Since s = (p”/p™)" is a positive integer, we must have p™ divides
p’, and thus divides |G]. O

Lemma 2.13. Let i, j and k be positive integers. Then:

(k—idk—i—1)# (k—j)k—j—1) foreachi,j <k —1andi#j;
(k—1i)(3k —3i—1) # (k—j)(3k — 3j — 1) for each i,j < k and i # j;
(k—1)(3k —3i+1) # (k—j)(3k — 3j + 1) for each i,j < k and i # j;
(k—i)(3k —3i—1) # (k—4)(3k — 13) foreach5 <i < k;
(k—i)(Bk—3i+1) # (k—4)(3k — 11) foreach 5 < i < k.

SR

Proof. (1) Suppose that there exists i,j < k—1suchthati # jand (k—i)(k—i—1) # (k—j)(k—j—1).
Then (i — j)(2k — (i+j) — 1) = 0,and so 2k — (i +j) — 1 = 0. Thus i + j = 2k — 1, a contradiction.
The other cases can be proved similarly. O

Lemma 2.14. Let i, j and k be positive integers. Then:

1. (k—i)Bk—3i—1) # (k— )3k —3j — 1) — 4 foreach i,j < k;
2. (k—9)Bk—3i+1)#(k—j)Bk—3j+1)—4foreachi <k—1landj <k
3. (k—9)Bk—3i—1) #(k—jBk—3]—1)—2foreachi <k—1landj <k
4. (k—19)(Bk—3i+1) # (k—jBk—3j+1) —2foreachi,j <k;

5. Ifk # 3, then (k —i)(3k — 3i — 1) # (k — 4)(3k — 13) — 4 for each i < k;

6. Ifk # 3,5, then (k — i)(3k — 3i — 1) # (k —4)(3k — 13) — 2 foreach i < k;
7. Ifk #5, then (k —i)(3k —3i+ 1) # (k—4)(3k — 11) — 4 foreach i < k;
8. Ifk # 3, then (k —i)(3k — 3i + 1) # (k—4)(3k — 11) — 2 for each i < k;

9. Ifk # 4, then (k —i)(3k — 3i — 1) — 2 # (k — 4)(3k — 13) foreach i < k;
10. Ifk # 3, then (k — i)(3k — 3i+ 1) — 2 # (k — 4)(3k — 11) foreach i < k.

Proof. (1) Suppose on the contrary that there exists i,j < k that (k—i)(3k—3i—1) = (k—j)(3k—3j —
1) — 4. Then (i — j)(6k — 3(i+j) — 1) = 4. Since i — j is even iff 6k — 3(i + j) — 1 is odd, we must have

(i—j6k—=3>0+j) -1 €{(1,4),41),(—-1,—4), (=4, -D)}.
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Then

(a) if G —j,6k —3(@(+j) — 1) = (1,4), then 6(k — j) = 8, a contradiction,

(b) if (i —j,6k —3(i+j) — 1) = (4,1), then 6(k — j) = 14, a contradiction,

(c) if (i —j,6k —3(i+j) — 1) = (—1,—4), then 6(k — j) = —6. Soj = k + 1, a contradiction,
(d) if G —j,6k—3@(+j) — 1) = (—4,—1), then 6(k — j) = —12. So j = k + 2, a contradiction.

The other cases can be proved similarly. O
Theorem 2.15. Under the hypothesis of Theorem 2.10, S 2 A, for every n € N.

Proof. Suppose on the contrary that S = A, forsomen > 5,and G' = (A,)".Ift = 1,thenA, < G < S,
for some n > 5. Suppose that G = A,,. Then by Theorem 2.5, G is a rational group which contradicts
Lemma 2.7. Let G = S,,. Then function x : G — C defined by x (¢0) = |Fix(o)| — 1, where

Fix(o) ={i € [n] | o (i) =i},

is a non-linear irreducible character of G of degreen—1and L, = {—1,0,1, - ,n—3}. Let6 be the sign
character of G, (thatis,0(c) = 1if o isan even permutation and 0 (0) = —1if o is an odd permutation).
Then the product of x by 0 is again a non-linear irreducible character of G of degree n — 1 (see [11]).
By hypothesis x and x6 must be sharp. This implies that |G| = HleLX n—1-0= HlELxe n—1-1D,
which is impossible because HleLw (n—1-D=[lieatn—1=D[[jcg(n—1+1) where A = {x (o) |
1 # o isan even permutation} and B = {x(¢) | o is an odd permutation} and since L, = A U B we

have
H(n—l—l)<1_[(n—1—l)1_[(n—1+l).

leLy leA leB

Thus x and x6 can not be sharp simultaneously, a contradiction. Thus we can assume that ¢ > 2.

Suppose that S = As and G' = (As)’. The character table of As in [5] shows that x5(1) = 5 and
X5 is extendible to Ss. Moreover, Ly, = {—1,0, 1}. Thus by Lemma 2.8, (x5)" is extendible to G. Since
—1 € Ly, Proposition 2.9 shows that (x5(1))" — (—1) = 5' + 1 divides |G|. On the other hand, by
Zsigmondy Theorem in [19], there is a prime number g such that q | 5' + 1 and g { 5 + 1. Clearly,
q # 2,3. Since q | |G|, we must have g = 5, a contradiction.

Let S = Ag and G’ = (Ag)". From the character table of Ag in [5], we have x,(1) = 5 with L,, =
{—1,0,1,2} and y; is extendible to S¢. Thus by Lemma 2.8, (x2)" is extendible to G. Also —1 € Lyt
By Proposition 2.9, (x2(1))" — (—1) = 5! + 1 divides | G|. Similarly, Zsigmondy Theorem in [19] shows
that there is a prime number q that divides 5 + 1 and does not divide 5 + 1. Since g # 2,3 and q | |G|,
we have g = 5, a contradiction.

If S = A; and G' = (Ay)’, then the character table of A; in [5], shows that xg(1) = 21 with (=1) €
Ly, and xs is extendible to S7. Thus (—1)! € Lyt and by Lemma 2.8, (xs)" is extendible to G. By
Proposition 2.9, (xg(1))! — (—1) divides |G|. Therefore 21" — (—1)! divides |G| and so 11 divides |G|,
a contradiction.

Let 7(g) = Fix(g) and §(g) be the number of 2-cycles in the cycle decomposition of g on {1,2,. .., n}.
We put

O'::M_lr_g, T:ZW_S‘

2 2
If n > 6, then by ([10, Theorem 11.9]) and ([3, Theorem 3]), o and 7 are non-linear irreducible
characters of A, such that are extendible to S,.. Moreover, Lemma 2.8 shows that o and 7/ are also
extendible to G. If S = Agand G’ = (Ag), then o (1) = 20 and the character table of Ag in [5] shows that
0 = xsand 1 € L,. Hence 1 € L, and by Lemma 2.8, (0)! is extendible to G. But by Proposition 2.9,
(0 (1))" — 1 divides | G|, therefore 20" — 1 divides |G| and so 19 divides |G|, a contradiction. An argument
similar to that given in above shows that
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(a) if S= Agand G’ = (Ag)’, then 0 = x5 and 13 divides |G|, a contradiction;

(b) if S= Ajgand G’ = (Ajp), then o = x3 and 17 divides |G|, a contradiction;
(c) if S= Ay and G = (A1), then o = x3 and 43 divides |G|, a contradiction;
(d) if S= Ajp and G’ = (A»)?, then o = x3 and 47 divides |G|, a contradiction;
(e) if S= A3 and G’ = (A13)!, then o = x3 and 17 divides |G|, a contradiction.

So we can assume that n > 14. Set:

pi=(123)(456)---(3i—2 3i—1 3i)forl <i<k

Bo := (12)(3 4)(5 6)(7 8)(9 10)(11 12);

Bi = (12)(34)(56)(7 8)(9 10)(11 12)(13 14 15)--- (3i —2 3i—1 3i)for5 <i < k;
o= (12)(34)(56)(78910 11 12);

ai = (12)(34)(56)(789101112)(131415)--- (3i—2 3i—1 3i)for5 <i <k

Now we consider the following cases.

(I) n = 3k for some positive integer k.

In this case o (1) = 3%k(k—1)/2and o (p;) = 3%(k—i)(k—i—1)/2foreach 1 < i < k.It follows
from Lemma 2.13(1) that o (p;),i < k — 1 are different numbers. Then Proposition 2.9 shows that
[Ti<ick1 (@ (D) =0 ()" divides |G]. So 3%*~D divides | G| and thus divides |G|. Since G’ = A,
Lemma 2.12 implies that 32¥2 divides |A,,|. Let the 3-part of |A,| is 3. By Lemma 2.11,v < n/2.
Then 2k — 2 < 3k/2.So k < 4 and n < 12, a contradiction.

(II) Letn = 3k + 1 for some positive integer k.

In this case t(1) = 3k(3k — 1)/2 and

_ 3(k— )3k —3i— 1)

(o) 5 , for 1 <i<k
() = 3((k — i)(3k;3i— 1) —4)’ for 5 < i<k
) — 3((k — i)(3k;3i— D —2)’ for 5.< i< ks
3(k—4)(3k—13) — 4
(By) = («( )( . ) );
3((k — 4)(3k — 13) — 2)
() = 3 .

Let k # 5. By Lemmas 2.13 and 2.14, the numbers
T(pi))l S l S k - 1) T(ﬂi)>5 S 1 S k’ T(ai))s S l S k - 1) 7:(/30)) T(‘XO)

are different numbers. Put A = Hlﬁifk—l(t(l)t —1(pp)h, B = HSSifk(t(l)t — 7(B)"), and
C = [Ts5<i<k_1 (t(1) = T()"). Then Proposition 2.9 shows that the number

(t(D)f = 7(Bo)") x (z(1) = T(@)’) x Ax Bx C

must divide | G|. Then 3*®¥=®) divides | G| and thus divides |G'|. Since G’ = A%, Lemma 2.12 implies
that 338 divides |A,|. Let the 3-part of |A,| be 3". By Lemma 2.11, v < n/2. Thus 3k — 8 <
3k 4+ 1/2. Hence k < 5 and n < 16 which is impossible, since n > 14 and k # 5.

Now, let k = 5, so n = 16. Thus 7(1) = 105. Using the character table of A6 (can be computed
by GAP [9]) we see that 26 € L;. Then an argument similar to that given in above shows that 79
divides |G| and thus 79 divides |G|, a contradiction.
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(IIT) n = 3k + 2 for some positive integer k.
In this case t(1) = 3k(3k 4+ 1)/2 and

3k — )3k —3i+ 1)

7(pi) 5 for 1 <i<k
2(B) = 3((k — i)(3k;3i+ 1) —4) for 5<i<k
) 3((k—i)(3k;3i+ D=2 . . ci<h
3((k—4)Bk—11) — 4
7 (o) = (( )( 2 ) );
3((k— 4)(Bk — 11) — 2)
T(ag) = 3 .

Let k # 5. Then using an argument analogous to that in (II), it follows that 3*=7) divides |G|
and therefore divides |G'|. Since G = A!, Lemma 2.12 shows that 3%=7 divides |A,|. Let the 3-part
of |A,| is 3V. By Lemma 2.11, v < n/2. Thus 3k — 7 < 3k + 2/2. Hence k < 5and n < 17. But
n > 14 and k # 5. Therefore n = 14 and 7(1) = 78. From the character table of A;4 (using GAP
[9]) we obtain 21 € L;. An argument similar to that given in above shows that 19 divides |G| and
thus 19 divides |G’|, a contradiction.

Now, let k = 5, so n = 17. Therefore (1) = 120. Using the character table of A;7 (can be
computed by GAP [9]) we can see that 27 € L;. An argument similar to that given in above shows
that 31 divides |G|, a contradiction.

O

Corollary 2.16. Suppose that G is a finite nonabelian group such that all of its non-linear irreducible
characters are sharp. If G is a Q1 -group, then G is solvable.

Proof. Let G be a nonsolvable group. Then G’ is non-abelian. Moreover, Lemma 2.1 shows that G’ is the
unique minimal normal subgroup of G. Thus G’ = §, where S is a non-abelian simple group and t € N,
and G < G < Aut(G). Since G is a Q;-group, by Theorem 2.5, G is a Q-group and by Theorem 2.6,
S is isomorphic to PSp4(3), Sps(2), O;‘ (2), PSL3(4), PSU4(3) or an alternating group. Also G/G is an
elementary abelian 2-group. Now by Theorems 2.10 and 2.15 we have a contradiction. So G must be
solvable. O

Theorem 2.17. Suppose that G is a finite nonabelian group such that (G, x) is sharp for all non-linear
irreducible characters x € Irr(G). If G is a Q,-group, then one of the following occurs:

(i) G is an extraspecial 2-group;

(ii) G = E(p") : Z; is a Frobenius group, where E(p") = G/, p is an odd prime, n > 1, and t > 2 is even.

(iil) G = G’ : Zy, is a Frobenius group, where the derived subgroup G' of G is a rational elementary abelian
2-group and t > 3 is odd.

Also in cases (i) and (iii), every non-linear irreducible character of G contains exactly one negative value.

Proof. By Corollary 2.16 and Lemma 2.1, G is solvable and G’ is the unique minimal normal subgroup
of G. Then by ([11, Lemma 12.3]), all non-linear irreducible characters of G have equal degree f and one
of the following situations occurs:

(1) Gisa p-group, Z(G) is cyclic and G/Z(G) is elementary abelian of order f2.
(2) G is a Frobenius group with an abelian Frobenius complement of order f. Also, G’ is the Frobenius
kernel and is an elementary abelian p-group.
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Suppose that case (1) holds. Then since G is a p-group, Z(G) # 1 and by Lemma 2.3, p = 2. Let |G| = 2K
for some k € N. Since G is the unique minimal normal subgroup we have G’ < Z(G). But Z(G) is cyclic
and by Theorem 2.4, Z(G) is also an elementary abelian 2-group, so |Z(G)| = 2 and thus Z(G) = G'.
Then G is an extraspecial 2-group and |G| = 22*! where 2% = f. Now by ([14, Proposition 3.5] and
[14, Lemma 3.8]), we have ().

Now, suppose that case (2) occurs. From ([15, Main Theorem]), we have:

(a) G = E(p™) : Zr is a Frobenius group, where E(p") = G/, p is an odd prime, n > 1 and f > 1 is even;
P f group. p p p
(b) G = G’ : Zy is a Frobenius group, where the derived subgroup G’ of G is a rational 2-group and
f > 1lisodd

If f = 1, then G = G and therefore G is nonsolvable, a contradiction. So f > 1. Now let x be an
arbitrary non-linear irreducible character of Gand L, = {I, b, ..., I}. If |G'| = q", where g is a prime,
then we have |G| = f¢" = (x(1) — 1) --- (x(1) — ;). But x(g) = O foreachg € G\ G/, thus0 € L.
Letl; = 0. Thenfq" = f(f — L) --- (f — ;). Therefore we have f — [; = ¢, for2 <i < rand m; > 0.

Claim A:m; > 1for2 <i<r.

Suppose that m; = 0 and x € G’ such that x(x) = [;. Then ; = f — 1. Since o(x) = g, ([18,
Proposition 3]) shows that x (x?) = x(x) (mod q). Hence f = [ = f — 1 (mod g) andso g | 1,2
contradiction. Thus m; > 1for2 <i <r.

ClaimB: —f & L,.

Let —f € L,. We may assume without loss of generality that [, = —f. Thus |G| = fg" = 2f*(x (1) —
I)---(x(1) — ;) and so f | 9", a contradiction.

Suppose L, contains at least two negative integers. Let; < [; < 0. Thus f —[; = g™ and f — ; = q".
Hence mj < m;andf < ¢™ and f < g". Also [;,[; > —f and we have

—L<f=>f-li=q" <2 i i
i i=q" <2 = 2 <f<q
mj

h<f=f-h=g" <=Lt <f<qm

Hence

O<li—li<f=q"—-q" <f<q¥=q"@"™" -1) <q"
Thus g™~ — 1 < 1, a contradiction. O
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