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ABSTRACT Let q = pr be a prime power, Fq be the finite field of order q and f (x) be a monic polynomial in
Fq[x]. Set A := Fq[x]/⟨f (x)⟩. In this paper we continue the study (started by T. P. Berger and N. El Amrani)
of A-codes of length l over A, i.e. A-submodules of Al . We introduce two types of unique generating sets,
called type I and type II basis of divisors, for an A-code. Using this, we present a building-up construction so
that one can obtain all distinctA-codes of length l, with their basis of divisors. We complete the classification
for the special case l = 2 and enumerate all theA-codes of length 2. As an example, we list all binary index-2
quasi-cyclic codes of lengths 16 and 32, and all ternary index-2 quasi-cyclic codes of lengths 6 and 18, which
are best-known codes.

INDEX TERMS Polynomial ring, polynomial quotient ring, generator matrix, parity check matrix, basis of
divisors.

I. INTRODUCTION
For a given length and dimension, designing linear codes
over finite fields with higher minimum distance is one of the
important coding theory problems. Researchers have tried to
construct good codes with various approaches. From among
these approaches, algebraic methods play an important role
and among codes with algebraic structures, cyclic codes have
been of much interest [1], [2], [3], [4]. Let q = pr be a
prime power and Fq be the finite field of size q. A cyclic
code of length n over Fq is in fact an ideal of the quotient ring
R := Fq[x]/⟨xn − 1⟩. Cyclic codes have been generalized
to constacyclic [5] and more generally to polycyclic codes
[6, Page 241]. Polycyclic codes are in correspondence with
ideals of the quotient ring A := Fq[x]/⟨f (x)⟩, where f (x) is a
monic polynomial in Fq[x]. Another generalization of cyclic
codes are known as quaci-cyclic codes [7], [8], [9], [10].
Index-l quasi-cyclic codes of length nl are in correspon-
dence with R-submodules of Rl . More recently in [11], as a
generalization of quasi-cyclic codes, A-submodules of Al ,
called A-codes, have been studied. The method used in [11],
is a generalization of the method used in [7] but with
using simple algebra avoiding the concept of Gröbner basis.

The associate editor coordinating the review of this manuscript and
approving it for publication was Yilun Shang.

More precisely, for anA-code of length l, a unique generating
set, called basis of divisors, has been introduced there and the
authors have tried to present a parity-check matrix for such a
code, using the basis of divisors of the code. However, as we
will see here, the parity-check matrix introduced there, only
generates a subcode of the A-dual code and not the whole of
the dual code. Also, no method presented there for finding
all distinct A-codes of a given length l by finding all distinct
basis of divisors.

In this paper, we present two types of unique generating
sets for anA-codeC of length l, called type I and type II basis
of divisors. The type I basis of divisors is in fact that presented
in [11] and the type II basis of divisors is new. Using both
types of basis of divisors, we introduce a building-up con-
struction for an A-code C which also gives us a parity-check
matrix for C (the rows of this parity-check matrix are in fact
the type II basis of divisors for the A-dual code C⊥). We also
complete the classification of the A-codes when the length l
is 2. In the case where l = 2 and f (x) = f0(x)p

t
for some

monic irreducible polynomial f0(x) ∈ Fq[x], we enumerate
all the A-codes and give a mass formula for the number of all
A-codes.

The paper is organized as follows. In the next
section, we present some basic definitions and necessary
preliminaries. In Section III, Subsections III-A and III-B,
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we introduce type I and type II basis of divisors for anA-code
of length l, respectively. In Subsection III-C of this section,
we present a building-up construction for A-codes of length l
using those of length l − 1. In Section IV, we focus on the
case l = 2 and give a complete classification for A-codes
of length 2. We also give a mass formula for the number
of A-codes of length 2, when the polynomial f (x) is of the
form f0(x)p

t
, where f0(x) is a monic irreducible polynomial

in Fq[x]. As an example, we list all binary index-2 quasi-
cyclic codes of lengths 16 and 32, and all ternary index-2
quasi-cyclic codes of lengths 6 and 18, which are best-known
codes. Finally we close the paper with a conclusion section.

II. PRELIMINARIES
In all of this paper, we use notation p for a prime number,
q = pr for a power of p, Fq for the finite field of size q and A
for the polynomial quotient ring

Fq[x]
⟨f (x)⟩

,

where f (x) is a monic polynomial of degree m over Fq.
Definition 1: By a linear code of length l over A, we mean

an A-submodule of Al . We also call a linear code over A,
an A-code.

The ring A is a finite Frobenius ring and classical duality
theorems for codes over finite fields, remains valid for codes
over A [12].
Definition 2: Let C be an A-code of length l. The A-dual

code C⊥ is defined to be

C⊥
= {v = (v0, . . . , vl−1) ∈ Al

| v.c = 0 ∀c ∈ C},

where v.c =
∑l−1

i=0 vici.
Proposition 1: For an A-code C of length l, we have

|C||C⊥
| = |A|

l .

Proof: The proof follows from [11, Theorem 7.7] and
the fact that A is a Frobenius ring. ■

III. BASIS OF DIVISORS
In this section we will introduce two types of unique gen-
erating sets called type I and type II basis of divisors. The
type I basis of divisors is exactly that introduced in [11].
Type II basis of divisors is new and is introduced so that
we can determine all distinct A-codes with their basis of
divisors. In fact, using type II basis we obtain a parity-check
matrix for a given A-code C . More precisely, we will find
type II basis of the A-dual code C⊥. Note that this is done
in [11] but unfortunately, it is with an error and the matrix
presented there generates a subcode of C⊥ not the whole
code. We will discuss this at the end of this section. Let us
start the section with some definitions and notation. As we
mentioned, the type I basis of divisors which we intro-
duce here is exactly the one introduced in [11] with a bit
difference.

A. TYPE I BASIS OF DIVISORS
Let C be an A-code of length l, i.e. an A-submodule of Al .
Set C1 := C and for 2 ≤ i ≤ l define

Ci := {v = (v1(x), . . . , vl(x)) ∈ C | v1(x)

= · · · = vi−1(x) = 0}.

Let πi be the projection map on the i-th coordinate and set
Ti := πi(Ci). Clearly, Ti is an ideal of the ring Fq[x]/⟨f (x)⟩.
These codes are a generalization of cyclic codes and are
known as polycyclic codes. Consequently, Ti is principally
generated by a divisor gi(x) of f (x), i.e. Ti = ⟨gi(x)⟩. Also we
know that gi(x) is the monic polynomial of minimal degree
in Ti. We call Ti, the i-th type I torsion code of C . When
Ti = {0} we set gi(x) := f (x). Set

Z := {1 ≤ i ≤ l | gi(x) ̸= f (x)},

and assume that Z = {t1, . . . , tk}, where

1 ≤ t1 ≤ · · · ≤ tk ≤ l.

The integer k depends only on C which we call it the type I
rank of C and denote it by r1(C). Also we set

Z := {1, 2, . . . , l} \ Z .

We have the following lemma.
Lemma 1: LetC ba anA-code of length l. Then there exist

a set

W = {w(i)
| i ∈ Z },

where

w(i)
= (

i−1 times︷ ︸︸ ︷
0, . . . , 0, gi(x), ai,1(x), . . . , ai,l−i(x)) ∈ Ci

is such that Ti = ⟨gi(x)⟩, gi(x) is a monic divisor of f (x) and
for each 1 ≤ j ≤ l − i we have deg(ai,j(x)) < deg(gi+j(x)).

Proof: For each i ∈ Z , by definition of Ci, there exists
an element

v(i) = (

i−1 times︷ ︸︸ ︷
0, . . . , 0, gi(x), bi,1(x), . . . , bi,l−i(x))

in Ci. Now set V := {v(i) | i ∈ Z }. For each i ∈ Z and 1 ≤

j ≤ l − i, by division algorithm, there exist qi,j(x) and ri,j(x)
such that

deg(ri,j(x)) < deg(gi+j(x))

and we have bi,j(x) = qi,j(x)gi+j(x) + ri,j(x). Note that for
those i’s for which i + j ∈ Z , i.e. gi+j(x) = f (x), we have
qi,j(x) = 0. For i ∈ Z set

w(i)
:= v(i) −

l−i∑
j=1

qi,j(x)v(i+j).

The set W = {w(i)
| i ∈ Z } is now the desired set. ■

Theorem 1: The set W generates C and is unique.
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Proof: Let Z = {t1, . . . , tk} and v = (v1(x), . . . , vl(x))
be an arbitrary element of C . Set v(1) := v. According to the
definition of the set Z we have

v1(x) = · · · = vt1−1(x) = 0.

Since vt1 (x) ∈ Tt1 , there exist qt1 (x) such that

vt1 (x) = qt1 (x)gt1 (x).

Now set

v(2) := v(1) − qt1 (x)w
(t1)(x) = v− qt1 (x)w

(t1)(x).

Since v(2)t1 (x) = 0, again, according to the definition of the set
Z we have

v(2)t1+1(x) = · · · = v(2)t2−1(x) = 0.

Since v(2)t2 (x) ∈ Ct2 , there exist qt2 (x) such that

v(2)t2 (x) = qt2 (x)gt2 (x).

Now set

v(3) := v(2) − qt2 (x)w
(t2)(x)

= v− qt1 (x)w
(t1)(x) − qt2 (x)w

(t2)(x).

Continuing this process we get that

v(k+1)
:= v−

k∑
i=1

qti (x)w
(ti) = 0,

which shows thatW generates C . For uniqueness, to contrary
assume that there exists another set

W = {ν(t1), . . . , ν(tk )},

that generates C and

ν(ti) = (

ti−1 times︷ ︸︸ ︷
0, . . . , 0, gti (x), dti,1(x), . . . , dti,l−ti (x)) ∈ Cti ,

deg(dti,j(x)) < deg(gti+j(x)). Set γ
(ti) := w(ti)−ν(ti). We have

γ (ti)= (

ti times︷ ︸︸ ︷
0, . . . ,0, ati,1(x)−dti,1(x), . . . , ati,l−ti (x)−dti,l−ti (x)),

which is a vector in Cti+1. Now for each 1 ≤ j ≤ l − ti we
have deg(ati,j(x)−dti,j(x)) < deg(gti+j(x)) and hence we have
ati,j(x) − dti,j(x) = 0. The proof is now completed. ■
We call this basis, Type I basis of divisors. If we put the

elements of this basis in the rows of a matrix G, then we
callG, the type I standard generator matrix ofC . The proof of
the following proposition is similar to that for Proposition 1
of [11] and hence we omit the proof.
Proposition 2: LetW be the Type I basis of divisors for an

A-code C and set ri := deg(gti (x)). Then we have

|C| = q
∑k

i=1(m−ri).

□

Example 1: Let Fq = F2, f (x) = x3 + 1, l = 2 and C be
the A-code{
(0, 0), (x + 1, x + 1), (0, x2 + x + 1), (x + 1, x2),

(x2 + 1, x2 + 1), (x2 + 1, x), (x2 + x, x2 + x), (x2 + x, 1)
}
.

We have,

C1 = C

C2 = {(0, 0), (0, x2 + x + 1)}

T1 = ⟨x + 1⟩

T2 =

〈
x2 + x + 1

〉
g1(x) = x + 1

g2(x) = x2 + x + 1

Z = {1, 2}

t1 = 1 t2 = 2

k = 2.

The type I basis of divisors of C is

{(x + 1, x + 1), (0, x2 + x + 1)},

and the type I generator matrix for C is

G =

(
x + 1 x + 1
0 x2 + x + 1

)
.

Also we have |C| = 2(3−1)+(3−2)
= 8.

Now, an important question is that how we can determine
all A-codes of a given length l with the help of Theorem 1?
Note that if we choose integers 1 ≤ t1 ≤ · · · ≤ tk ≤ l,
divisors gt1 (x), . . . , gtk (x) of f (x) and polynomials ati,j(x) in
Fq[x] with deg(ati,j(x)) < deg(gti+j(x)), it does not need to
obtain different codes! See the following example.
Example 2: Let Fq = F2, f (x) = x3 + 1, l = 2, t1 = 1,

t2 = 2, C be the A-code generated by {(x + 1, 1), (0, x + 1)}
and D be the A-code generated by {(x + 1, 0), (0, 1)}. Both
sets are in the form introduced in Theorem 1 but the codes are
not distinct. To see this note that we have

(x2 + x + 1)(x + 1, 1) = (0, x2 + x + 1) ∈ C H⇒

x(0, x2) = (0, 1) ∈ C H⇒

(x + 1, 1) + (0, 1) = (x + 1, 0) ∈ C .

Hence D ⊆ C . Clearly C ⊆ D and consequently we
have C = D.
In what follows we introduce another type of basis of

divisors for an A-code, called type II basis of divisors, so that
we can obtain a parity-check matrix for the code and also
extra conditions for the elements in a type I basis of divisors
to obtain all distinct A-codes. It is of worth mentioning
that a parity-check matrix for an A-code with a given basis
of divisors, has been presented in Theorem 3 of [11], but
unfortunately, it is with an error. In fact the code generated by
the matrix H introduced in that theorem, is a subcode of the
A-dual code C⊥ but not the whole code. To see this, we give
the following counterexample which shows that the theo-
rem is not true even when f (x) is a simple-root polynomial
over Fq.
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Example 3: Assume that Fq = F2, l = 2 and f (x) =

x3 − 1. Let C be an A-code with generator matrix

G =

(
x + 1 0
0 x + 1

)
Easily one can see that this matrix is the type I standard
generator matrix of C . Now, with notation as in [11], C ′ is
the binary cyclic code of length 3 generated by (x + 1) and
hence H ′

= [x2 + x + 1]. According to Theorem 3 of [11],
we have

H =

(
x2 + x + 1 0

0 0

)
is a parity-check matrix for C . It is clear that H generates a
subcode of the A-dual code C⊥ but not the whole code. For
example (0, x2+x+1) is in C⊥ but not in the code generated
by H .

B. TYPE II BASIS OF DIVISORS
Again, let C be an A-code of length l, i.e. an A-submodule
of Al . Set C ′

l := C and for 1 ≤ i ≤ l − 1 define

C ′
i := {v = (v1(x), . . . , vl(x)) ∈ C | vi+1(x)

= · · · = vl(x) = 0}.

Set T ′
i := πi(C ′

i ). Assume that, T ′
i is generated by a divisor

g′
i(x) of f (x), i.e. T

′
i =

〈
g′
i(x)

〉
. Recall that g′

i(x) is the monic
polynomial of minimal degree in T ′

i . Set

Z ′ := {1 ≤ i ≤ l | g′
i(x) ̸= f (x)},

and assume that Z ′ = {t ′1, . . . , t
′

k ′}, where

1 ≤ t ′1 ≤ · · · ≤ t ′k ′ ≤ l.

The integer k ′ depends only on C which we call it the type II
rank of C and denote it by r2(C). Also we set

Z ′
:= {1, 2, . . . , l} \ Z ′.

We have the following lemma.
Lemma 2: LetC be anA-code of length l. Then there exist

a setW ′
= {w′(i)

| i ∈ Z ′}, where

w′(i)
= (a′

i,1(x), . . . , a
′

i,i−1(x), g
′
i(x),

l−i times︷ ︸︸ ︷
0, . . . , 0) ∈ C ′

i

is such that T ′
i =

〈
g′
i(x)

〉
, g′

i(x) is a monic divisor of f (x) and
for each 1 ≤ j ≤ i− 1 we have deg(a′

i,j(x)) < deg(g′
j(x)).

Proof: For each i ∈ Z ′, by definition of C ′
i , there exists

an element

v′(i) = (b′

i,1(x), . . . , b
′

i,i−1(x), g
′
i(x),

l−i times︷ ︸︸ ︷
0, . . . , 0)

in C ′
i . Set V

′
:= {v′(i) | i ∈ Z ′}. Now, for each i ∈ Z ′ and

for each 1 ≤ j ≤ i − 1, by division algorithm, there exist
q′
i,j(x) and r

′
i,j(x) such that deg(r ′

i,j(x)) < deg(g′
j(x)) and we

have b′
i,j(x) = q′

i,j(x)g
′
j(x) + r ′

i,j(x). Set

w′(i)
:= v′(i) −

i−1∑
j=1

q′
i,j(x)v

′(j).

Now, W ′
= {w′(i)

| i ∈ Z ′} is the desired set. ■
The proof of the following theorem is similar to that for

Theorem 1 and hence we omit the proof.
Theorem 2: The set W ′ generates C and is unique. □
We call this basis, Type II basis of divisors. Also, if we put

the elements ofW ′ in the rows of a matrixG′ then we call G′,
the standard type II generator matrix ofC . The standard type I
(resp. type II) generator matrix for the A-dual code C⊥ is
called the standard type I (resp. type II) parity-check matrix
for C . We also have the following proposition, similar to
Proposition 2.
Proposition 3: LetW ′ be a Type II basis of divisors for an

A-code C and for 1 ≤ i ≤ k ′, set r ′
i := deg(g′

t ′i
(x)). Then we

have

|C| = q
∑k′

i=1(m−r ′i ).

□
Example 4: Let C be the A-code of Example 1. We have,

C ′

1 = {(0, 0)}

C ′

2 = C

T ′

1 = ⟨0⟩

T ′

2 = ⟨1⟩

g′

1(x) = x3 + 1

g′

2(x) = 1

Z ′ = {2}

t ′1 = 2

k ′
= 1.

The type II basis of divisors of C is

{(x2 + x, 1)},

and the type II generator matrix for C is

G′
=
(
x2 + x 1

)
.

Also we have |C| = 2(3−0)
= 8.

C. A BUILDING UP CONSTRUCTION
OF TYPE I BASIS OF DIVISORS
We start this section with the following definitions.
Definition 3: For a vector v in Al , we define v∗ to be the

vector v punctured at the first position.
Definition 4: Let C be an A-code of length l. Let C(i, 0)

be those vectors in C such that the i-th coordinate of them
are 0. We define the code

C∗
:= {c∗ | c ∈ C(1, 0)}.

In the rest of this sectionwe provide a building up construc-
tion for the type I generator matrix of all A-codes. To do this,
we start with an A-code C̃ of length l− 1, the standard type I
generator matrix G̃ of C̃ , and the standard type II parity-check
matrix H̃ of C̃ . Then we construct the type I generator matrix
of all A-codes C of length l for which C∗

= C̃ . In this way,
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we also construct the standard type II parity-check matrix for
such a code C .
Theorem 3: Let C̃ be an A-code of length l − 1 with

standard type I generator matrix G̃ and standard type II
parity-checkmatrix H̃ . Let k̃ ′ be the type II rank of theA-dual
code C̃⊥ (the number of rows of H̃ ). Assume that g(x) is a
monic proper divisor of f (x) and for 1 ≤ j ≤ l − 1, aj(x) is
a polynomial with deg(aj(x)) < deg(g̃j(x)), where g̃j(x) is the
generator of the j-th type I torsion code of C̃ . For 1 ≤ i ≤ k̃ ′

set

αi(x) :=

 l−1∑
j=1

aj(x).H̃i,j

 ,

where H̃i,j is the (i, j)-th entry of the matrix H̃ . Then

G =

(
g(x) a1(x) · · · al−1(x)
0 G̃

)
is the standard type I generator matrix for an A-code C of
length l, if and only if, for 1 ≤ i ≤ k̃ ′ we have g(x) | αi(x).

Proof: First assume that G is the standard type I gen-
erator matrix of an A-code C of length l. Now, if H is the
standard type II parity-check matrix of C , then, according to
the form of type II basis of divisors, H must be of the form

H =


b(x) 0 · · · 0
δ1(x)

... M
δk (x)

 .

Now since the first row of G and H are orthogonal, we must
have b(x) = f (x)/g(x). Also, since the matrix M generates
C̃⊥, we must have M = H̃ and k = k̃ ′. Moreover, since
the first row of G is orthogonal to the j + 1-th row of H , for
1 ≤ j ≤ k̃ ′, we must have

g(x)δj(x) + αj(x) = 0

which implies that g(x) | αj(x) as desired. Now, conversely,
assume that g(x) | αj(x), for 1 ≤ j ≤ k̃ ′. Assume that C is the
A-code generated by G and set

H :=


f (x)/g(x) 0 · · · 0

−α1(x)/g(x)
... H̃

−αk̃ ′ (x)/g(x)

 .

Let D be the A-code generated by H . Since GH t
= 0 we

conclude that D ⊆ C⊥. On the other hand, easily can be seen
that |C| ≥ qm−deg(g(x))

|C̃| and |D| ≥ qdeg(g(x))|C̃⊥
|. Hence,

since A is a Frobenius ring, we have

|A|
l
= |C||C⊥

|

≥ |C||D|

≥ qm|C̃||C̃⊥
|

= qm|A|
l−1

= |A|
l .

Consequently, D = C⊥, H is the standard type II
parity-check matrix and G is the standard type I generator
matrix for C , as desired. The proof is now completed. ■

IV. THE CASE L = 2
In this section we will focus on the A-codes of lengths 2 and
present a complete classification for the codes of this length.
Let g1(x) and g2(x) be monic divisors of f (x). We denote by
C(g1(x), g2(x)), the set of A-codes C of length 2 for which
T1(C) = ⟨g1(x)⟩ and T2(x) = ⟨g2(x)⟩. Also, let us denote by
Ag1,g2 (x), the polynomial

Ag1,g2 (x) := gcd(g2(x),
f (x)
g1(x)

),

and dg1,g2 be the integer dg1,g2 := deg(Ag1,g2 (x)). We have
the following theorem.
Theorem 4: For g1(x) and g2(x), monic divisors of f (x),

we have

|C(g1(x), g2(x))| = qdg1,g2 .

Proof: Choose a code C in C(g1(x), g2(x)). First we
assume that g1(x)is a proper divisor of f (x). Set C̃ := C∗.
Clearly C̃ has G̃ = [g2(x)] as its standard type I generator
matrix and H̃ = [h2(x)] as its type II parity-check matrix,
where h2(x) := f (x)/g2(x). Now, by Theorem 3,

G =

[
g1(x) a(x)
0 g2(x)

]
is the standard type I generator matrix of C , if and only if

g1(x) | a(x)h2(x). (1)

But easily can be verified that equation 1 is equivalent with

g2(x) | a(x)h1(x), (2)

where h1(x) := f (x)/g1(x). On the other have equation 2
holds if and only if

g2(x)
Ag1,g2 (x)

| a(x).

Therefore we have

a(x) =
g2(x)

Ag1,g2 (x)
K (x),

where K (x) ∈ Fq[x] is such that

deg(K (x)) < deg(Ag1,g2 (x)).

Now we conclude that |C(g1(x), g2(x))| = qdg1,g2 as claimed.
If g1(x) = f (x) then the standard type I generator matrix of
C is [0 g2(x)] and hence |C(g1(x), g2(x))| = 1 as desired
(dg1,g2 = 0 in this case). ■
Theorem 5: Let f (x) = f0(x)p

t
such that char(Fq) = p

and f0(x) is a monic irreducible polynomial over Fq with
deg(f0(x)) = m0. Set α := qm0 . Then the total number of
A-codes of length 2 is given by

(α + 1)(αp
t
+1

− 1) − 2(α − 1)(pt + 1)
(α − 1)2

.
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Proof: In this case any divisor of f (x) is of the for f0(x)i

for some 0 ≤ i ≤ pt . LetM = (mij) be the (pt + 1)× (pt + 1)
matrix whose (i, j)-th entry is

mij = |C(f0(x)i, f0(x)j)|,

for 0 ≤ i, j ≤ pt . According to Theorem 4, we have mij =

αmin{j,p
t
−i}. Hence M is of the form

M =


α0 α1 α2

· · · αp
t
−1 αp

t

α0 α1 α2
· · · αp

t
−1 αp

t
−1

...
...

...
. . .

...
...

α0 α1 α1
· · · α1 α1

α0 α0 α0
· · · α0 α0

 .

Adding entries of M on its all diagonals, the total number of
codes is pt∑

i=0

αi

+ 2
pt−1∑
w=0

[
w∑
z=0

αz

]

=
αp

t
+1

− 1
α − 1

+

2
pt−1∑
w=0

αw+1

−
2pt

α − 1

=
αp

t
+1

− 1
α − 1

+
2

α − 1

(
αp

t
+1

− 1
α − 1

− 1

)
−

2pt

α − 1

=
(α + 1)(αp

t
+1

− 1) − 2(α − 1)(pt + 1)
(α − 1)2

,

as desired. ■
Remark 1: Here we mention that, when f (x) = xn−1, the

set of A-codes of length l, coincides with the set of so-called
index-l quasi-cyclic codes of length ln over Fq. Also, note
that when q = pr and n = pt , we have

f (x) = xn − 1 = xp
t
− 1 = (x − 1)p

t
.

Hence we may consider f0(x) = x − 1 and this case is an
special case of the later case where f (x) = f0(x)p

t
and f0(x)

is an irreducible polynomial over Fq.
Example 5: In this example, we list all binary index-2

quasi-cyclic codes of lengths 16 and 32, and all ternary
index-2 quasi-cyclic codes of lengths 6 and 18, which are
best-known codes in the sense that they have minimum dis-
tances equal to that of the best-known code with the same
length and dimension, in [13]. At each length, any code has
an standard type I generator matrix of the form

G =

[
(x − 1)a g(x)
0 (x − 1)b

]
and hence we can represent the code with a, b and g(x) only.
Recall that we denote a code of length n, dimension k and
minimum distance d by [n, k, d]-code.
Binary length-16:
[16,1,16]-code: a = 7, b = 8, g(x) = (1 + x)7

[16,3,8]-code: a = 5, b = 8, g(x) = 1 + x + x4 + x5

[16,4,8]-code: a = 4, b = 8, g(x) = 1+x+x2+x4+x5+x6

[16,5,8]-code: a = 3, b = 8, g(x) = 1 + x2 + x3 + x5

[16,6,6]-code: a = 2, b = 8, g(x) = 1 + x + x2 + x3

[16,7,6]-code: a = 1, b = 8, g(x) = 1 + x + x@ + x4

[16,8,5]-code: a = 0, b = 8, g(x) = 1 + x2 + x3 + x4

[16,9,4]-code: a = 0, b = 7, g(x) = 1 + x + x2

[16,10,4]-code: a = 0, b = 6, g(x) = 1 + x + x2

[16,11,4]-code: a = 0, b = 5, g(x) = 1 + x + x2

[16,12,2]-code: a = 0, b = 4, g(x) = 1
[16,13,2]-code: a = 0, b = 3, g(x) = 1
[16,14,2]-code: a = 0, b = 2, g(x) = 1
[16,15,2]-code: a = 0, b = 1, g(x) = 1
[16,16,1]-code: a = 0, b = 0, g(x) = 0
Binary length-32:
[32,1,32]-code: a = 15, b = 16, g(x) = (1 + x)15

[32,4,16]-code: a = 12, b = 16, g(x) = 1 + x + x2 + x4

+ x5 + x6 + x8 + x9 + x10 + x12 + x14

[32,5,16]-code: a = 11, b = 16, g(x) = 1 + x2 + x3 + x5

+ x8 + x10 + x11 + x13

[32,14,8]-code: a = 2, b = 16, g(x) = 1+x+x2+x4+x5+x6

[32,15,8]-code: a = 1, b = 16, g(x) = 1+x+x2+x3+x5+x7

[32,16,8]-code: a = 0, b = 16, g(x) = 1 + x2 + x3 + x5

+ x6 + x7 + x8

[32,18,6]-code: a = 0, b = 14, g(x) = 1 + x + x2 + x4 + x5

[32,19,6]-code: a = 0, b = 13, g(x) = 1+ x2 + x3 + x4 + x5

[32,23,4]-code: a = 0, b = 9, g(x) = 1 + x + x2

[32,27,2]-code: a = 0, b = 5, g(x) = 1
[32,28,2]-code: a = 0, b = 4, g(x) = 1
[32,29,2]-code: a = 0, b = 3, g(x) = 1
[32,30,2]-code: a = 0, b = 2, g(x) = 1
[32,31,2]-code: a = 0, b = 1, g(x) = 1
[32,32,1]-code: a = 0, b = 0, g(x) = 0
Ternary length-6:
[6,1,6]-code: a = 2, b = 3, g(x) = 1 + x + x2

[6,2,4]-code: a = 1, b = 3, g(x) = 2 + x
[6,3,3]-code: a = 0, b = 3, g(x) = 2 + x
[6,4,2]-code: a = 0, b = 2, g(x) = 1
[6,5,2]-code: a = 0, b = 1, g(x) = 1
[6,6,1]-code: a = 0, b = 0, g(x) = 0
Ternary length-18:
[18,1,18]-code: a = 8, b = 9, g(x) = (x9 − 1)/(x − 1)
[18,7,8]-code: a = 2, b = 9, g(x) = 1 + 2x + x2 + x3 + x5

[18,8,7]-code: a = 1, b = 9, g(x) = 1 + x2 + 2x3 + x4 + x5

[18,9,6]-code: a = 0, b = 9, g(x) = 1 + x + x2 + 2x3 + x4

[18,10,6]-code: a = 0, b = 8, g(x) = 1+ x+2x2 +2x3 + x4

[18,11,5]-code: a = 0, b = 7, g(x) = 1 + x + 2x2 + x3

[18,14,3]-code: a = 0, b = 4, g(x) = 1 + x
[18,15,2]-code: a = 0, b = 3, g(x) = 1
[18,16,2]-code: a = 0, b = 2, g(x) = 1
[18,17,2]-code: a = 0, b = 1, g(x) = 1
[18,18,1]-code: a = 0, b = 0, g(x) = 0.

V. CONCLUSION
We have completed the study of A-codes, i.e. A-submodules
of Al . We introduced two types of unique generators, called
type I and type II basis of divisors for such codes. A building-
up construction was presented so that one can obtain all
distinct A-codes of a given length l. In an special case
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where f (x) = f0(x)p
t
, the number of distinct A-codes of

length 2 was enumerated.
It is natural to ask about the case l ≥ 3. However,

when l ≥ 3, analyzing equations g(x) | αi(x), given
in Theorem 3, becomes more complicated and counting the
number of A-codes is not as easy as that for the case l = 2
even if we have f (x) = f0(x)p

t
. One may obtain partial

results but a full description and enumeration is left as an open
problem.
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