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ABSTRACT We present a constructive lower bound for permutation codes under Kendall’s τ -metric that
improves upon the classical Gilbert-Varshamov estimate for many parameters. For any length p > 5,
we construct codes with minimum Kendall’s τ -distance 6 and size at least p!/p3. This result is achieved
by proving that Reed-Solomon codes of length p and dimension p − 3 have a minimum Lee distance of 6,
and then applying a metric embedding from the Lee metric to the Kendall’s τ -metric.

INDEX TERMS Permutation code, Reed–Solomon code, Kendall’s τ -metric, Lee distance.

I. INTRODUCTION
Permutation codes have become increasingly important in
modern coding theory due to their wide-ranging applications
in non-volatile storage systems, such as flash memory,
power-line communication, and rank modulation schemes
[2], [6]. In these systems, data is represented by the
relative order of charge levels rather than their absolute
values, making permutations a natural and effective data
representation.

To measure dissimilarity between permutations, vari-
ous metrics have been studied, including the Hamming,
Ulam, and Kendall’s τ -metrics. Among them, the Kendall’s
τ -metric has gained particular attention due to its close
alignment with adjacent transposition errors, which fre-
quently occur in rank modulation-based storage systems.
This metric counts the minimum number of adjacent
swaps required to transform one permutation into another,
thus capturing the most common types of distortions in
practice [6].

A. PRIOR WORK AND LITERATURE SUMMARY
Over the past decade, extensive research has focused on
establishing bounds on the size of permutation codes with
prescribed minimum Kendall’s τ -distance. Buzaglo and
Etzion [3], as well as Wang et al. [12], derived upper
and lower bounds using combinatorial and probabilistic
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techniques. More recently, Abdollahi et al. [1] and Parvaresh
et al. [9] proposed improved upper bounds and new
constructions of permutation codes with refined distance
properties. In parallel, efforts such as those of Wang et
al. [13] resolved key questions about the nonexistence of
perfect codes under the Kendall’s τ -metric. In smaller cases,
Vijayakumaran [14] computed exact maximal sizes for per-
mutation codes in S5 and S6, providing concrete benchmarks
to validate theoretical bounds and guide code constructions.
From an application perspective, Barg and Mazumdar [2]
investigated error correction for rank modulation schemes
using permutation codes, and Lu and Wang [7] studied the
reconstruction of permutations corrupted by single Kendall
errors, addressing practical decoding challenges. Zhang [16]
recently introduced a novel metric on symmetric groups,
broadening the scope of permutation codes and offering
new design opportunities beyond the Kendall’s τ -metric.
A particularly promising approach for constructing large
permutation codes is to relate them to well-studied classes
of linear codes over finite fields [6], [10]. In particular,
this connection has been explored in [6], where the authors
develop an embedding of linear codes into the space of
permutations using a bijection ψ : Sn → Zn!, where Zn! =

Z2×· · ·×Zn, and they have shown that ifCL is a linear code of
length n−1 andminimumLee distance d overZq, q ≥ n, then
there exists a permutation code CK = {σ ∈ Sn | ψ(σ ) ∈ CL}
of length n and minimum Kendall’s τ -distance d such that
|CK | = |CL ∩ Zn!|.
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TABLE 1. Summary of key results on permutation codes.

Table 1 presents a comparative summary of relevant
literature, highlighting construction methods and key results.

B. DRAWBACKS AND RESEARCH GAP
Despite substantial progress, several important limitations
remain:
• Many lower bounds, including those of Gilbert-
Varshamov type or [12], are non-constructive or depend
on special assumptions such as p − 2 being a prime
power.

• Embedding techniques depend on the availability of
linear codes with high minimum Lee distance, which are
difficult to guarantee across all parameter regimes.

• Existing constructions are often applicable only to small
values of n, lack scalability, or are tied to specific
algebraic structures.

C. OUR CONTRIBUTION
To address the above limitations, this paper proposes a new
algebraic and constructive approach to build permutation
codes under the Kendall’s τ -metric using Reed-Solomon
codes. Our main contributions include:
• We show that for every prime p > 5, the dual of
the Reed-Solomon code RS[p, 3] has minimum Lee
distance 6.

• Using a known embedding from the Lee metric to
Kendall’s τ -space, we derive the following explicit
lower bound (Theorem 8):

P(p, 6) ≥
p!
p3
.

• This bound is constructive for all prime lengths p > 5,
and often stronger than the Gilbert-Varshamov bound.

D. ADVANTAGES OF OUR METHOD
Our approach offers several benefits over prior constructions:
• Field independence: Unlike methods requiring p−2 to
be a prime power, our construction applies for all primes
p > 5.

• Explicit and scalable: The construction yields a
closed-form lower bound without relying on probabilis-
tic arguments or numerical search.

• Algebraically grounded: The use of dual Reed-
Solomon codes leverages well-known code structures
with provable properties.

A key application of our results lies in flash memory
systems using rank modulation, where data is encoded by
the relative ordering of charge levels in memory cells.
Errors in such systems typically manifest as adjacent swaps,
naturally modeled by the Kendall’s τ -metric. Constructing
large permutation codes with high Kendall’s τ -distance is
therefore essential for robust and reliable storage [2], [6].

E. PAPER ORGANIZATION
The paper is organized as follows. Section II reviews back-
ground on linear codes, Lee distance, and permutation codes.
Section III analyzes the Lee distance of dual Reed-Solomon
codes. Section IV presents our main construction and new
lower bound. Section V provides comparisons with classical
results. Section VI concludes the paper and outlines future
directions.

II. PRELIMINARIES
In this section we recall the basic notions of linear codes
endowedwith theHamming and Lee distances, and the theory
of permutation codes.

A. LINEAR CODES
Let q be a prime power and n be a positive integer. We denote
Fq as a finite field with q elements. For every two elements
u = (u1, . . . , un), v = (v1, . . . , vn) ∈ Fnq, the Hamming
distance of u and v is defined by

dH (u, v) = |{i ∈ {1, . . . , n} | ui ̸= vi}|.

Moreover, for every v = (v1, . . . , vn) ∈ Fnq the number

wH (v) = |{i ∈ {1, . . . , n} | vi ̸= 0}|,

is defined as Hamming weight of v. Clearly, wH (v) =
dH (0, v). A k-dimensional subspace C of Fnq is referred to as
an [n, k] linear code over Fq. The integer

dH (C) = min{dH (u, v) | u ̸= v ∈ C},

is called the minimum distance of C . By a [n, k, d] linear
code, we mean a linear code C with length n, dimension k
and minimum distance d .
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Let C be a [n, k] linear code over Fq. The dual code of C ,
denoted C⊥, is the set of all vectors in the vector space Fnq
which are orthogonal to all codewords of C . This means that

C⊥ =
{
x ∈ Fnq | x.c = 0, ∀c ∈ C

}
,

where x.c = x1c1 + · · · + xncn for x = (x1, . . . , cn) and
c = (c1, . . . , cn). One can see that C⊥ is a [n, n − k] linear
code over Fq.
For any vector c = (c1, c2, . . . , cn) ∈ Fnq, the Lee weight

of c is defined as

wL(c) = wL (c1)+ wL (c2)+ · · · + wL (cn) ,

where wL(ci) = min{ci, q− ci}.
Let u = (u1, . . . , un) and v = (v1, . . . , vn) be vectors inFnq.

The Lee distance between u and v, denoted dL(u, v), is defined
as the following:

dL(u, v) = wL(u− v).

For every [n, k] linear code C , the minimum Lee distance C ,
denoted dL(C), is defined as

min{dL(c) | c ∈ C}.

Remark 1: For any vector c ∈ Fnq, one can see that

wH (c) ≤ wL(c).

In particular, for every [n, k] linear code C , wH (C) ≤ wL(C).
The Reed-Solomon codes as one of the most significant and
widely utilized classes of error-correcting codes, are defined
by polynomial evaluations on a given subset in a finite field
( [5], [8]). In this paper, we will focus on the standard
Reed-Solomon code, which is defined as follows.
Definition 1 ( [5]): Let Fq = {0, α1, . . . , αq−1} and 1 ≤

k ≤ q. Then RS[q, k] = {(f (0), f (α1), . . . , f (αq−1)) ∈ Fqq |
f (x) ∈ Fq[x] and deg(f ) ≤ k − 1}, is called the standard
Reed-Solomon code of length q and dimension k .
It is known that the dual of Reed-Solomon code RS[q, k] is
the Reed-Solomon code RS[q, q − k]. The next easy lemma
is useful.
Lemma 1: Let C = RS[q, k], where k > 0. If c =(
c1, c2, . . . , cq

)
∈ C⊥, then c1 + c2 + · · · + cq

q
≡ 0.

Consider the polynomial f (x) = 1. Then
(f (x1), f (x2), . . . , f (xq)) = (1, 1, . . . , 1) ∈ C =

RS[q, k]. Since c = (c1, c2, . . . , cq) ∈ C⊥ we have

(c1, c2, . . . , cq).(1, 1, . . . , 1)
q
≡ 0. Therefore we have:

c1 + c2 + . . .+ cq
q
≡ 0. (1)

■

B. PERMUTATION CODES
Let n ∈ N be a positive integer and denote by Sn the
symmetric group on set [n] = {1, . . . , n}. Throughout this
paper, for a permutation σ ∈ Sn, we use the vector notation of
σ as [σ (1), σ (2), . . . , σ (i), . . . , σ (n)]. The identity element
of Sn is denoted by e := [1, 2, . . . , n]. For distinct elements

i, j ∈ [n], the transposition (i, j) is the permutation obtained
from exchanging i and j in e. For 1 ≤ i ≤ n −
1, the transposition (i, i + 1) which converts permutation
[σ (1), . . . , σ (i), σ (i + 1), . . . , σ (n)] ∈ Sn, into permutation
[σ (1), . . . , σ (i + 1), σ (i), . . . , σ (n)] is called an adjacent
transposition.

For two permutations σ and π ∈ Sn, the Kendall’s
τ -distance, denoted by dK (σ, π), is defined as the minimum
number of adjacent transpositions required to transform σ

into π . Formally,

dK (σ, π)=min{k | ∃ τ1, . . . ,τk ∈ An, π=σ ◦ τ1 ◦ · · · ◦ τk},

where An = {(i, i + 1) | 1 ≤ i < n} is the set of adjacent
transpositions in Sn. For example, the Kendall’s τ -distance
between σ = [1, 2, 3, 4] and π = [2, 4, 1, 3] is 3, since the
transformation

[1, 2, 3, 4]
(1,2)
−→ [2, 1, 3, 4]

(3,4)
−→ [2, 1, 4, 3]

(2,3)
−→ [2, 4, 1, 3]

uses three adjacent transpositions (1, 2), (3, 4), and (2, 3).
It can be verified that no shorter sequence of adjacent
transpositions exists, so dK (σ, π) = 3. As shown in [6],
an equivalent expression for dK (σ, π) is given by:

dK (σ, π) = |{(i, j) | σ−1(i) < σ−1(j) ∧ π−1(i) > π−1(j)}|.

In the example above, we have σ−1 = [1, 2, 3, 4] and
π−1 = [3, 1, 4, 2]. Therefore, the set {(i, j) | σ−1(i) <
σ−1(j)∧π−1(i) > π−1(j)} is equal to= {(1, 2), (3, 4), (1, 4)},
yielding dK (σ, π) = 3.

The Kendall’s τ -distance is widely used in ranking and
sorting problems where the relative order of elements is
more important than their absolute values [4]. It measures the
number of pairwise disagreements between two ranked lists,
making it highly relevant in areas such as recommendation
systems and preference aggregation [15]. In computational
biology, Kendall’s τ -distance has also been applied to
compare gene orderings or evolutionary rearrangements in
genomic sequences [11]. These applications justify the study
of permutation codes under the Kendall’s τ -metric, as they
enhance robustness in data transmission or storage where
rank-based errors are common.

A subset C of Sn is called permutation code of length n
and minimum Kendall’s τ -distance d , if dk (σ, π) ≥ d for all
distinct elements σ, π ∈ C . The largest size of a permutation
code of length n and minimum Kendall’s τ -distance d is
denoted by P(n, d). As the required minimum Kendall’s
τ -distance d increases, each codeword must be farther
from every other codeword. This enlarges the surrounding
forbidden region around each codeword, typically modeled
as a Kendall’ τ -ball of radius ⌊(d − 1)/2⌋. A Kendall’s
τ -ball of radius r centered at a permutation π ∈ Sn
consists of all permutations reachable from π via at most
r adjacent transpositions, and thus represents the set of
permutations that are too close to be valid codewords. Since
the total space of permutations Sn has fixed size n!, fewer
such non-overlapping balls can be packed as d increases.
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Therefore, the maximum number of codewords P(n, d)
naturally decreases. This geometric intuition parallels the
behavior observed in classical codes over Hamming spaces.

It is known that P(n, 1) = n! and P(n, 2) = n!
2 . Moreover,

it follows from [3] that P(n, d) = 2 for every 2
3

(n
2

)
≤ d ≤

(n
2

)
.

Furthermore, for d ∈ {1, 2} and 2
3

(n
2

)
≤ d ≤

(n
2

)
, the exact

value of P(n, d) has been given in [3].
For a positive integer r and a permutation σ ∈ Sn, the set

Br (σ ) = {π ∈ Sn | dK (σ, π) ≤ r}

is called the ball of radius r which centered at σ in Sn
under the Kendall’s τ -distance. Since the size of a ball of
radius r is independent of its center, we denote it by BK (r).
However, computing or even estimating the size of BK (r) is
non-trivial. The number of permutations at a fixed Kendall’s
τ -distance involves complex combinatorics of inversion
vectors and the distribution of adjacent transpositions.
Closed-form expressions are only known in small cases,
and approximations grow less accurate as n increases. This
computational difficulty limits the practical sharpness of the
Gilbert–Varshamov bound for large n. Furthermore, for fixed
r , the quantity BK (r) grows super-polynomially in n, because
the number of permutations with bounded inversion count
increases rapidly with dimension.

The Gilbert-Varshamov bound provides a general lower
bound but becomes loose when the code distance is fixed and
the permutation length grows, due to the super-polynomial
growth of Kendall’s τ -balls [3]. But the sphere-packing
(Hamming-type upper) bound offers an upper limit on code
size but often overestimates the true covering size of the
permutation space, especially for small minimum distances
[6]. TheGilbert-Varshamov bound and sphere-packing bound
for permutation codes under Kendall’τ -metric are as follows.
Unlike classical bounds derived over linear vector spaces,
these results deal with covering and packing arguments in a
discrete, non-linear space.
Theorem 1 ([6]): For every positive integers n, d ≥ 1,

n!
BK (d − 1)

≤ P(n, d) ≤
n!

BK (⌊ d−12 ⌋)

The Gilbert–Varshamov bound provides a constructive lower
bound based on greedy packing: one iteratively adds permu-
tations to the code as long as newly added codewords remain
at least distance d apart [3]. However, this approach becomes
loose when the Kendall’s τ -distance d is fixed and the code
length n grows, because the size of a ball in the Kendall’s
τ -metric (i.e., BK (d − 1)) grows super-polynomially with
n [12]. As a result, the Gilbert–Varshamov bound quickly
underestimates the true code size for fixed d and large n.
On the other hand, the sphere-packing (or Hamming-type)
upper bound assumes that balls of radius ⌊(d − 1)/2⌋ pack
the space efficiently without overlap [3]. But this assumption
overestimates the number of disjoint balls that can fit,
especially when d is small compared to n, leading to loose
upper bounds in that regime [14]. Thus, while both bounds

are asymptotically useful, they are tight only under specific
parameter conditions.

In [6], some lower bounds under Kendall’s τ -metric have
been presented as below.
Theorem 2 ([6]): (i) For all n ≥ 1 and d ≥ 2 even,

P(n, d) ≥ 1
2P(n, d − 1).

(ii) For all d, n ≥ 2, P(n+ 1, d) ≥ ⌈ n+1d ⌉P(n, d).
The inequalities in Theorem 2 offer a recursive mechanism
to build lower bounds for larger parameters based on smaller
ones. Specifically, part (i) shows that if a bound is known for
P(n, d−1), then a bound forP(n, d) can be derived by halving
it. Part (ii) allows extension in the length parameter n while
preserving minimum distance d , using a multiplicative factor.
By combining these two rules, one can construct bounds
inductively from known small cases, which is particularly
useful when explicit constructions are only available for small
n.

In [12] a lower bound when n−2 is a prime power has been
given as follows.
Theorem 3 ( [12, Theorem 18]): Let m = ((n − 2)t+1 −

1)/(n−3), where n−2 is a prime power. Then P(n, 2t+1) ≥
n!

(2t+1)m .
The condition that n − 2 is a prime power arises from
constructions based on projective spaces over finite fields.
Specifically, the authors employ incidence structures from
finite projective geometries (e.g., PG(k, q)) to design sets
of permutations with guaranteed pairwise distances. These
constructions are explicit and algebraic, and give rise to
families of codes with relatively large size and fixed
minimum Kendall’s τ -distance. However, they are only
applicable when n − 2 satisfies the prime power condition,
limiting their generality.
Remark 2: It follows from Theorem 2 and Theorem 3 that

if n − 2 is a prime power, then P(n, 2t) ≥ n!
2(2t+1)m , where

m = ((n− 2)t+1 − 1)/(n− 3).
This bound scales factorially in n, with a denominator
polynomial in n and exponential in t , due to the term
(n − 2)t+1. As a result, it yields strong asymptotic perfor-
mance for fixed t as n → ∞, provided that n − 2 remains a
prime power.

However, the applicability of this result is structurally
limited. Since the construction relies on projective geometries
over finite fields, it is only valid for values of n satisfying
the prime power condition. In contrast, recursive bounds like
those in Theorem 2 are more broadly applicable but typically
yield weaker asymptotic rates. This trade off highlights the
need for new algebraic constructions such as the one proposed
in this paper that work uniformly across all primes or general
values of n.

C. NOTATION AND CONSTANTS
For clarity and reproducibility, we summarize the principal
constants and notation used throughout this work:

• Fq: a finite field with q elements.
• C ⊆ Fnq: a linear block code over a finite field Fq.
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• dH (x, y): the Hamming distance between vectors x, y ∈
Fnq.

• dL(x, y): the Lee distance between vectors x, y ∈ Fnq.
• dL(C): minimum Lee distance of a code C in Fnq.
• dH (C): minimum Hamming distance of a code C in Fnq.
• RS[q, k]: the Reed–Solomon code of length q and
dimension k over Fq.

• C⊥: the dual of code C .
• Sn: the symmetric group of all permutations on n
elements.

• σ, π ∈ Sn: permutations of length n.
• dK (σ, π): Kendall’s τ -distance between permutations σ
and π , defined as the minimum number of adjacent
transpositions needed to convert σ into π .

• BK (r): the size of a Kendall’s τ -ball of radius r , i.e., the
number of permutations π ∈ Sn such that dK (σ, π) ≤ r
for a fixed center σ ∈ Sn.

• P(n, d): the maximum number of permutations in Sn that
form a code with minimum Kendall’s τ -distance at least
d .

III. DUAL OF REED-SOLOMON CODES
In this section, we give some results about the minimum
Hamming and Lee distance for the Reed-Solomon codes over
the finite field Fp, where p is a prime number. It is worth
noting that classical coding theory references such as [5],
[8] provide foundational discussions on Lee distance and
related metrics. However, specific results on the Lee distance
of Reed-Solomon codes especially exact values or tight
bounds are limited. MacWilliams and Sloane [8] provided
foundational results on the Lee metric and its applications
in coding theory. They defined the Lee weight and Lee
distance over Zq and established general upper bounds for
the minimum Lee distance of linear codes, namely dL ≤
dH · ⌊q/2⌋, where dH is the minimum Hamming distance.
While their work includes exact Lee distances for several
small linear and cyclic codes overZq, they do not specifically
analyze Reed-Solomon codes under the Lee metric. As main
result is this section we prove that a Reed-Solomon code of
length p and dimension p − 3 over Zp has minimum Lee
distance 6 (see Theorem 6).
Lemma 2: Let p be a prime number greater than 3. If C =

RS[p, 2], then dH
(
C⊥

)
= 3.

Let Fp = {0, 1, . . . , p − 1}. Then the dual code is C⊥ =
{(f (0), f (1), . . . , f (p−1)) | f (x) ∈ Fp[x], deg f ≤ p−3}.By
the basic fact that a nonzero polynomial over Fp of degree at
most d has at most d distinct zeros in Fp, any nonzero f with
deg f ≤ p− 3 vanishes at no more than p− 3 points. Hence
every nonzero codeword c = (f (0), . . . , f (p− 1)) ∈ C⊥ has
at least p − (p − 3) = 3 nonzero coordinates, so wH (c) ≥ 3
and therefore dH (C⊥) ≥ 3.
Moreover, this lower bound is tight. Indeed, fix any distinct

i, j, k ∈ Fp and take

f (x) =
∏

t∈Fp\{i,j,k}
(x − t),

which is a nonzero polynomial of degree exactly p − 3 that
vanishes at precisely p−3 points of Fp and is nonzero at x =
i, j, k . The corresponding codeword c = (f (0), . . . , f (p− 1))
has Hamming weight 3. Thus dH (C⊥) ≤ 3.
Combining the two inequalities gives dH (C⊥) = 3. ■
Lemma 3: Let p be a prime number greater than 3. If C =

RS[p, 2] then dL
(
C⊥

)
= 4.

From Lemma 2, we know that dH (C⊥) = 3. By Remark 1,
we have dL(C⊥) ≥ dH (C⊥) = 3.
Step 1: No Codeword of Lee Weight 3: Suppose, for the

sake of contradiction, that there exists a nonzero codeword
c ∈ C⊥ such that wL(c) = 3. Since the minimum Lee weight
is the sum of the coordinate-wise Lee weights, this would
require that c has exactly three nonzero components, each
with Lee weight 1. In Fp, this means the nonzero entries of
c must belong to the set {1, p − 1}, since those are the only
elements with Lee weight 1. Let c = (f (0), f (1), . . . , f (p −
1)) ∈ C⊥ be such a codeword, corresponding to a
polynomial f (x) ∈ Fp[x] of degree at most p − 3, such
that f (i), f (j), f (k) ∈ {1, p − 1} and f (t) = 0 for all t /∈
{i, j, k}. Then c has support at three positions only, and the
sum of its entries is

f (i)+ f (j)+ f (k) ∈ {p− 3, p− 1, 1, 3} \ {0},

since the sum of any three elements from {1, p − 1} cannot
be zero in Fp (for p > 3). But Lemma 2.3 states that for
any codeword c ∈ C⊥, the sum of its coordinates must
be zero modulo p. This yields a contradiction. Therefore,
no codeword of Lee weight 3 can exist in C⊥, and we
conclude that dL(C⊥) ≥ 4.
Step 2: Existence of a Codeword of Lee Weight 4: Consider

the polynomial

f (x) = 2(x − 3)(x − 4) · · · (x − (p− 1)) ∈ Fp[x].

This polynomial has degree p − 3 and clearly, f (t) =
0 for every t ∈ {3, 4, . . . , p − 1}. Let c =

(f (0), f (1), f (2), 0, 0, . . . , 0). Since by Wilson’s Theorem∏
t∈Fp\{x}

(x − t) = (p− 1)!
p
≡ −1 (2)

we have

2
∏

t∈Fp\{0}
(i− t)

p
≡ −2.

So

(−1)(−2)f (0)
p
≡ −2,

and then

f (0)
p
≡ −1

Similarly, the equations

2
∏

t∈Fp\{1}
(i− t)

p
≡ −2
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and

2
∏

t∈Fp\{2}
(i− t)

p
≡ −2

yield that −f (1)
p
≡ −2 and 2f (2)

p
≡ −2, respectively.

So f (1) = 2 and f (2)
p
≡ −1. Then

c = (f (0), f (1), f (2), 0, 0, . . . , 0)

= (p− 1, 2, p− 1, 0, . . . , 0).

This implies that

wL(c) = 1+ 2+ 1 = 4.

■
Remark 3: If C = RS[3, 2], then

C⊥ = RS[3, 1] = {(0, 0, 0), (1, 1, 1), (2, 2, 2)},

and so dH
(
C⊥

)
= dL

(
C⊥

)
= 3. Moreover, if C = RS[3, 3],

then C⊥ = ∅.
Theorem 4: Suppose that C = RS[5, 3]. Then dH

(
C⊥

)
=

4 and dL
(
C⊥

)
= 5.

Since C⊥ = {(f (0), f (1), f (2), f (3), f (4) | f (x) ∈
F5[x], deg(f ) ≤ 1}, we have

C⊥ = {(0, 0, 0, 0, 0), (1, 1, 1, 1, 1), (2, 2, 2, 2, 2),

(3, 3, 3, 3, 3), (4, 4, 4, 4, 4), (0, 1, 2, 3, 4), (0, 2, 4, 3, 1),

(0, 3, 1, 4, 2), (0, 4, 3, 2, 1), (1, 2, 3, 4, 0), (1, 3, 0, 2, 4),

(1, 4, 2, 0, 3), (1, 0, 4, 3, 2), (2, 3, 4, 0, 1), (2, 4, 1, 3, 0),

(2, 0, 3, 1, 4), (2, 1, 0, 4, 3), (3, 4, 0, 1, 2), (3, 0, 2, 4, 1),

(3, 1, 4, 2, 0), (3, 2, 1, 0, 4), (4, 0, 1, 2, 3), (4, 1, 3, 0, 2),

(4, 2, 0, 3, 1), (4, 3, 2, 1, 0)}.

Then one can see that dH
(
C⊥

)
= 4 and dL

(
C⊥

)
= 5. ■

Theorem 5: Let p be a prime number greater than 5. IfC =
RS[p, 3] over a finite field Fp, then dH

(
C⊥

)
= 4.

Since C⊥ = RS[p, p − 3] = {(f (0), f (1), . . . , f (p − 1)) |
f (x) ∈ Fp[x], deg(f ) ≤ p − 4}, for any c ∈ C⊥, we have
c = (f (0), f (1), . . . , f (p − 1)) ∈ C⊥ for some f (x) ∈ Fp[x]
of degree at most p−4. Since f (x) can vanish at no more than
p − 4 elements of Fp, c has at least 4 non-zero entries. Than
wH (c) ≥ 4. Therefore, for any codeword c ∈ C⊥, we have
wH (c) ≥ 4 and so dH

(
C⊥

)
= 4. ■

Theorem 6: Let p be a prime number greater than 5. IfC =
RS[p, 3] over the finite field Fp, then dL

(
C⊥

)
= 6.

By Theorem 5 and Remark 1, we know that dL(C⊥) ≥ 4.
We now show that dL(C⊥) ≥ 6 by ruling out the existence of
codewords of Lee weight 4 or 5.
Step 1: No codeword of Lee Weight 4: Assume, for

contradiction, that there exists a codeword c ∈ C⊥ with
wL(c) = 4. Then c = (f (0), f (1), . . . , f (p − 1)), where
f (x) ∈ Fp[x] is a polynomial of degree at most p − 4,
and the nonzero values of f occur at exactly four positions
a < b < c < d ∈ Fp. Since the total Lee weight is 4, each
nonzero value must have Lee weight 1, which implies that

f (a), f (b), f (c), f (d) ∈ {1, p− 1}.

Moreover, by Lemma 2.3, we must have

f (a)+ f (b)+ f (c)+ f (d)
p
≡ 0.

We now consider all combinations of four values from
{1, p− 1} whose sum is zero:
(i) All values equal (e.g., f (a) = f (b) = f (c) = f (d) = 1)

yields a total of {4, p− 4}, which is nonzero modulo p.
(ii) Three of one sign and one of the opposite (e.g., 1+ 1+

1+ (p− 1) = 2) also yields a nonzero sum.
(iii) Only the combination with two 1s and two (p − 1)s

results in a total sum of 0, which is compatible with
Lemma 2.3.

Thus, the only cases that do not contradict Lemma 2.3 are:
(1) f (a) = f (b) = 1, f (c) = f (d) = p− 1,
(2) f (a) = f (b) = p− 1, f (c) = f (d) = 1.

Moreover, since by Wilson’s Theorem,∏
t∈Fp\{x}

(x − t) = (p− 1)!
p
≡ −1

we have ∏
t∈Fp\{a}

(a− t)
p
≡ −1

and so f (a)(a− b)(a− c)(a− d)
p
≡ −γ . Similarly, f (b)(b−

a)(b − c)(b − d)
p
≡ f (c)(c − a)(c − b)(c − d)

p
≡ f (d)(d −

a)(d − b)(d − c)
p
≡ −γ. This shows that

f (a)(a− b)(a− c)(a− d)
p
≡ f (b)(b− a)(b− c)(b− d)

f (a)(a− b)(a− c)(a− d)
p
≡ f (c)(c− a)(c− b)(c− d)

f (a)(a− b)(a− c)(a− d)
p
≡ f (d)(d − a)(d − b)(d − c).

Then

f (a)(a− c)(a− d)
p
≡ f (b)(c− b)(b− d)

f (a)(a− b)(a− d)
p
≡ f (c)(b− c)(c− d)

f (a)(a− b)(a− c)
p
≡ f (d)(b− d)(d − c).

First assume that f (a) = f (b) = 1 and f (c) = f (d) = p− 1.
Then

(a− c)(a− d)
p
≡ (c− b)(b− d) (3)

(a− b)(a− d)
p
≡ (c− b)(c− d) (4)

(a− b)(a− c)
p
≡ (d − b)(d − c) (5)

From equations (4) we have a2−a(b+d)+bd
p
≡ c2− c(b+

d)+ bd . So

(a− c)(a+ c)
p
≡ (a− c)(b+ d).

Therefore,

a+ c
p
≡ b+ d . (6)
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Similarly, from equation (5), we have a2 − a(b + c) + bc
p
≡

d2 − d(b+ c)+ bc and then

a+ d
p
≡ b+ c. (7)

It follows from equations (6) and (7) that 2a+ c+ d
p
≡ 2b+

d + c, and hence a = b, a contradiction. Similarly, if f (a) =
f (b) = p − 1 and f (c) = f (d) = 1 we have a contradiction.
Therefore, there is no codeword c ∈ C⊥ with wL(c) = 4.
So wL(c) ≥ 5 for all c ∈ C⊥.
Step 2: No Codeword of Lee Weight 5 Now suppose

there exists c ∈ C⊥ with wL(c) = 5. Then c
must have either 4 or 5 non-zero elements. Let c =
(0, . . . , f (i), . . . , f (j), . . . , f (k), . . . , f (l), . . . , 0) for some
i, j, k, l ∈ Fp and some f (x) ∈ Fp[x] of degree at most
p − 4. Suppose c has 4 non-zero elements. Then three of
these non-zero elements {f (i), f (j), f (k), f (l)} belong to the
set {1, p − 1} and another one belongs to the set {2, p − 2}.
But in this case one can see that

f (i)+ f (j)+ f (k)+ f (l) ̸
p
≡ 0,

and it follows from Lemma 1 that c ̸∈ C⊥. Similarly, if c
has 5 non-zero elements, then all the elements must belong
to the set {1, p − 1} and similarly, one can see that c ̸∈ C⊥.
Therefore, there exists no codeword c ∈ C⊥ with wL(c) = 5.
Hence, wL(c) ≥ 6 for all c ∈ C⊥.
Step 3: Existence of a codeword of Lee weight 6.

Consider the polynomial f (x) = 12x(x − 3)(x − 4) . . . (x −
(p−3)) ∈ Fp[x]. Clearly, f (x) is a polynomial of degree p−4.
Let c = (0, f (1), f (2), 0, 0, . . . , 0, f (p− 2), f (p− 1)). Since

12
∏

t∈Fp\{i}
(i− t)

p
≡ −12

we have

12
∏

t∈Fp\{1}
(1− t)

p
≡ −12

and so

(−1)(3)(2)f (1)
p
≡ −12

and then f (1) = 2. Similarly, since

12
∏

t∈Fp\{2}
(2− t)

p
≡ −12,

12
∏

t∈Fp\{p−2}
(p− 2− t)

p
≡ −12,

12
∏

t∈Fp\{p−1}
(p− 1− t)

p
≡ −12,

we have 12f (2)
p
≡ −12,−12f (p−2)

p
≡ −12 and 6f (p−1)

p
≡

−12, respectively. So we get f (2) = p− 1, f (p− 2) = 1 and
f (p−1) = p−2. Therefore, c = (0, f (1), f (2), 0, . . . , 0, f (p−
2), f (p−1)) = (0, 2, p−1, 0, . . . , 0, 1, p−2).The Leeweight
of c is

wL(c) = 2+ 1+ 1+ 2 = 6

This implies that the minimum Lee weight C⊥ is 6 and so
dL

(
C⊥

)
= 6. ■

Let p be a prime and k a positive integer. For k = 2, 3,
the value of dL(RS[p, p − k]) is completely determined by
the preceding results. In addition, direct computation yields
the following values: dL(RS[7, 3]) = 7, dL(RS[11, 7]) =
8, dL(RS[11, 6]) = 10, dL(RS[11, 5]) = 11. In each of
these cases, the equality

dL(RS[p, p− k]) = min{p, 2k}

holds. Motivated by this observation, we propose the
following conjecture.

Conjecture 1: Let p be a prime and k be a positive integer.
If C = RS[p, k] over a finite field Fp, then dL

(
C⊥

)
=

min{p, 2k}.
Remark 4: The conjecture is based on empirical evidence.

In all computed cases of the Reed–Solomon codes RS[p, p−
k] over Zp, we observe that the minimum Lee distance
is equal to min{p, 2k}. This includes all primes p ≤ 17
and selected larger examples. These results suggest that
the behavior of dual Reed-Solomon codes under the Lee
metric consistently follows this pattern.We conjecture that 2k
represents a typical lower bound arising from the polynomial
structure of the dual code, while p acts as a soft cap due
to vector length. To the best of our knowledge, no such
counterexamples are known for larger primes. We acknowl-
edge, however, that a complete theoretical justification is still
missing. We view this conjecture as a promising direction
for future research and encourage further investigation, both
computational and theoretical.

IV. APPLICATION TO PERMUTATION CODES
In this section, we present a new lower bound for permutation
codes under Kendall’s τ -metric. As a first step, we introduce
a metric embedding, originally presented in [6].

For n ∈ N, let

Zn! = Z2 × Z3 × · · · × Zn.

For every u = (u2, . . . , un), v = (v2, . . . , vn) ∈ Zn!, their
l1-distance is define as

d1(u, v) =
n∑
i=2

|ui − vi|.

We regard Zn! as a graph whose vertices correspond to the
elements of Zn!, with an edge between two vertices if their
ℓ1-distance is equal to 1.
Remark 5: For every q ≥ n, the graph Zn! can be viewed

as a subgraph of Zn−1
q , where Zn−1

q denotes the graph whose
vertices are the elements of Zn−1

q , and where two vertices are
adjacent if and only if their Lee distance is 1.
Define the mapping ψ : Sn → Zn! such that map every σ ∈
Sn to the vector u = (u2, . . . , un) ∈ Zn!, where uj equals the
number of inversions in σ of the form (j, i), 1 ≤ i ≤ j − 1.
As shown in [6], ψ is a bijection and for every σ, π ∈ Sn,

d1(σ, π) ≤ dK (σ, π).

159418 VOLUME 13, 2025



R. T. Shwayyea et al.: New Lower Bound for Permutation Codes Using Reed–Solomon Codes

TABLE 2. Embedding ψ : S7 → Z2 × · · · × Z7 for selected permutations.

Example 1: The following table presents selected permu-
tations from S7 along with their corresponding inversion
vectors under the embedding ψ : S7 → Z2 × · · · × Z7. The
map ψ assigns to each permutation σ ∈ S7 a vector ψ(σ )
that records the number of inversions at each position, thereby
capturing the relative order of elements in σ .
Remark 6: Using the following algorithm, one can gener-

ate further examples for arbitrary n.
Note that each coordinate uj in the image vector ψ(σ ) =
(u2, u3, . . . , un) counts the number of inversions involving
the position j, that is, the number of indices i < j such that
σ (i) > σ (j).
Algorithm Embedding ψ : Sn→ Z2 × · · · × Zn

Input: A permutation σ = [σ (1), σ (2), . . . , σ (n)] ∈ Sn,
Output: Vector ψ(σ ) = (u2, u3, . . . , un).
1) Initialize an empty vector u = [ ]
2) For j = 2 to n, do:

a) Set uj← 0
b) For i = 1 to j− 1, do:

i) If σ (i) > σ (j), then set uj← uj + 1
c) Append uj to vector u

3) Return v = (u2, u3, . . . , un)
Theorem 7 ( [6, Theorem 10]): Let CL be a linear code of

length n − 1 and minimum Lee distance d over Zq, q ≥ n.
Then there exists a permutation code CK of length n and
minimumKendall’s τ -distance d such that |CK | = |CL∩Zn!|.
From Theorem 7 we can give a lower bound for P(n, d).
Corollary 1: Let CL be a linear code of length n − 1 and

dimension k with minimum Lee distance d over Zq, q ≥
n. Then there exist a code CK of length n and minimum
Kendall’s τ -distance d such that |CK | ≥ n!

qn−k−1
.

Consider the vector space V = Zn−1
q . The linear code

CL ⊂ V has qn−k−1 cosets in V . These cosets induce a
partition of Zn!, since Zn! ⊂ V . Let T be the coset for which
the intersection T ∩Zn! has maximum cardinality, and denote
M = |T ∩Zn!|. Then, since |Zn!| = |Sn| = n!, it follows that

M ≥
n!

qn−k−1
.

Now, consider the embedding ψ : Sn→ Zn!, and define

CK = {σ ∈ Sn | ψ(σ ) ∈ T }.

Then CK is a permutation code of length n and minimum
Kendall’s τ -distance at least d (see Theorem 7), with size
satisfying

|CK | ≥
n!

qn−k−1
.

■

Theorem 8: For every prime p greater than 5, there exists
a permutation code CK of length p and minimum Kendall’s
τ -distance 6 such that |CK | ≥

p!
p3
. In particular, P(p, 6) ≥ p!

p3
.

LetC = RS[p, 3] be a Reed-Solomon code of length p over
the finite field Fp. By Theorem 6, the dual codeC⊥ is a linear
code of length p, dimension p−3, overZp, withminimumLee
distance 6. Let CL be the shortened code obtained from C⊥

by deleting the first coordinate from all codewords ofC⊥ that
have a 0 in the first position. ThenCL is a linear code of length
p−1, dimension p−4, and minimum Lee distance 6 over Zp.

Now consider the embedding ψ : Sp → Zp! ⊆ Zp−1
p , and

define

CK = {σ ∈ Sp | ψ(σ ) ∈ CL}.

Then, by Theorem 1, CK is a permutation code of length p,
minimum Kendall’s τ -distance 6, and satisfies the size bound

|CK | ≥
p!
p3
.

■
Remark 7: The embeddingψ : Sn→ Z2×· · ·×Zn plays a

central role in relating the Kendall’s τ -metric on permutations
to the ℓ1-distance on the product space Z2 × · · · × Zn.
In particular, for any two permutations σ, π ∈ Sn, we have
d1(ψ(σ ), ψ(π )) ≤ dK (σ, π). This inequality allows us to
construct permutation codes under the Kendall’s τ -metric
by using linear codes over Zq (with q ≥ n) that have
guaranteed Lee distance. Through this embedding, algebraic
properties of such linear codes especially those derived
from Reed-Solomon codes can be translated into distance
guarantees for permutation codes, as shown in Theorem 8.
Example 2: Let C = RS[7, 3] be a Reed-Solomon code

over the finite field Z7. Then the dual code C⊥ is a
[7, 4] linear code over Z7 with minimum Lee distance 6.
By shortening C⊥ at a coordinate where the symbol is zero,
we obtain a code CL of length 6, dimension 4, and minimum
Lee distance 6 over Z7. Consider the embedding ψ : S7 →
Z7! ⊆ Z6

7, and define the set

CK = {σ ∈ S7 | ψ(σ ) ∈ CL}.

Then CK is a permutation code of length 7 with minimum
Kendall’s τ -distance at least 6. Moreover, it satisfies the
bound

|CK | ≥
7!
73
=

5040
343
≥ 15.

Remark 8: The lower bound in Theorem 8 is funda-
mentally algebraic in nature. It relies on the existence of
Reed-Solomon codes over the finite field Fp, where p is a
prime. The derivation of the minimum Lee distance of the
dual code C⊥ and the embedding ψ : Sn → Zn! jointly
rely on the algebraic structure of Fp and the fact that the dual
of an [n, k] Reed-Solomon code is again a Reed–Solomon
code. These techniques are not purely combinatorial and
would not directly apply in non-prime or composite modulus
settings. This highlights the special role that prime (and, more
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FIGURE 1. Comparison of lower bounds on P(p,6) for increasing prime
values p. The constructive bound A =

p!

p3 from Reed–Solomon codes

outgrows the Gilbert–Varshamov-type bound
B =

120 p!

(p+7)p(p3+3p2−6p−28)
as p increases. Both curves are plotted on a

logarithmic scale.

generally, prime power) field structures play in enabling our
construction.

V. COMPARISON WITH OTHER CLASSICAL BOUNDS
Let p be a prime such that p − 2 is a prime power. Then,
by Remark 2, we have the lower bound

P(p, 6) ≥
p!

10(p2 − 3p+ 3)
.

In this case, the boundmay outperform the lower bound given
in Theorem 8. On the other hand, if p − 2 is not a prime
power, the Gilbert-Varshamov lower bound (see Theorem 1)
gives

P(p, 6) ≥
p!

BK (5)
.

From [13], the Kendall’s τ -ball of radius 5 satisfies

BK (5) =
(p+ 7)p(p3 + 3p2 − 6p− 28)

120
,

and hence,

P(p, 6) ≥
120 · p!

(p+ 7)p(p3 + 3p2 − 6p− 28)
.

Therefore, when p − 2 is not a prime power, the lower
bound in Theorem 8 often provides a better estimate than the
Gilbert-Varshamov bound.
Remark 9: Let us denote:

TABLE 3. Comparison of Lower Bounds for P(p,6).

• A = p!
p3
, which is the explicit lower bound on P(p, 6)

obtained from our construction using Reed–Solomon
codes (see Theorem 8);

• B =
120·p!

(p+7)p(p3+3p2−6p−28)
, which is the Gilbert–

Varshamov-type lower bound derived from the known
upper bound on the size of a Kendall’s τ -ball of radius 5
(as given in [13]).

Both A and B are explicit theoretical lower bounds on
the maximum size P(p, 6) of a permutation code in Sp with
minimumKendall’s τ -distance 6. The boundA is constructive
and algebraic, arising from a specific embedding via dual
Reed–Solomon codes, while B is based on a volumetric
covering argument under the Kendall’s τ -metric.

To compare their asymptotic behavior, we compute the
ratio:

A
B
=

(p+ 7)p(p3 + 3p2 − 6p− 28)
120p3

.

Dividing both numerator and denominator by p3, we obtain:

A
B
=
p+ 7
120

(
1+

3
p
−

6
p2
−

28
p3

)
.

Taking the limit as p→∞, we find

lim
p→∞

A
B
= ∞,

which implies that the bound A eventually dominates B for
sufficiently large p, and therefore provides a strictly better
asymptotic estimate for P(p, 6) when p is large and p − 2 is
not a prime power.

VI. CONCLUSION AND FUTURE WORK
In this paper, we proposed a new constructive lower bound
for permutation codes under the Kendall’s τ -metric by
leveraging the algebraic structure of dual Reed-Solomon
codes. We demonstrated that, for every prime p > 5, the dual
code of RS[p, 3] has minimum Lee distance 6. Through an
established embedding into the symmetric group, this leads
to an explicit permutation code of length p and minimum
Kendall’s τ -distance 6 with cardinality at least p!/p3.

This result improves upon both the Gilbert-Varshamov
bound and prior algebraic bounds in many regimes-
particularly when p − 2 is not a prime power, where earlier
constructions are not applicable.

FUTURE DIRECTIONS
Several open problems and directions emerge from this work:
• Metric extensions: It would be valuable to extend this
embedding technique to other metrics on permutations,
such as the Ulam or Cayley metrics, potentially using
alternative algebraic codes.

• Generalized bounds: A natural generalization is to
investigate whether, for all primes p and positive integers
k , the following bound holds:

P(p, t) ≥
p!

pp−k−1
, where t = min{p, 2k}.
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This would unify lower bounds across a wider range of
code parameters and distances.
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