creative ARS MATHEMATICA
@commons CONTEMPORANEA

ISSN 1855-3966 (printed edn.), ISSN 1855-3974 (electronic edn.)

ARS MATHEMATICA CONTEMPORANEA 26 (2026) #P3.06
https://doi.org/10.26493/1855-3974.3351.3b6
(Also available at http://amc-journal.eu)

On 2-integral Cayley graphs

Alireza Abdollahi

Department of Pure Mathematics, Faculty of Mathematics and Statistics,
University of Isfahan, Isfahan 81746-73441, Iran

Majid Arezoomand *
Department of Mathematics, Faculty of Science,
Shahid Rajaee Teacher Training University, Tehran, 16785-163, I. R. Iran
Tao Feng *
School of Mathematics and Statistics, Beijing Jiaotong University,
Beijing 100044, P. R. China
Shixin Wang *

School of Mathematics and Statistics, Beijing Jiaotong University,
Beijing 100044, P. R. China and
UP FAMNIT, University of Primorska, Koper 6000, Slovenia

Received 25 March 2024, accepted 19 September 2025, published online 11 June 2026

Abstract

In this paper, we introduce the concept of k-integral graphs. A graph I' is called k-
integral if the extension degree of the splitting field of the characteristic polynomial of '
over rational field Q is equal to k. We prove that the set of all finite connected graphs with
given algebraic degree and maximum degree is finite. 1-integral graphs are just integral
ones, graphs all of whose eigenvalues are integer. We study 2-integral Cayley graphs over
finite groups G with respect to Cayley sets which are a union of conjugacy classes of G.
Among other general results, we completely characterize all finite abelian groups having
a connected 2-integral Cayley graph with valency 2, 3,4 and 5. Furthermore, we classify
finite groups G for which all Cayley graphs over G with bounded valency are 2-integral.
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1 Introduction and results

A graph is called integral if the eigenvalues of its adjacency matrix are all integers. This
concept was first introduced by Harary and Schwenk [13] and they raised the question:
which graphs are integral? After this, classification and construction of the integral graph
have become an active topic. A general approach to studying integral graphs is to focus on
some special classes of graphs, such as Cayley graphs. A Cayley graph over a group G with
respect to a subset S of G, denoted by Cay(G, S), is a (di)graph with vertex set G such
that (g, h) is an arc if and only if hg~! € S. If S = & then Cay(G, S) is the empty graph,
and if 1 € S then the corresponding Cayley graph has a loop at each vertex. Although
in this paper the connection set .S is not necessarily inverse-closed, if .S is inverse-closed,
ie, $ =871 = {s7! | s e S}, then Cay(G,S) is an undirected graph. Furthermore,
Cay(G, S) is connected if and only if G = (S). The Cayley graph over a cyclic group is
also called circulant. A subset S of a group G is called normal if for any g € G, we have
g 1Sg = S. Clearly, a subset of any abelian group is a normal set. The Cayley graph
over a group GG with respect to a normal subset S is called a normal Cayley graph. A large
number of results on the eigenvalues of Cayley graphs have been produced over the past
more than four decades; for a survey on this topic see [18]. All graphs in this paper are
loop-free, non-empty, and are not necessarily undirected, but whenever a graph is, we will
mention it.

Monius, Steuding and Stumpf [22] introduced the concept of the splitting fileds and the
algebraic degrees of graphs to investigate which graph properties prevent integral eigenval-
ues. For a graph T, its splitting field SF(I") is the smallest field extension of the rational
number field Q which contains all the eigenvalues of the adjacency matrix of I'. The
extension degree [SF(I") : Q] is called the algebraic degree of T', denoted by deg(T").
Since eigenvalues of graphs are all algebraic integers, a graph I' is integral if and only if
deg(T") = 1. Some works have been done, very recently, on determining algebraic degrees
of Cayley graphs and their generalization [14, 19, 25, 26, 28, 29]. Note that the question
raised by Harary and Schwenk can be translated as: which graphs have algebraic degree 1?
It is natural to ask which graphs have algebraic degree k for a given positive integer k? To
study this question, we define k-integral graphs as follows.

Definition. For a given positive integer k, a graph I" is called k-integral if deg(T") = k.

To study k-integral graphs, it is crucial to know that the number of such connected
graphs are finite. In Section 3, we will give a positive answer to this question. We prove
that for any positive integers k£ and A, the set of all finite connected graphs with algebraic
degree at most £ and maximum degree at most A is finite (see Theorem 3.2). Our result
further improves [9, Theorem 2] which states that all regular, connected, integral graphs of
a fixed degree are finite.

Let G = (a) = Z,, be a cyclic group of order n and S be an inverse-closed subset
of G. In 2005, W. So proved that a loop-free graph Cay(G, S) is integral if and only if

E-mail addresses: a.abdollahi@math.ui.ac.ir (Alireza Abdollahi), arezoomand @sru.ac.ir (Majid
Arezoomand), tfeng @bjtu.edu.cn (Tao Feng), sxwang @bjtu.edu.cn (Shixin Wang)



A. Abdollahi et al.: On 2-integral Cayley graphs 3

S is a union of G,,(d)s, where d # n is a divisor of n and G,,(d) = {a* | (k,n) = d}
[24, Theorem 7.1]. Since then some authors tried to generalize So’s result to finite abelian
groups and non-abelian groups [4, 5, 17]. An interesting question is how to construct k-
integral Cayley graphs over cyclic groups. For G = (a) & Z,, and any divisor d # n of
n, if we put [a?] = {a* | (k,n) = d}, then by So’s result, Cay(G, [a?]) is integral. In
Section 4, we show that using some special subsets of [a?], one can construct k-integral
Cayley graphs over cyclic groups (see Proposition 4.5). As a corollary, we also give a
method to construct a p-integral Cayley graph over cyclic group Z,,, where n > 5 and p is
a prime divisor of n (see Corollary 4.6).

The problem of classifying all finite groups having a connected integral undirected Cay-
ley graph of given valency is started by Abdollahi and Vatandoost [2]. They classified all
such groups for valency 2 and 3 in [2] and partially for valency 4 in [3]. Then, the prob-
lem completely solved, using computer, for valency 4 in [21] by Minchenko and Wanless.
We are also interested in classifying all finite abelian groups having a connected 2-integral
undiredted Cayley graph with small valency. To this purpose, we define the set G, to be the
set of all finite groups having a connected undirected 2-integral Cayley graph with valency
k, and using Corollary 4.9 and some other general results, we completely characterize all
finite abelian groups belong to Gy, for 2 < k < 5 (see Theorems 5.1, 5.3, 5.5, and 5.10). As
a corollary, we also give the classification of 2-integral abelian Cayley graphs with valency
2,3,4 and 5.

In [10], Estélyi and Kovacs determined all finite groups G for which all undirected
graphs Cay(G, S) are integral when 4 < |S| < k for each integer k > 4. Ma and Wang
[20] characterized the finite groups each of whose cubic undirected Cayley graphs are in-
tegral. Inspired by the above works, it is interesting to classify the finite groups G for
which all undirected graphs Cay (G, S) are 2-integral when 2 < |S| < k for each integer
k > 2. In Section 6, we focus on this problem. We show that there is no group G for
which all undirected graphs Cay(G, S) are 2-integral when 4 < |S| (see Theorem 6.3).
Moreover, we completely classify the finite groups G that all undirected graphs Cay (G, S)
are 2-integral when 2 < |S| < k where & = 2 and 3 (see Theorems 6.5 and 6.11).

2 Preliminaries and notations

In this paper, (di)graphs are finite, loop-free and without multiple edges. Also the groups
are finite. Our notations are standard and mainly taken from [12] and [16], but for the
reader’s convenience we recall some of them as follows:

* (g) : the cyclic group generated by g.

* Z,, : the additive group of integers modulo n.

: the multiplicative group of Z,,.

* Aut(G) : the automorphism group of the group G.

¢ ¢ : the Euler function.

7 : the automorphism of an abelian group which maps every element to its inverse.
* (31 X (s : the direct product of groups G; and Gbs.

* [g] : theset {h € G | (h) = (g)}, where g € G.
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* Z(Q) : the center of G.

e g {g° | 0 € H}, where g € G and H < Aut(G).

* Irr(Q) : the set of all inequivalent C-irreducible characters of group G.
» K, : the complete graph with n vertices.

* K, , : the complete bipartite graph with parts having m and n vertices.
e T’y VI'y: the join of graphs I'y and T's.

e I';0I'y : the Cartesian product of graphs I'; and I's.

e 'y ® Iy : the direct product of I'; and I's.

e 'y Ty : the strong product of I'; and I's.

o T'1[I'9] : the lexicographic product of I'y and T's.

o SF(T") : the splitting field of a graph I".

Let I be a graph and SF(T") be the splitting field of I'. By the definition of a k-integral
graph, I" being 2-integral means that [SF(T") : Q] = 2. It is known that [SF(T") : Q] = 2
implies that SF(I') = Q(«), where o € SF(T') \ Q and o? € Z. Next we will show that
there exists a 2-integral graph with n vertices for any integer n > 3.

Before the proof, we recall that the eigenvalues of the complete bipartite graph K, ,
are 0 with multiplicity m + n — 2 and 4+/mn with multiplicity 1. Hence if mn is not a
square integer, SF (K, ) = Q(v/mn) and so K, ,, is 2-integral.

Lemma 2.1. For any integer n > 3, there exists an undirected 2-integral graph with n
vertices.

Proof. The eigenvalues of P5 are 0 and +1/2, and the eigenvalues of P, are %\/g Thus
P5 and P, are both 2-integral. So we may assume that n > 5. If n is odd, then there
exist distinct integers n1 and ng such that n = n; + ng and \/niny is not an integer. Now
K., n, 1s 2-integral with n vertices. Let n = 2m be even and m > 3. In this case, all
distinct eigenvalues of K,,,_2 42 are 0 and £v/m2 — 4. Clearly, £vVm? —4 ¢ Z and
K—2 m+2 is 2-integral. This completes the proof. O

Next we introduce a special subset of a group, which will be useful to study k-integral
Cayley graphs. Let G be a finite group, and for any g € G, define [g] := {h € G | (9) =
(h)}. If g and h are two elements of G, then [g] = [h] or [g] N [h] = 0. Hence the set
Q(G) :={[g] | g € G} is a partition of G. In the case that G = (a) = Z, is a cyclic
group of order n generated by a, for a divisor d # n of n, we have [a?] = {a* | 1 < k <
n —1, (k,n) = d} which is denoted by G,,(d) in the literature [24].
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3 The number of k-integral undirected graphs

One of the main questions in studying k-integral graphs is whether the number of such
connected graphs with fixed maximum degree are finite. In this section, we give a positive
answer to this question.

Proposition 3.1. There exists a function f: N x N — N such that the number of distinct

eigenvalues of any finite undirected graph with maximum degree A and algebraic degree k
is at most f(k,A).

Proof. Let T be an undirected graph with algebraic degree k and p(x) be the characteristic
polynomial of the adjacency matrix of I'. Then we have p(z) = p;(z)" - - - py(z)", where
pi(z)s are monic polynomials on Q[z], irreducible and pairwise relatively prime and ¢;’s
are positive integers. Since p;(x)s are irreducible and pairwise relatively prime in Q, the
roots of p;(x)s are pairwise distinct and p;(x)s has no repeated roots.

Let p;(x) = ki 4 apkit 4 4 ak;—1% + ag,, where a;s are integers. Since the
roots of p; (z) are also the roots of p(z), k; divides k. Furthermore, since the roots of p;(x)
are eigenvalues of T, the absolute value of any root of p;(x) is less than or equal to A(T"),
the maximum degree of vertices of I'. Now by Vieta’s formula and triangle inequality, for

each j, we have
ol < (%)ame.
J

This means that the number of such polynomials and so the number of distinct eigenvalues
of " is less than or equal to a function of k and A(T"), as desired. 0

Theorem 3.2. For any positive integers k and /A, the set of all finite connected undirected
graphs with algebraic degree at most k and maximum degree at most A is finite.

Proof. Since for any connected undirected graph with s distinct eigenvalues and diameter
D, we have D < s — 1, the result directly follows from Proposition 3.1 and the fact that
the order of a connected graph with given diameter and maximum degree is bounded. [

4 k-integral Cayley graphs

In this section, we are going to study the algebraic degrees of normal Cayley graphs. First
let us recall two known results about the algebraic degrees of abelian Cayley graphs and
normal Cayley (di)graphs. Note that in these two results, S is not necessarily inverse-closed
and so I can be a Cayley digraph. Furthermore, by S* we mean the multiset {s* | s € S}.

Lemma 4.1 ([19, Theorem 1]). Let G be an abelian group of order n and T' = Cay(G, S)
for some subset S of G. Then the algebraic degree of T is deg(T") = %, where H =
{kez:|S*=5)

Lemma 4.2 ([26, Corollary 3.10]). Let G be a finite group with exponent m, that is the

smallest positive integer such that g™ = 1 for all g € G, and T' = Cay(G, S) for some
normal subset S of G. Then the algebraic degree of T is deg(T") = ) \ohere H' =

[H'|
(ke | Sk =8}

By the following two lemmas, we reduce the study of k-integral normal Cayley graphs
to the study of k-integral Cay((g), S), where ) # S C [g].
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Lemma 4.3. Let G be a finite group, g € G and O # S C [g]. Then (S) = (g) and the
splitting field of Cay(G, S) and Cay({g), S) are the same.

Proof. Since © € [g] if and only if () = (g), the first part is clear. On the other hand,
Cay(G, S) is isomorphic to the disjoint union of |G : (S)| copies of Cay((S),.S), where
Cay((S), S) is a connected component of Cay (G, S). Hence the sets of all distinct eigen-
values of Cay(G,S) and Cay((S), S) are the same and so their splitting fields are, as
desired. O

Lemma 4.4. Let G be a finite group, Q(G) = {[g1], ..., [g9t]}, @ # S be a normal subset
of G, and T = Cay(G, S). Then S = szl S;, where S; = [g;| NS for each 1 < i < ¢,
and for S; # &, deg(T;) is a divisor of deg(T"), where T'; = Cay(G, S;).

Proof. Since Q(G) is a partition of G, X = {S; | 1 < i < t,5; # (0} is a partition of
S. Let m be the exponent of G and m; be the order of gi. Then m;|m. By Lemma 4.2,

deg(T") = ﬁ(ﬁ), where H = {k € Z}, | S* = S}. If S; # @, then by Lemmas 4.3 and

4.1, deg(T;) = deg(Cay((g), Si)) = 55, where H; = {k € Z, | SF = Si}.
Suppose k € H. Then (k, m) = 1land S* = S. Since m;|m, clearly (k,m;) = 1. So
(g¥) = (g;) and therefore [g;]* = [g¥] = [g;]. Thus

SE=(lg]N 8k C gl nS* =[g]nS =8,

Since X is a partition of S, we have S¥ = S;.
Since m;|m, the map 7 : Z%, — Z7, , which maps any k(mod m) to k(mod m;) is an

onto group homomorphism. Let K be the kernel of 7. Then |K| = S"((rr)) , by the First

Isomorphism Theorem. Let 7’ be the restriction of 7 to H. Then, by the above argument,
7' (H) < H;. Hence |H| divides |K'||H;|, where K is the kernel of 7, again by the First
Isomorphism Theorem. On the other hand, K’ = K N H and so |K’| divides |K|. This

implies that | H | divides 5(%)) |H;| and so ‘(mi) divides \(HI) as desired. O

Let G = (a) & Z,, and I' = Cay(G, S). By Lemma 4.1, we know that deg(T") is a
divisor of ¢(n). In what follows, we are going to give a way to find possible inverse-closed
generating sets of G such that deg(Cay (G, S)) = 1 or p for some prime p | p(n).

Proposition 4.5. Letn > 3,d # n, d | n, G = (a) & Z,, and A = Aut(G). Let
Ty ={oc € A|g° =g, Vg € [a¥]} and K4 be a subgroup of A containing T,. For
a fixed integer 1 < k < n — 1 with (k,n) = d, put S.qa = {(a*)? | 0 € K4} and
Fk,d = Cay(G, Sl@d)o Then

(1) Sk,q is inverse-closed if K4 contains the element T of A which maps a to a L.
() |Sk,al = [Ka : Ta| < @(%),

(3) Sk.q is a generating set of G if and only if d = 1. In this case, Ty = {14}.

(4) deg(T'k q) is a divisor of |A : Kgq|.

(5) T'y,q is integral if and only if A = K. In this case, Sy q = [ad].

In particular, if |A : K4| = p for some prime p, then Ty, 4 is p-integral.
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Proof. Part (1) is obvious by the deﬁnition of 7. Note that [a?] is the set of all elements of
G with order %. Since the order of ak is D) n) = = and each automorphism of GG preserves
the order of elements of G, Si. 4 C [a?]. Moreover, A can acts on [a?] and T} is the kernel
of this action. Hence A/T} is a permutation group on [a?]. Note that Sy, 4 is the orbit of
a® under the action of K4 on G. Since A is abelian, K;/T) is abelian. This implies that
K4/Ty is regular on S, 4, which means |Sy 4| = |Kq : Tyl < |[a?]] = ¢(%). This proves
(2). Since Sk C [a9], (Sk.a) C (a?). Hence Sy 4 generates G if and only if d = 1.
Clearly if d = 1 then T fixes a and so Ty = {14}. This proves (3).

By Lemma 4.1, deg(T'y 4) = %, where H = {0 € A| (Sk.a)” = Sk,a}. Clearly, we
have Ty < H. On the other hand K, < H. Hence we have K/Ty < H/T; < A/T4 and
SO |A Kd| ‘A/Td Kd/Td| |A/Td H/TdHH/Td Kd/Td| |A HHH/Td :
K;/T4| which implies that deg(T'y, 4) divides |A : K|, which proves (4).

If K; = A then deg(I'y,q) = 1, by (4), which means I';, q is integral. Conversely,
suppose that I, 4 is integral. Since Sy 4 is a subset of [ad], [24, Theorem 7.1] implies
Sk.a = [a?]. Now A acts transitively on [a?] and so A/T} is a regular permutation group

n [a?]. Thus |A/Ty| = |K4/Ty|, which means A = K. This completes the proof. O

As an interesting application of Proposition 4.5, one can construct Cayley graphs over
cyclic groups with prime algebraic degrees. More precisely, for any integer n > 5 and
n # 6, one can construct a p-integral Cayley graph over Z,,, where p is a prime divisor

of p(n).
Corollary 4.6. Let n > 5 be an integer.

(1) If (n) is not a power of 2, then for every odd prime divisor of p(n), there exists an

undirected p-integral Cayley graph over Z,, with valency “"(")

(2) If v(n) is a power of 2, then there exists an undirected 2-integral Cayley graph over
7., with valency g’(”)

In particular, for every prime p and integer k > 3, there exists a connected p-integral

undirected circulant graph of order p* and valency p*=2(p — 1).

Proof. Let A = Aut(Z,,) and 7 be the element of A which maps each element to its
inverse. Following the notation in Proposition 4.5 and letting d = k = 1, we have Ty =
T ={1a}.

First suppose that ¢(n) is not a power of 2 and p is an odd prime divisor of ¢(n). Since
D | ©(n) and A is an abelian group of order (n), there exists a subgroup K of A such
that |[A : K| = p. Let K := K, S11 = {a° 1 = Cay(G, S11).
Next we will show that 7 € K and so S ; is an inverse-closed generating set of G by (1)
and (3) of Proposition 4.5. Put H := (K, 7). If 7 ¢ K then K is a proper subgroup of
Hand |H: K| =2 Sincep=|A:K|=|A:H||H:K|= , we have
p = 2and A = H, a contradiction. Hence 7 € K. Moreover, by Proposition 4.5(2),
|S11| =K1 : Th| = |K| = “’(n and deg(T'1,1) = p. This proves (1).

Next suppose ¢(n) is a power of 2, that is, ¢(n) = 2* for some k > 3. Hence A is an
abelian 2-group of order 2. We know that there exists a maximal subgroup M # 1 of A
containing (7). Since A is abelian, |A : M| must be a prime, which means |A : M| = 2
and the second part follows from Proposition 4.5 as above.
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For every prime p and integer k > 3, by (1), (2) and the fact p(p*) = p*~1(p — 1),
there exists a connected p-integral circulant graph of order p* and valency p*~2(p — 1
This completes the proof. O

Suppose G = (a) = Z,, and keep the notations in Proposition 4.5. For a prime divisor
p of p(n), to construct a p-integral Cayley graph over G, it suffices to construct a subgroup
K4 of A for any given d | n such that |A : K| = p and (7, T;) < K,4. Next we are going
to give the element 7 of A which maps a to a~! first. Then we give a concrete example to
illustrate how to construct the subgroup K of A containing (7, T,;) and p-integral Cayley
graph over G.

Example 4.7. Let G = (a) = Zog. Then G = P; x P, where P; = (a°) = Z4 and P, =
<a4> = Z5. Let A = Aut(G), Al = Aut(Pl) and A2 = Aut(Pz). Then A1 = <7T1> = ZQ,
Ay = (me) 2 Zyand A= Ay x Ay = (m1) x (ma) = {m), mm) | 0 < j < 3}, where

Ty Pl — Pl, a5 — a15,

mo: Py — Ps, CL4|—>G,12.

We have 7 = 7717r§. For convenience, let 0; = 7T§ and 6; = 7r17rg foreach 0 < 5 < 3.
Then 7 = 5. Moreover, by a = (a®)~3(a*)*, we have the following for each 0 < j < 3,
ogj: GG, ar— a*15+16X3j,

0;: G— G, arsa T

In order to construct an undirected 2-integral Cayley graph over G, it is enough to
construct a subgroup K of A with index 2 containing (7, Ty) for any given d|n by Propo-
sition 4.5. Clearly, d | n if and only if d = 1,2, 4,5, 10, 20.

Firstletd = 1. Then Ty = {14}. Put Ky := (7, 02). Since 7 ¢ (03), K1 = (02) x (7).
Note that [{05)| = o(72) = 2. Then K; = {1,7,09,027}, and so |A : K;| = 2. Now let
1 < k < 19 be an integer comprime to 20. Then, by the notations of Proposition 4.5,

Sk,l _ {ak7 (ak)oz,a—k’ (a—k‘)dg} _ {ak’a9k’a—k’a—9k}.

Furthermore, Cay (G, Sk.1) is a connected 4-regular 2-integral Cayley graph, where S; 1 =
So1 = S111 = S191 = {a,a'®,a% a''}, 831 = S71 = S131 = S17.1 = {a®,a'7,a", a3}

Now let d = 2. Then for 1 < I < 20, we have (I,20) = 2if and only if [ = 2,6, 14, 18.
By the above discussion and an easy calculation, we have 7o = {14,6p}. Put Ky :=
(1,00). Then |Ka| = 4, |[A : Ka| = 2, |Ky : To| = 2, and Cay(G, Sk2), where k =
2,6,14,18, is a 2-regular and 2-integral Cayley graph, where Sy 5 = S1g2 = {a?,a'®},
Se.2 = S1a,0 = {ab,a}.

Now let d = 4. Then, since a?° = 1 and no power of 7, maps a' to itself, similar to
the previous paragraph, we see that Ty = {09, 6y }. Hence, similar to the case d = 2, we
conclude that Cay (G, Sk,4), where k = 4,8,12, 16 is 2-integral. More precisely, Sy 4 =
81674 = {CL4, alG} and 58,4 = 51274 = {ag,au}.

Now let d = 5. Since a?® = a® and ¢?° = 1, similar to the above, we see that
T5 = {00,01,02,03}, which means that (7,75) = A and so, by Proposition 4.5, the
corresponding Cayley graphs are integral. So in this case we can not construct any 2-
integral Cayley graph over G.
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In the case, d = 10,20, clearly T; = A, which again we can not construct any 2-
integral Cayley graph over GG. Hence we have shown that if S is one of the following sets,
then Cay(G, S), where G = (a) & Zqy is 2-integral:

{a’a19,a9’a11}’ {a3’a17’a7’a13}7 {a2’a18}, {a6,a14}’ {a4’a16}’ {a8’a12}.

Another important application of Proposition 4.5 is that it enables us to study the 2-
integral Cayley graphs. First we give a characterization of the 2-integrality of Cay (G, S),
where () #£ S C [g] for some g € G.

Lemma 4.8. Let G be a finite group, g € G be an element of order n, & # S C [g],
maybe not inverse-closed, and T' = Cay (G, S). Then T is 2-integral if and only if there
exists a subgroup H of Aut({(g)) such that |Aut({(g)) : H| =2, S = s forall s € S and
S| = £,

Proof. Suppose T is 2-integral. Then Cay({g), S) is 2-integral by Lemma 4.3 and S' # [¢]
by [24, Corollay 7.2]. Furthermore, by Lemma 4.1, |A : H| = 2, where A = Aut({(g)) =
Z} and H = {oc € A| S? = S}. Since for any o € A there exists an integer 1 < i < n
with (i,n) = 1 such that g° = ¢°, A acts transitively on [g]. Note that | A| = |[g]|, which
means that A acts regularly on [g]. Hence the action of H on each orbit of H is regular. Let

s € S. Then |s¥| = |H| = l%‘ = @. Since H acts semiregularly on S, we have |H|
divides |S|. On the other hand, s C S  [g] implies 27 = |H| = [s7| < |S| < |[g]| =
¢(n)and so S = s*.

Conversely, suppose that S = s* for some s € S, where H is a subgroup of Aut({g))
such that |Aut({g)) : H| = 2 and |S| = @. Let ¥ = Cay((g),S). Then, by Propo-
sition 4.5 (putting d = 1), deg(X) = 2. Now Lemma 4.3 implies that T" is 2-integral as
desired. O

By Lemma 4.8, we can characterize the generating sets of 2-integral normal Cayley
graphs.

Corollary 4.9. Let G be a finite group, QU(G) = {[g1],- -, [gn]}, S is a normal subset of
G andT = Cay(G,S). Then S = J;_, Si, where S; = [g;) N S foreach 1 <i < n. IfT
is 2-integral, then for S; # O,

(1) there exists s; € S such that S; = [s;] or S; = s C [s;] for some subgroup H of

Aut((s;)) of index 2, and |S;| = (21)

, where n; = o(s;);
(2) there exists 1 < ig < n such that S;, is of the latter form.

Proof. Suppose I' is 2-integral. By Lemma 4.4, S = U:‘L:1 S; is a disjoint union of sets
Sy, ,Sp, where S; = [g;] N S foreach 1 < i < n, and if S; # @, deg(T’;) = 1 or
2, where I'; = Cay(G, S;). For S; # &, deg(l';) = 1 if and only if S; = [g;] by [5,
Corollary 7.2], and deg(I';) = 2 if and only if there exists a subgroup H of Aut({g;)) such

that [Aut((g;)) : H| =2, S; = s forall s € S; and |S;| = 229 by Lemma 4.8. If for
each ¢ with S; # @&, we have deg(I';) = 1, then S is a union of [g;]s and so deg(T") = 1,
by [5, Proposition 4.1], which contradicts the 2-integrality of I". Hence there exists iy such

that deg(T";,) = 2. O



10 Ars Math. Contemp. 26 (2026) #P3.06

5 Finite abelian groups admitting a connected 2-integral undirected
Cayley graph with small valency

Recall that a cyclic group G = (a) of order n admits a connected integral undirected
Cayley graph of valency 2 if and only if n = 3,4,6 [2, Lemma 2.7]. Also recall that an
undirected Cayley graph Cay(G, S) over an abelian group G is integral if and only if S
is a union of some [g]s, where g € S [4, 5]. If X be a non-empty subset of a group G
and x be a character of G, we set x(X) = > .y x(z). Itis well-konw that if S be a

conjugate-closed subset of a group G and I' = Cay(G, S), then eigenvalues of I are X((f))

with multiplicity x(1)2, where y runs over Irr(G), see [30, Theorem 1] or [15]. In this
section, we use this fact frequently.

Let Gy, be the set of all finite groups admitting a connected 2-integral undirected Cayley
graph with valency k. In this section, we completely characterize all finite abelian groups
belong to G for 2 < k < 5.

51 G,

Theorem 5.1. Let G be a finite abelian group. Then G € Gy if and only if G = Z
where n = 5,8,10,12. Furthermore, a cycle with order n is 2-integral if and only if
n =25,8,10,12.

Proof. Let S = {z,y} be an inverse-closed generating set of G and I' = Cay(G, S) is
2-integral. Then either 22 = 2 = 1 or y = =~ '. In the first case, S = S; U S5, where
Sy = {z} = [z], S2 = {y} = [y], which means Cay(G, S;), i = 1,2, are both integral
which contradicts Corollary 4.9. In the later case, we have S C [z] and G = (z). Let
n = o(x). Then, Lemma 4.8 implies that ¢(n) = 4 and son = 5,8, 10, 12.

Conversely, suppose that G = (z) = Z,, where n = 5,8,10,12. Let A = Aut(G)
and put H = (7). Then in each case |A : H| = 2 and |S| = “”(" , where S = 2. Hence
Cay(G, S) is 2-integral, by Lemma 4.8. O

52 Gs

To classify all finite abelian groups in G, we need the following general result.

Lemma 5.2. Let G be a finite group and S be a normal subset of G. Then for any 1 # x €
Z(QG) inwhich SN [z] = @, Cay(G, S) and Cay(G, S U [z]) have the same splitting field.
In particular, if ¢ € Z(G)\ S is an involution, then Cay(G, S) and Cay (G, SU{z}) have
the same splitting field.

Proof. Let x € Irr(G) and 1 # = € Z(G) such that SN [z] = @. Since x € Z(G), [16,
Exercise 5 of Chapter 13] implies that for each i we have y(z°) = A?x(1), where \ is an

nth root of unity and n = o(z). Hence X2 — = Y 1<i<n,(in) _, A’ is an integer, say ¢, by

x(1)
[16, Lemma 22.15]. Since X(i(ul[f}) =x )XJEi()([ ) — (( )) +t, clearly the splitting field of
Cay(G, S) and Cay(G, S U [z]) are the same, as desired. O

Theorem 5.3. Let G be a finite abelian group. Then G € Gs if and only if G is isomorphic
t0 Loy, OF Loy X Zio, where n. = 8,10, 12. Furthermore, a connected cubic abelian undirected
Cayley graph T is 2-integral if and only if it is isomorphic to one of the following 6 Cayley
graphs Cay(G, S), where:
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(i) G = (z) 2 Z, wheren = 8,10,12and S = {z,v~ ', 2% };
(i) G = (z) x (y) = Zy,, x Zy wheren = 8,10,12 and S = {x, 27, y}.

Proof. Let S = {z,y, 2z} be an inverse-closed generating set of G and I' = Cay(G, S) is
2-integral. We deal with the following cases:

Case L. 22 = y? = 22, In this case, S = S1 U Sy U S3, where S; = [z], Sz = [y] and
S3 = [y], which contradicts Corollary 4.9.

Case IL.y = 7! and 2 = 2%, where o(z) = n is even. Then G = (z) and S =
S1 U Sy, where Sy = {x, 27!} C [z] and Sy = [zZ]. By Corollary 4.9, 4 = ((n) which
means n = 8, 10, 12. Hence in this case G = () = Z,,, where n = 8,10, 12.

Caselll.y = 27!, 22 = 1and z ¢ (x). Inthis case, G = (2) x (2) = Z,, X Zo, where
n = o(z). Furthermore, S = S; U Sy, where S; = {z,271} C [z] and S2 = [z]. Similar
to the Case II, we get p(n) = 4 and son = 5,8, 10, 12.

Hence we have showed that if I' = Cay(G, S) is 2-integral, then G = (z) = Z,, and
S={z,2 2%} orG = () x(2) 2 Z, xZyand S = {x, 271, 2}, wheren = 8,10, 12.
This proves one direction.

For the converse direction, first we suppose that G = (z) = Z,, and S = S1US5, where
Sy = {z,v71} C 2], Sy = {22} = [x?] and n = 8,10, 12. Note that S; N [z2] = &,
then SF(Cay(G, S)) = SF(Cay(G, S1)) by Lemma 5.2. Use the same argument as in the
proof of Theorem 5.1, we have Cay(G, S;) is 2-integral and so Cay(G, .S) is 2-integral.
Hence G = Z,, € G3, where n = 8,10, 12. Similar arguments show the desired results for
the case G = Z,, X Zo, where n = 8,10, 12. O

53 G4

To characterize all finite abelian groups belong to G4, we need the following general result:

Lemma 5.4. Let G be afinite group, Sy, . . ., Sy, be normal subsets of G, (S;)N(S;) = {1}
Sor all distinct i,j, and S = S U---U Sy. Let T = Cay(G, S) and T'; = Cay(G, S;),
i=1,...,k Then

(1) SF(T;) C SF(T) for all i,

(2) deg(T;) divides deg(T") for all i,

(3) ifdeg(T;) = deg(T") = 2 for some i, then SF(T') = SF(T';),
(4) if SF(I;) = F for all i, then SF(T') = F.

Proof. Put G; := (S;), 4 = 1,...,k. Since S; is a normal subset of G, G; is a normal
subgroup of G. Let A be an eigenvalue of I'; and Irr(G) = {x1, - ,Xx}. Then A =

fu((sf)) for some ¢ € Irr(G;). Let ¢ T G be the induced character from . Then ¢ 1
G = dix1 + -+ + dixi for some integers dy,...,d;. Since S;s are normal subsets

of G and (S;) N (Sy) = {1} for distinct [,1’, we have (¢p T G)(S;) = ‘G%lqlz(S,) and
(¥ T G)(S\ S;) = 0. Hence ﬁw(&) =@ 1 G)(S) =dix1(S)+--+drxi(S). Since
the splitting fields contain the rational field and the character degrees are positive integers,

we conclude that A € SF(I"). Hence SF(I';) C SF(I"). This proves (1). Parts (2) and (3)
are direct consequences of (1).
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Let A be an eigenvalue of I'. Since S;s are normal subsets of GG, S is also a normal
subset of G. Hence there exists x € Irr(G ) such that A\ = X((S)) On the other hand, S;s are

pairwise disjoint and so x(S) = x(51) + --- + x(Sk). Since for each i, x(S;) € F, we
conclude that A € F. Thus SF(T') C F. Now (l) implies that SF(T") = FF as desired. O

Theorem 5.5. Let G be a finite abelian group. Then G € G4 if and only if G is isomorphic
to one the following groups:

(1) Z,, where n = 8,10,12,15, 16, 20, 24, 30.
(2) Zp, x 73, wheren = 5,8,10, 12.
(3) Z,, X Zso, wheren = 8,10, 12.

4) Zp, X Zy,, where (n,m) is one of the pairs (3,12), (4,8), (4,10), (4,12),(6,8),
(6,10), (6,12), (5,5), (5,10), (8,8), (10,10), (12,12).

Furthermore, a connected 4-regular abelian undirected Cayley graph I is 2-integral if and
only if it is isomorphic to one of the following 39 Cayley graphs Cay (G, S), where

() G = () = Z, where n = 15,16,20,24,30, and S = {x, ™", 2%, 7%} where
1 < k < nsuch that (k,n) =1,

W) 2 Zy, X Lo wheren = 8,10,12 and S = {x,x‘l,x%,w},
2) x (w) 2 Z,, x Z3 wheren =5,8,10,12 and S = {z,z 1, 2z, w},

(
(

(x) X (w) =2 Zy, X Ly, where (n,m) is one of the pairs (3,12), (4,8),
8 an

),
,8), (6,10), (6,12), (5,5), (5,10), (8,8), (10,10), (12,12), =

(4,10
nd S

Proof. Let S = {x,y,z,w} be an inverse closed generating set of G and Cay(G, S) is
2-integral. Then we deal with the following cases:

Case L. 22 = y? = 22 = w? = 1. In this case, G is an elementary abelian 2-group
isomorphic to Z%, where n = 3 or 4. Furthermore, S = S; U S3 U S3 U Sy, where
S ={x} = [z], S2 = {y} = [y], S3 = {2z} = [z] and Sy = {w} = [w], which
contradicts Corollary 4.9.

Casell. 22 = w? = 1, z,w ¢ (x) and y = 2~ 1. In this case, G = (z) x (2) x (w) =
Zy, x 7.3, where n = o(x). Furthermore, S = Sy U Sy U S3, where Sy = {x, 271} C [],
Sy = {2z} = [¢] and S5 = {w} = [w]. Now Corollary 4.9 implies that S; # [z] and
©(n) = 4 which means n = 5, 8,10, 12.

Case IIl. y = 27!, 2 = 2%, where n = o(x) is even and w? = 1. In this case,
G 2 7y X Ty. Also S = S U Sy U Sy, where S; = {x, 271} C [z], So = {23} = [23]
and S3 = {w} = [w]. Then by Corollary 4.9, S; # [z] and ¢(n) = 4, which means
n=8,10,12.
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CaseIV.y = z* forsome k # 1, —1, z = = ' and w = y~'. In this case, 4> # 1 and
G = (z) 2 Z,, where n = o(z).

First assume that (k,n) = 1. Then S C [z] and Lemma 4.8 implies that p(n) = 8,
which means n = 15, 16, 20, 24, 30.

Now let (k,n) = d # 1. Then S = S; U Sy, where S; = {z,z71} C [z] and
Sy = {a¥,27F} C [2*]. If S; = [2] and S5 # [2¥] then n = 3,4,6 and 2 = 5,8,10, 12,
respectively, which is impossible. If S; # [z] and S = [2*], then n = 5,8, 10,12 and
% = 3,4,6, respectively, which implies (n,k) = (8,2), (12,2), (12,3) or (12,4). If
S1 # [z] and Sy # [z*] then n, % = 5,8, 10, 12, which implies (n, k) = (10, 2).

Case V. (x)N{(y) = 1. Then G = (x) X (y) = Zy, X Ly, where n = o(z) and m = o(y).
We may assume that n < m. In this case, S = S; U So, where S; = {z,27!} C [z] and
S> = {y,y~'} C [y]. By Corollary 4.9, S1 = [z], Sz # [y] or S1 # [2], 52 = [y] or
S1 # [z],S2 # [y]. By a similar discussion to the above cases, in the first case n =
3,4,6, m = 5,8,10,12, in the second case n = 5,8,10,12, m = 3,4, 6 and in the later
case n,m = 5,8,10,12. The second case is impossible because n < m. Next we will
show that in the last case (n,m) must be (5,5), (5,10), (8,8), (10,10) or (12,12). Let
g € Gand o(g) = k > 2 and C, = Cay((g),{g,97'}). By an easy computation, we
have SF(C5) = SF(Cy9) = Q[v/5], SF(Cs) = Q[v/2] and SF(C2) = Q(+v/3). Hence, by
Corollary 4.9 and Lemma 5.4, we have the result as desired. Moreover, Cases I-V prove
one direction.

The proof of converse direction of G = Z,, x Z2 where n = 5,8,10,12, and G =
Zy, X Zoy where n = 8,10, 12 are similar to the proof of converse direction of Theorem 5.3.

Consider the converse direction of case G = (x) = Z,,, where o(x) = n is shown in
(1). Let Xy = Cay({(z), {x, 2%, =1, 2=*}). First suppose that n = 15, 16,20, 24, 30 and
(n,k) = 1. Letoy: v+ x¥ and 7 : x > 2=, Then H = (1, 0},) is a subgroup of index
2in Aut(G) and 2% = {z,2% 2= 7%}, By Lemmas 4.8, we have SF(X;) = 2. Now
suppose that n = 8,10, 12. By a tedious computation, one can see that SF(3;,) = Q(v/2)
if (n,k) = (8,2), (12,2) or (12,4), SF(Zx) = Q(+/3) or Q(v/5) if (n, k) = (12,3) or
(10, 2) respectively.

Finally, consider the converse direction of case G = (x) X (y) = Z,, X Z,, where
(n,m) shown in (3). Let S = S; U Sy and S; = {z,27'} C [z] and Sy = {y,y~ !} C
[y]. Note that C5, Cy, Cg are integral with valency 2 and Zg, Z19, Z12 are all in G by
Theorem 5.1. Hence by Lemma 5.2, Z,, X Z,, € G4, where (n,m) = (3,12), (4,8),
(4,10), (4,12), (6,8), (6,10) and (6, 12). On the other hand, since SF(C5) = SF(C}o) =
Q[v/5], SF(Cg) = Q[v/2] and SF(C12) = Q(v/3), by Lemma 5.4, Z,, x Z,, € G4, where
(n,m) = (5,5), (5,10), (8,8). This completes the proof. O

54 Gs
To characterize all finite abelian groups in G5, we need the following general results.

Lemma 5.6. Let G be a finite group of even order, S be a normal subset of G and there
exists an involution x € Z(G) N S. If Cay(G, S) is connected with the splitting field F,
then

() G =(S\{z}) or G = (S\{x}) x (x) = (S\ {x}) x Zy;

(2) Cay({(S\ {z}), S\ {z}) is a connected graph with the splitting filed F.
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Proof. Since Cay(G, S) is connected, G = (S) = ((S'\ {z}) U {z}). Since z € Z(G),
G = (S\ {z})(z). Moreover, S \ {z} is also conjugate-closed, and since = has order 2,
=(S\{z})orG = (S\ {a}) x (x) =2 (S\ {z}) X Zs. This proves (1).

LetT'y = Cay(G, S\{z}). We claim that the splitting field of I'; is F. First we suppose
that G = (S \ {z}). Then Lemma 5.2 implies that Cay(G,S \ {z}) and Cay(G, S)
have the same splitting filed and so the splitting filed of I'; is F. Next we suppose that
G = (S\ {z}) x (x). Let X be an eigenvalue of Cay(G,S). Then A = X((“f)), for some
x € Irr(G). Since x € Z(G) we have x(z) = £x(1), see [16, Exrecise 5 of Chapter 13],
which implies A = %ﬁ”}) +1. Let H = (S\ {z}) and x |z be the restriction of y to H.
Since |G : H| = 2 and x(z) # 0, [16, Proposition 20.5] implies that x|z is an irreducible
character of H. Furthermore, x(1) = x|u (1) and x|z (S \ {z}) = x(S \ {z}) which
imply A = 0 + 1, for some eigenvalue 6 of I';. Now assume that z be an eigenvalue of T';.

Then p = % for some n € Irr(H). Let po be the principal character of (x). Then

¢ :=mnxpoisan irreducible character of G and ((S) = n(S\{z})+po(z) = T)(S\{x})Jrl
Hence p = € — C(l)’ where £ = E((l)) is an eigenvalue of Cay(G, S). Since C(l) € Q, we
conclude that the splitting filed of Cay(G, S) and T'; are the same. This proves (2). O

Lemma 5.7. Let I'y be an undiredted graph with the splitting field F and I's be an integral
undirected graph. Then I''\'y, T'y ® 'y, and T'y W 'y have the same splitting field F.
Furthermore, if T's is a connected regular graph then T'1[I's] has also the same splitting
field TF.

Proof. Let the eigenvalues of I'y and 'obe Ay 2> Ao = -+~ 2 Ay, and g 2> o 2 -+ 2
Iin,» TESPEctively, where n; is the number of vertices of I';. By [8, Table 4], the eigenvalues
of IO, I'y ® g and I'y X'y are A; + puj, Ay, and A; + o + A 15, respectively, where
1<i<nrand1 < j < no.

Let I'; be a connected k-regular graph. Then eigenvalues of I'1[['s] are k + no);,
1 <4 < ny and p; with multiplicity n,, where 2 < j < no. Since eigenvalues of I'y are
integers, the result follows immediately. O

Corollary 5.8. Let Ty = Cay(G1,S1) and T'y = Cay(Ga, Sa) be two undirected con-
nected Cayley graphs such that T'y is k-integral and Ty is integral. Then Cay(G1 x G2, S)
is an undirected connected k-integral Cayley graph over G1 x Gg, where S is one of the
following sets

(1) S ={(s1,1),(1,82) | 51 € S1,52 € Sa},
(2) S={(s1,82) | 81 € 51,82 € S2},
3 S = {(513 1)7 (1752)7 (51352) | s1 € S1752 € SZ}’

4) S = {(s1,92),(1,82) | s1 € S1,82 € S2,92 € Gz}, where at most one of the
graphs T'y or T's is bipartite.

In particular, if |S;| = d;, i = is di + da, dida,

dy + do + d1ds and d1 |G| + da, respectively.

Proof. 1t is a direct consequence of Lemma 5.7, [12, Corollaries 5.3, 5.6, 5.10, 5.14] and
[1, Theorems 3.1, 4.1, 5.3, 6.1]. O
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Corollary 5.9. Let G be a finite abelian group of even order. There exists an undirected
connected (2d + 1)-regular Cayley graph over G with algebraic degree k if and only if

(1) there exists an undirected connected 2d-regular k-integral Cayley graph over G, or

(2) there exists a H < G such that G = H X Zy and H admits an undirected connected
2d-regular k-integral Cayley graph.

Proof. Note that the number of involutions of any finite abelian group with even order is
odd. If Cay(G, S) is connected with algebraic degree k and |S| = 2d, for some inverse-
closed subset S of G, then there exists an involution € G \ S. Hence Cay(G, S U {z})
is connected (2d + 1)-regular and with algebraic degree k by Lemma 5.2. If G = H x Z»
and H admits a connected 2d-regular Cayley graph with algebraic degree k, since K5 as
a Cayley graph over Zs is integral, then Corollary 5.8 implies that G admits a connected
(2d + 1)-regular Cayley graph with algebraic degree k.

The converse is clear by Lemma 5.6, because any inverse-closed subset of G with odd
number of elements has an involution. 0

Theorem 5.10. Let G be a finite abelian group. Then G € Gs if and only if G = H
or H X Zs, where H is one of the groups given in Theorem 5.5 and in the first case
H % Zq5,72. Furthermore, a connected 5-regular abelian undirected Cayley graph T is 2-
integral if and only if it is isomorphic to one of the following 108 Cayley graphs Cay (G, S),
where

() G = (z) = Z,, where n = 16,20,24,30, and S = {x, 2", 2%, 2% 27*} where
1 < k < n such that (k,n) = 1;

(i) G = (z)2Zgand S = {x, 2% 2* 2% 27};

(i) G = () =2 Zyg and S = {x, 2,25 2%, 2%},

(v) G = (z) 2Zizand S = {z, 2%, 25,219 211} or {x, 23,26, 2°, 211} or
4 .6 .8

{z, 2%, 2% 28 21},
V) G = (2) x (w) =2 Z, x Zy wheren = 8,10,12and S = {z, 2~ ', 2% ,w,r5w);

(Vi) G = (z) x (2) x (w) = Zy, x 73 wheren = 5,8,10,12 and S = {x, 27, 2, w, s}
where s is any involution of G except for z and w;

(vil) G = (x) x (w) = Zy X Ly, where (n,m) is one of the pairs (3,12), (4,
(4,10),(4,12), (6,8), (6,10), (6,12), (3,10), (8,8), (10,10}, (12,12), and S
{x, 27 y,y~L, s} where s is any involution of G.

8),

(viii) G = (x) x (y) = Z,, x Zy where n = 16,20, 24,30, and S = {z, v, 2%, 7% ¢}
where 1 < k < n such that (k,n) = 1;

(1x) G = <1’> X <y> &~ Zg X ZQ and S = {x,x27.’£6,l’7,y};
(X) G = (x) x (y) 2 Z1o X Lo and S = {x, 2%, 28, 2°,y};

xi) G = ( > (y) = Zyg X Zy and S = {x, 2%, 20, 211y} or {z,23,2°, 211y} or
{x, a4, 28 2y},
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(xii) G = (z) x (w) x (y) = Z,, x Z3 wheren = 8,10,12 and S = {x,z~*, 2% w, y};
(xiil) G = (z)x (2) % (w) x (y) = Zyn xZ3 wheren = 5,8,10,12and S={z,z7 1, z, w,y};

xiv) G = (x) x (w) X (y) = Zp, X Ly X Lz where (n,m) is one of the pairs (3,12),
(4,8), (4,10), (4,12), (6,8), (6,10), (6,12), (5,10), (8,8), (10,10), (12,12), and
S=A{z,z"yy "t yh

Proof. Note that in any undirected graph, the number of vertices of odd degree is even.
Thus G must be a group of even order. And so this result is a direct consequence of
Theorem 5.5 and Corollary 5.9. O

Similar to Theorem 5.5, one can find all finite abelian groups G € Gg and then it is
possible to characterize all finite abelian groups G € G7. Recursively, one can find all
finite abelian groups in Gy, for any given integer k. For instance, if the degree is odd, then
Corollary 5.9 can be used.

6 On groups all of whose undirected Cayley graphs of bounded va-
lency are 2-integral

In this section, we are going to classify the finite groups G that all undirected Cayley graphs
Cay(G, S) are 2-integral when 2 < |S| < k for each integer k& > 2. This leads us to give
the following definition.

Definition 6.1. For an integer k£ > 2, set
By =
{G | Cay(G, S) is 2-integral whenever S C G suchthat 1o ¢ S = S~ and 2 < |S| < k}.
Clearly, Bi1+1 C By, and if |G| is odd, then G € Bay_1 if and only if G € Baj_s.
To determine the sets 35, we start with some basic and useful results about 5.

Lemma 6.2. Let k > 2 be an integer. Then the following holds for every G € Bj.

(1) Every proper subgroup H < G with H 2 Zs is also in By.

(2) Forevery g € G, the order of g isin {1,2,5,10}.

(3) A Sylow 5-subgroup of G is a group of exponent 5.

(4) If |G| is even, then Sylow 2-subgroups of G are isomorphic to Zs.

Moreover;, |G| = 259, where i = 0,1 and j > 1, and the Sylow 5-subgroup of G is

normal.

Proof. Let G € By,. Suppose H is a proper subgroup of G and H 2 Z. Since for a subset
S C H < G, the Cayley graph Cay(G, S) consists of disjoint union |G : H| copies of
Cay(H, S), we have (1).

Since G = Z, is Cayley integral, we may assume that |G| > 3. If all non-identity el-
ements of G are involutions, then we have (2). Next suppose that G has at least one element
with order great than 2, say g. Then Cay(G,{g,g~'}) is 2-integral and so
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Cay({g), {g,g~'}) is 2-integral by (1), which implies o(g),the order of g, is in {5, 8,10, 12}
by Theorem 5.1. If o(g) = 8 or 12, then h := g* or h := g> has order 4, respectively. Now
Cay (G, {h, h~1}) must be 2-integral, which means o(h) € {5, 8, 10,12}, a contradiction.
This proves (2).

By (2) we may assume that |G| = 2¢57, 4, j > 0. If j = 0 then, by 2), G is 2-elementary
abelian and so it is Cayley integral, a contradiction. Hence we may assume that 7 > 1 and
again by (2), a Sylow 5-subgroup of G is a group of exponent 5, which proves (3). Let
i # 0 and P, be a Sylow 2-subgroup of G. Clearly, P, = Zi. If i > 2, then P, = Z} € By,
by 1). However Zj is Cayley integral, a contradiction. Thus i = 1, which proves (4).

Let P5 be a Sylow 5-subgroup of G. Then G = Ps if i = 0 and |G : Ps| =2ifi =1,
which implies that Ps is normal in G. This completes the proof. O

Theorem 6.3. By is an empty set for any k > 4.

Proof. Suppose G € By fora k > 4. Then G € B4. By Lemma 6.2, G has at least
one subgroup H = (h) = Zs. Note that Cay(H, H \ {1}) is integral, contradicting to
Lemma 6.2(1). Thus G ¢ By, for any k > 4. This completes the proof. O

Proposition 6.4. D,,, € By for k = 2,3 if and only if n = 5.

Proof. If Do, € By, then by Lemma 6.2 we have n = 5. For the converse direction, it can
be directly calculate that Dy € By, for k = 2, 3. O

By Theorem 6.3, it is enough to determine the sets B, and B3. In what follows, we will
do this.

6.1 B

In this part, we will classify the groups in Bs.

Theorem 6.5. G € B, if and only if G is a 5-group of exponent 5 or the Sylow 5-subgroup
of G is a group of exponent 5 and has index 2.

Proof. One direction is clear by Lemma 6.2.

Next suppose Ps is a 5-group of exponent 5. If G = Ps, then for any inverse-closed
subset S of G, S = {g,g~ '}, where the order of g is 5, and so Cay((g),{g,97'}) is
2-integral by Lemma 5.1. Hence Cay(G, S) is 2-integral.

Suppose Ps < G and |G : Ps| = 2. Then there exist a € G such that G = Ps UaP5 =
P5 U Psa. Furthermore, by Lemma 6.2, we may assume that a? = 1. Next we consider the
form of inverse-closed subset S of G with | S| = 2.

CaseI: S = {x, 27!}, where z € G is not an involution.

If x € Ps, then the order of z is 5 and so Cay ({z), {z,x~'}) is 2-integral by Lemma 5.1.
Hence Cay(G, S) is 2-integral.

Suppose that « ¢ Ps, that is to say x = ap = pla for some p,p’ € Ps. Then
2?2 = plaap = p'p € Ps, which means that the order of x is 5 or 10. In both cases
Cay((z),{z,271}) is 2-integral and so Cay(G, S) is 2-integral.

Case II: S = {z, y}, where z,y € G are both involution.

In this case, z = ap = p~taand y = ap’~! = p'a for some p,p’ € Ps. Note that xy #
yx, otherwise (z,y) = Z2 < G which is impossible by Lemma 6.2(3). Furthermore, zy €
Ps. Hence either zy = 1 or 2y has order 5. The first case is impossible, otherwise 2 = 3!
which is a contradiction. Hence xy has order 5 and (x,y) = Djo. By Proposition 6.4,
Dy € Bs. Hence Cay(G, S) is 2-integral, which completes the proof. O
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6.2 B3

In this part, we will classify the groups in B3. First we consider the nilpotent groups.

Proposition 6.6. If G is a nilpotent group, then G € Bs if and only if G =2 Ps5 or Ps X Zs,
where Ps is a 5-group of exponent 5.

Proof. Suppose G is a nilpotent group. If G € Bs, then by Lemma 6.2, G = P; or P5 X Zo,
where P; is a 5-group of exponent 5.

Next suppose G = P5 or G = Zy x Ps, where P5 is a 5-group of exponent 5. First
assume that G = P5. Then by Theorem 6.5, P5 € Bs. Since |P5| is odd, we have G € Bs.
Assume that G = Zy X Ps, and S is an inverse-closed subset of G such that 15 ¢ S
where |S| = 2 or 3. Note that the order of any non-identity element of G is 2,5 or 10. If
|S| = 2, then S = {g, g~ '}, where the order of g is 5 or 10. Furthermore, (S) = (g) = Zs
or Zip. By Lemma 5.1, Cay((S), S) is 2-integral. Hence Cay(G, S) is 2-integral. If
|S| = 3, then S = {a,g,g~ '}, where a®> = 1¢ and the order of g is 5 or 10. Furthermore,
(S) = (a) x {(g9) 2 Zs x Zs = Z1p. By Theorem 5.3(i), Cay((S), S) is 2-integral. Hence
Cay(G, S) is 2-integral. This completes the proof. O

In what follows, we consider the non-nilpotent groups in Bs.

Proposition 6.7. Suppose G = 7% x Zy is not nilpotent. Then G ¢ Bs. Moreover,
G =17} %7y ¢ Bs foranyn > 2.

Proof. Suppose G = Z2 x Zy = ((a) x (b)) x {x), where a® = b® = 2% = 15. Write
P = (a) x (b). Actually, G is the generalized dihedral group over P, that is, p* = p~* for
allp € P.

Let S = {bz,b*x, azx}. Clearly S is inverse-closed. Next we will show that Cay(G, S)
is not 2-integral. Note that Cay (G, S) is isomorphic to BiCay(P,0,0,T), where T =
{b,b?,a}, according [7, Lemma 8]. By [27, Theorem 3.2], the eigenvalues of
BiCay (P, 0,0, T) are +|x,(b+b>+a)|, where p € P and x,,’s are irreducible characters of
P, see also [6, Section 3.]. However, one can calculate that 4| xs (b+b?+a)| = /4 + /5.
Thus BiCay (P, 0,0, T) is not 2-integral. Hence G ¢ Bs.

On the other hand, Zg X Zo < ZE X Zo forn > 2. By Lemma 6.2(1), if Z X Zy € Bs,
then Z2 x Zy € Bs, a contradiction. Thus Z% x Zy ¢ Bs for any n > 2. O

The structure of minimal non-abelian group of exponent 5 is given in the following
lemma. To have a full characterization of non-nilpotent groups in B3, we need this lemma.

Lemma 6.8 ([23]). The minimal non-abelian group of exponent 5 is G5 = {(a,b,c | a® =
¥ =c=1, [a,b] = ¢, [a,¢] = [b,c] = 1).

Keeping the notation of Lemma 6.8, we get the following result.

Lemma 6.9. Suppose G = G5 X Zs is not nilpotent. Then G is isomorphic to one of the
following groups:

(1) Gaso.1 =2 (({a) x (b)) x (¢)) x (d), where a® = b® = ¢® = d* = 1g, a? = a*,
b = b, @ = ¢ and b° = ab;

(2) Gasoz =2 (((a) x (b)) x {c)) x (d), where a® = b® = ¢® = d* = 1¢g, a? = q,
b? = b ¢t = c* and b° = ab.
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Moreover, Gasp.1 and Gaso 2 are not contained in Bs.

Proof. By GAP [11], G is isomorphic to Gs0,1 or Gaso,2. Furthermore, Gaso,1 has a
subgroup isomorphic to Z2 x Zs and Gasp 2 has a subgroup isomorphic to Zs x Djg. By
Lemma 6.2(1), Z2xZy ¢ Bs. Hence Gaso.1 ¢ Bs. Suppose Zsx D1g = (z) x ({y) x(2)) <
Gas0,2, Where 2° = y° = 22 = 1. Let S = {y*z,zy32,2%y3z}. Clearly, S = S~ and
(S) = Zs x Dyp. By a calculation, /4 + /5 is an eigenvalue of Cay(Zs x D19, S). Thus
Z5 X D10 ¢ Bg. This ll’IlpllCS that G25072 ¢ Bg. O

Now we are ready to characterize non-nilpotent groups in Bs.
Proposition 6.10. If G is not nilpotent, then G € Bs if and only if G =2 D1y.

Proof. Suppose G is not nilpotent and G € Bs. By Lemma 6.2, G = P5 x Zg, where P; is
a 5-group of exponent 5. If Ps is abelian, then Ps = ZF for some n > 1. By Proposition 6.4
and 6.7, Ps = Zs and so G =2 Dq. If P5 is not abelian, then Ps5 has a minimal non-abelian
subgroup isomorphic to G5 by Lemma 6.8. Moreover, G has a subgroup isomorphic to
G5 X Zy. By Lemma 6.9, G5 X Zs ¢ Bs, which contradicts Lemma 6.2(1). Hence Ps is
abelian, and G = D;. The converse direction is clear by Proposition 6.4. This completes
the proof. O

By Propositions 6.6 and 6.10, we have the following result.

Theorem 6.11. G € B3 if and only if G = Ps or Ps X Zo or D1, where Ps is a 5-group
of exponent 5.
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