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We change Chermak–Delgado measure slightly so that it can be used for compact groups
as well. Corresponding to this new measure, a lattice of open subgroups is obtained.
Then we prove that if this lattice is non-empty in a compact group G, then G has a
characteristic open abelian subgroup N such that [G : N ] ≤ [G : A]2 for every abelian
subgroup A ⊆ G. This is a generalization of the well-known Chermak–Delgado Theorem.
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1. Introduction and Results

The Chermak–Delgado measure of a subgroup H of a finite group G is the integer
number |H ||C(H)|, where C(H) is the centralizer of H in G. This measure was first
introduced by Chermak and Delgado [1] and revisited by Isaacs [4]. The collection
of subgroups CD(G) of G for which the Chermak–Delgado measure is as large as
possible forms a sublattice of the subgroup lattice of G, called the Chermak–Delgado
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lattice of G. A measuring argument for finite groups presented in [1], gave some
results about, and powerful application to, special families of finite groups.

In this paper, we change the Chermak–Delgado measure in such a way that
it can also be used for compact groups. We repeat the process of proving in [4,
Theorem 1.41], with this new measure to prove the following generalization of that
theorem:

Theorem 1.1. Let G be an Abelian-by-finite compact group. Then G has a char-
acteristic open abelian subgroup N such that [G : N ] ≤ [G : A]2 for every abelian
subgroup A ⊆ G.

2. Proof of the Main Result

Let G be a compact group, we denote the unique normalized Haar measure on G

by m. We list some facts about Haar measure m below:

(F1) For every nonempty open subset of G, m(U) > 0.
(F2) For a measurable subgroup H of G, we have m(H) = [G : H ]−1 with the

agreement “ 1
∞ = 0”.

(F3) A closed subgroup of G with positive Haar measure is open.
(F4) For open subgroups H and K of G,

m(HK) = [K : H ∩ K]m(H) =
m(H)m(K)
m(H ∩ K)

.

One may find in [2, 3] more about Haar measures and its features.

Lemma 2.1. A compact group is abelian-by-finite if and only if it has an open
abelian subgroup.

Proof. Let G be a compact group with an open abelian subgroup H , then H is of
finite index. Let T be a right transversal for H in G. Then⋂

x∈G

Hx =
⋂
t∈T

Ht

is an open normal subgroup of G, so G is abelian-by-finite.
Conversely, suppose that A is an abelian subgroup of G of finite index. In this

case, Ā, the closure of A, is an open and abelian subgroup.

We denote by O(G) the collection of open subgroups H of G such that C(H)
is open too. Here C(H) is the centralizer of H in G. We assign a natural number
to each subgroup H in O(G): ν(H) := [G : H ][G : C(H)], so by (F2) we have

1
ν(H) = m(H)m (C(H)). Here is an important feature of O(G):

Proposition 2.2. Let G be a compact group. Then G is abelian-by-finite if and
only if O(G) is non-empty.
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Proof. Let G be an abelian-by-finite group. So, by Lemma 2.1, G has an open
abelian subgroup, say H . But C(H) is a closed subgroup of G which contains the
open subgroup H , so, it should be of finite index and open.

Now, suppose that O(G) is non-empty. Therefore, there exists an open sub-
groups H of G such that C(H) is open too. In this case, Z(H) = H ∩ C(H) is an
abelian open subgroup of G, so, again, by Lemma 2.1, G is abelian-by-finite.

We continue with some observations.

Lemma 2.3. Let G be a compact group and H ∈ O(G). Then C := C(H) is also
in O(G) and ν(H) ≥ ν(C) and if the equality occurs then H = C(C).

Proof. Since H ⊂ C(C), it follows from (F3) that C(C) is an open subgroup, so
C ∈ O(G). We see that

1
ν(C)

= m(C)m(C(C)) ≥ m(C)m(H) =
1

ν(H)
.

In the case of equality we have m(C(C)) = m(H) and by (F1) we obtain
H = C(C).

Next we consider two subgroups in O(G) simultaneously:

Lemma 2.4. Let G be a compact group and H, K ∈ O(G). Then D := H ∩K and
J := 〈H, K〉 are also in O(G) and

ν(H)ν(K) ≥ ν(D)ν(J).

If the equality holds, then J = HK and C(D) = C(H)C(K).

Proof. Note that C(J) = C(H) ∩ C(K) and C(H),C(K) ⊂ C(D), so D and J

belong to O(G), if H and K belong to. Then by (F4) we get

m(J) ≥ m(HK) =
m(H)m(K)

m(D)
,

m(C(D)) ≥ m(C(H)C(K)) =
m(C(H))m(C(K))

m(C(J))
,

and it follows that

1
ν(D)

= m(D)m(C(D)) ≥ m(H)m(K)
m(J)

m(C(H))m(C(K))
m(C(J))

=
ν(J)

ν(H)ν(K)

which establishes the inequality. If equality occurs, then m(J) = m(HK) and
m(C(D)) = m(C(H)C(K)), and thus by (F1), J = HK and C(D) = C(H)C(K).
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Note that if H, K ⊆ G are subgroups, then the subgroup J = 〈H, K〉 is often
called the join of H and K. Also, a collection L of subgroups of a group G is said
to be a lattice of subgroups if it is closed under intersections and joins.

Theorem 2.5. Given an abelian-by-finite compact group G, let L := L(G) be the
collection of elements H of O(G) for which the value ν(H) is as small as possible.
Then

(a) L is a lattice of subgroups of G.
(b) If H, K ∈ L, then 〈H, K〉 = HK.
(c) If H ∈ L, then C(H) ∈ L and C(C(H)) = H.

Proof. Let m be the minimum of the values of ν on O(G), and let H, K ∈ L. Then
ν(H) = m = ν(K), and by Lemma 2.4, we have m2 ≥ ν(D)ν(J), where D = H∩K

and J = 〈H, K〉. But ν(D) ≥ m and ν(J) ≥ m by the minimality of m, and thus
ν(D) = m = ν(J), and hence D and J lie in L, as required. Also, since equality
holds in Lemma 2.4, we know that HK = J , and this proves (b). Finally, statement
(c) follows because the minimality of ν(H) forces equality in Lemma 2.3.

Remark 2.6. When a group G is finite, considering that ν(H) = |G|2
|H||C(H)| , it

follows that the ν and Chermak–Delgado measure are equivalent. Therefore, the
lattice that was obtained in Theorem 2.5 is nothing but the Chermak–Delgado
lattice.

The following property of compact groups will be required:

Proposition 2.7. Let X be a compact Hausdorff space and μ be a Radon mea-
sure on X. Then for every decreasing net of closed subsets (Cα)α, μ (

⋂
α Cα) =

limα μ(Cα).

Proof. Assume that there exists an ε > 0 such that μ(Cα) ≥ ε for all α and
μ (

⋂
α Cα) < ε. By regularity of μ there is an open subset U of X contains⋂

α Cα and μ(U) < ε. But X is compact so U should contain one of Cα’s, a
contradiction.

As an immediate consequence of this proposition, we have the following:

Corollary 2.8. Let μ be a probability measure on a compact Hausdorff space X.
Then for every increasing net of open subsets (Uα)α, μ (

⋃
α Uα) = limα μ(Uα).

Proof. By the previous proposition:

1 − lim
α

μ(Uα) = lim
α

μ (X\Uα) = μ

(
X

∖⋃
Uα

)
= 1 − μ

(⋃
α

Uα

)
.

Proposition 2.9. Every abelian-by-finite compact group G contains a unique sub-
group M, minimal with the property that ν(M) is the minimum of the ν-values on
O(G). Also M is abelian and contains the center, Z(G), of G.
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Proof. Let L and m be as in Theorem 2.5. With inclusion order, the set

Λ := {λ : λ is a finite set of subgroups in L}

becomes an index set. So, for λ, μ ∈ Λ, λ ≤ μ, if λ ⊆ μ. For λ ∈ Λ, put Hλ := ∩{H :
H ∈ λ} and take M := ∩{H : H ∈ L}. Then Hλ ∈ L, and therefore ν(Hλ) = m.
But (Hλ)λ is a decreasing net of closed subsets, and (C(Hλ))λ is an increasing net
of open subsets, so we can apply Proposition 2.7 and Corollary 2.8 to get

1
m

= m(Hλ)m (C(Hλ))

= lim
λ

(m(Hλ)m (C(Hλ)))

=
(

lim
λ

m(Hλ)
) (

lim
λ

m (C(Hλ))
)

= m

(⋂
λ

Hλ

)
m

(⋃
λ

C(Hλ)

)

= m(M)m

(⋃
λ

C(Hλ)

)
.

The above equality implies that m(M) > 0, so M is an open subgroup of G,
because it is a closed subgroup with finite index. On the other hand,

m(M)m

(⋃
λ

C(Hλ)

)
≤ m(M)m(C(M)) =

1
ν(M)

.

The above inequality implies M ∈ L. Since M ∈ L, we know that C(M) ∈ L, and
thus M ⊆ C(M) and it follows that M is abelian. Finally, M = C(C(M)) ⊇ Z(G),
and the proof is complete.

Similar to finite groups, we shall refer to the subgroup M of Proposition 2.9, as
the Chermak–Delgado subgroup of G. It is, of course, characteristic and open in G.

Proof of Theorem 1.1. Since the Chermak–Delgado subgroup M is character-
istic, open and abelian, it suffices to show that [G : M ] ≤ [G : A]2 for all open
abelian subgroups A of G. By definition,

[G : M ] ≤ ν(M) ≤ ν(A) = [G : A][G : C(A)] ≤ [G : A]2,

as required.
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