
Discrete Mathematics 349 (2026) 115205

Contents lists available at ScienceDirect

Discrete Mathematics  

journal homepage: www.elsevier.com/locate/disc

Integral Cayley graphs of symmetric groups on transpositions

Alireza Abdollahi a, Majid Arezoomand b,c,∗, Mahdi Ebrahimi c

a Department of Pure Mathematics, Faculty of Mathematics and Statistics, University of Isfahan, Isfahan 81746-73441, Iran
b Department of Mathematics, Faculty of Sciences, Shahid Rajaee Teacher Training University, Tehran 16785-163, Iran
c School of Mathematics, Institute for Research in Fundamental Sciences (IPM), Tehran 19395-5746, Iran

a r t i c l e i n f o a b s t r a c t 

Article history:
Received 16 July 2024
Received in revised form 23 March 2026
Accepted 1 May 2026
Available online xxxx

Keywords:
Cayley graph
Symmetric group
Transposition
Spectra of graphs
Eigenvalues of graphs
Integral graphs

We study subsets T consisting of some transpositions (i, j) of the symmetric group Sn on 
the set {1, . . . ,n} such that the Cayley graph ΓT := Cay(Sn, T ) is an integral graph, that is, 
all eigenvalues of its adjacency matrix are integers. Graph properties of ΓT are determined 
in terms of ones of the graph G T whose vertex set is {1, . . . ,n}, and {i, j} is an edge if and 
only if (i, j) ∈ T . Here, we prove that if G T is a tree, then ΓT is integral if and only if T
is isomorphic to the star graph K1,n−1, answering Problem 5 of Liu and Zhou (2022) [16]. 
Problem 6 of that article asks necessary and sufficient conditions on T for Cay(Sn, T ) to be 
integral. We show that if G T is a graph that we call a ``generalized complete multipartite 
graph'', then Cay(Sn, T ) is integral. We conjecture that Cay(Sn, T ) is integral only if G T

is a generalized complete multipartite graph. To support conjecture, we show its validity 
whenever G T belongs to some classes of graphs, including threshold graphs, cycles and 
cubic graphs.

© 2026 Elsevier B.V. All rights are reserved, including those for text and data mining, AI 
training, and similar technologies.

1. Introduction

Let G be a group and S be a subset of G such that S is inverse closed (that is, s ∈ S ⇔ s−1 ∈ S) and the identity element 
1 of G does not belong to S . Then, the Cayley graph Cay(G, S) is the graph whose vertex set is the set of elements of G
and two vertices g1, g2 ∈ G are adjacent if and only if g1 g−1

2 ∈ S . It is well known that Cay(G, S) is connected if and only 
if G can be generated by S .

Let Sn be the symmetric group on [n] := {1, . . . ,n}. For a set T of transpositions in Sn , G T is the graph with vertex set 
[n] such that i, j ∈ [n] are adjacent if and only if (i, j) ∈ T . It is well known that Cay(Sn, T ) is connected if and only if G T

is connected. The (adjacency) spectrum of a finite simple graph Γ is the multiset of eigenvalues of the adjacency matrix of 
Γ. A graph is called integral if and only if the spectrum consists of only integers.

Here, we study the following problems proposed by Liu and Zhou in [16].

Problem 1.1. [16, Problem 5] Let T be a set of transpositions in Sn such that G T is a tree, where n ≥ 2. Give necessary and 
sufficient conditions for Cay(Sn, T ) to be integral.

Problem 1.2. [16, Problem 6] Let T be a set of transpositions in Sn such that G T is connected, where n ≥ 2. Give necessary 
and sufficient conditions for Cay(Sn, T ) to be integral.
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In Problem 1.1, a sufficient condition on T is known to be G T ∼ = K1,n−1, the star graph with n vertices (see [1], [5, 
Theorem 5.3], [6], [14]). We complete the answer to Problem 1.1 by showing that this condition is also necessary (see part 
(b) of Corollary 3.9).

About Problem 1.2, we prove that if G T is a ``generalized complete multipartite graph'' (see Definition 3.10), then 
Cay(Sn, T ) is integral. We propose this as a conjecture (see Conjecture 3.14) that the converse of this condition holds. 
To support Conjecture 3.14, we prove its validity for some classes of graphs, including cycles and cubic graphs (see Proposi
tions 3.16, 3.17, and 3.18).

2. Preliminaries

Throughout this paper, we use the following notations:
Cn: The cycle graph with n vertices.
Kn: The complete graph with n vertices.
Kn1,n2,...,nk : The complete multipartite graph with k parts of orders n1,n2, . . . ,nk .
For a given graph Γ:
V (Γ): The set of vertices of Γ.
E(Γ): The set of edges of Γ.
degΓ(u): The degree of vertex u of Γ.
nΓ: The graph of disjoint union of n copies of the graph Γ.
Γ1 ∪ Γ2: The disjoint union of graphs Γ1 and Γ2.
Γ1 ∗ Γ2: The join graph of disjoint graphs Γ1 and Γ2.
ℒ(Γ): The Laplacian matrix of Γ, which is D − A, where D is the diagonal matrix of the vertex-degrees and A is the 

adjacency matrix of Γ with the same row vertex-labeling as D .
IΓ: The set of all isolated vertices of a graph Γ.
Γ#: The induced subgraph of Γ on the set V (Γ) \ IΓ .
Γ + v: The graph obtained by adding the isolated vertex v to the graph Γ.

2.1. Eigenvalues of Cayley graphs

For the basic definitions and facts from the representation theory of finite groups, not defined here, we refer the reader 
to [18]. Let G be a finite group, Irr(G) = {ρ1, . . . , ρm} the set of all inequivalent irreducible complex representations of G , 
and CG the group algebra of elements of the form 

∑︁
g∈G ag g , where ag ∈ C. It is clear that CG is a vector space over C

of dimension |G|. The left regular representation ρreg : G → GL(CG), where GL(CG) denotes the set of all invertible linear 
transformations on the C-vector space CG , is the right translation on CG by the following rule

ρreg(g)
(︂∑︂

h∈G 
ahh

)︂
=

∑︂
h∈G 

ah(gh).

Let Γ = Cay(G, S) be a Cayley (di)graph over G with respect to a subset S of G , and A the adjacency matrix of Γ. If 
we view A as a linear map A :CG →CG , then A = ∑︁

s∈S ρreg(s). Since each linear transformation on a vector space with 
given basis is uniquely determined by a matrix, in some cases, we state our results based on matrix theory language. The 
following result is found in [2] and [9].

Proposition 2.1. ([2, Corollary 7] and [9]) Let Γ = Cay(G, S) be a Cayley graph over a finite group G with irreducible matrix repre
sentations ρ1, . . . , ρm. Let dl be the degree of ρl . For each l ∈ {1, . . . ,m}, define a dl ×dl matrix Al := ρl(S), where ρl(S) = ∑︁

s∈S ρl(s). 
Let χAl (λ) and χA(λ) be the characteristic polynomials of Al and A, respectively.

(1) There exists a basis ℬ such that [A]ℬ = Diag(A1 ⊗ Id1 , . . . , Am ⊗ Idm ), where Idl is the dl × dl identity matrix and ⊗ is the tensor 
product of matrices.

(2) χA(λ) = Πm
l=1χAl (λ)dl .

(3) If S is a union of conjugacy classes of G, then eigenvalues of Γ are given by 
∑︁

s∈S Tr(ρi(s))
di

, where Tr denotes the trace function.

A partition is a weakly decreasing finite sequence of positive integers λ = (λ1, . . . , λl). We call |λ| = λ1 + · · · + λl the size 
of λ. The notation λ ⊢ n is used for a partition λ of a positive integer n. It is well known that both the conjugacy classes of 
Sn and the irreducible characters of Sn are indexed by partitions λ of [n] (see [12]).

Lemma 2.2. Let T be the set of all transpositions of Sn or, equivalently, G T is the complete graph. Then, the eigenvalues of Cay(Sn, T )

are given by

qλ := 1

2

m ∑︂
j=1 

(︁
(λ j − j)(λ j − j + 1) − j( j + 1)

)︁
,
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where λ = (λ1, . . . , λm) runs over all partitions of n.

Proof. It is a direct consequence of part (3) of Proposition 2.1 and [9, Lemma 7]. □
Proposition 2.3. Let T be a set of transpositions in Sn such that G T is a (disjoint) union of complete multipartite graphs. Then, 
Cay(Sn, T ) is integral.

Proof. Since, by Lemma 2.2, for every partition λ ⊢ n, qλ is an integer, it follows from [5, Theorem 5.3 and Proposition 5.2], 
that Cay(Sn, T ) is integral. □
3. Main results

Given a permutation π ∈ Sn , we denote by Pπ = (pij) the n × n permutation matrix with entries pij = 1 if iπ = j, and 0
otherwise.

Recall that a graph Γ is called Laplacian integral if the spectrum of ℒ(Γ) consists of only integers.

Theorem 3.1. Let T be a set of transpositions in Sn, for n ≥ 2. If λ is an eigenvalue of ℒ(G T ) then |T |−λ is an eigenvalue of Cay(Sn, T ). 
In particular, if Cay(Sn, T ) is integral then G T is Laplacian integral.

Proof. Given τ = (i, j) ∈ T , we have Pτ = In − eii − e jj + ei j + e ji , where ers is the n × n matrix that its rs-th entry is 1 and 
the remaining entries are 0. Moreover, 

∑︁
(i, j)∈T [eii + e jj] and 

∑︁
(i, j)∈T [ei j + e ji] are the degree matrix and the adjacency 

matrix of G T , respectively. Therefore, 
∑︁

τ∈T Pτ = |T |In − ℒ(G T ). Besides, each eigenvalue of 
∑︁

τ∈T Pτ is an eigenvalue of 
Cay(Sn, T ), by [8, Lemma 1.1 and Proposition 2.1]. Therefore, the integrality of Cay(Sn, T ) implies the integrality of ℒ(G T ), 
as desired. □
Remark 3.2. Let σ = (1,2,3,4,5,6) and π = (1,2). One can find that the map

φ : S6 → GL5(C)

σ ↦→

⎡
⎢⎢⎢⎣

0 0 0 0 1
1 0 0 0 0
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0

⎤
⎥⎥⎥⎦

π ↦→

⎡
⎢⎢⎢⎣

0 0 1 0 0
0 0 0 0 1
1 0 0 0 0

−1 −1 −1 −1 −1
0 1 0 0 0

⎤
⎥⎥⎥⎦

is an irreducible representation of S6. Let T = {(1,2), (2,3), (3,4), (4,5), (5,6), (6,1)}. Then, the characteristic polynomial 
of 

∑︁
t∈T φ(t) is x(x + 2)2(x2 + 2x − 12) has non-integer roots, which means that Cay(Sn, T ) is a non-integral Cayley graph by 

Proposition 2.1. Since G T ∼ = C6 is Laplacian integral, this means that the converse of Theorem 3.1 does not hold in general.

Definition 3.3. Suppose Δ1, . . . ,Δk , for k ≥ 2, are graphs with the same vertex set. A graph Δ is called a weakly join of 
Δ1, . . . ,Δk if there exist subgraphs Γi of Δi , for 1 ≤ i ≤ k, such that

(1) for every 1 ≤ i ≤ k, E(Γi) = E(Δi),
(2) for every i ≠ j, V (Γi) ∩ V (Γ j) = ∅, and
(3) Δ# = Γ1 ∗ · · · ∗ Γk , where ∗ is the join graph of disjoint graphs.

We use the notation 𝒲𝒥 (Δ1, . . . ,Δk) for the set of all weakly join graphs defined with respect to Δ1, . . . ,Δk .

Example 3.4. Let n ≥ 2 be a positive integer. One can easily check that 𝒲𝒥 (nK1,nK1) includes all complete bipartite graphs 
with some isolated vertices which have totally n vertices. Now suppose Δ ∈ 𝒲𝒥 (nK1,nK1). Then Δ# = Γ1 ∗ Γ2, where Γ1
and Γ2 are both subgraphs of nK1 with disjoint vertex sets. Thus Δ# is isomorphic to Kn1,n2 where ni = |V (Γi)|, for every 
i = 1,2. Therefore Δ is a complete bipartite graph with some isolated vertices. This shows that 𝒲𝒥 (nK1,nK1) is precisely 
the set of all complete bipartite graphs with some isolated vertices.
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Remark 3.5. Let Γ1, . . . ,Γk be graphs with disjoint vertex sets. For every 1 ≤ i ≤ k, we define the graph Δi as follows: the 
vertex set of Δi is V (Δi) := ⋃︁k

j=1 V (Γ j), and two vertices u and v of V (Δi) are adjacent whenever they are adjacent in Γi . 
Set Δ = Γ1 ∗ · · · ∗ Γk . Then Δ = Δ# and so Δ ∈𝒲𝒥 (Δ1, . . . ,Δk).

Theorem 3.6. Let T1 , T2 , and T be (possibly empty) sets of transpositions in Sn such that G T ∈ 𝒲𝒥 (G T1 , G T2). Suppose that 
Cay(Sn, T1) is integral. Then, Cay(Sn, T ) is integral if and only if Cay(Sn, T2) is integral.

Proof. Since G T ∈ 𝒲𝒥 (G T1 , G T2), we can present G#
T = Γ1 ∗ Γ2, where Γ1 and Γ2 are subgraphs with disjoint vertices of 

G T1 and G T2 , respectively, such that E(Γi) = E(G Ti ) for i ∈ {1,2}. Then E(G T1 ) ∩ E(G T2 ) =∅.
Let T3 := {(i, i′) ∈ Sn | {i, i′} ∈ E(G T ) \ (E(Γ1) ∪ E(Γ2))}. In the other words, T3 = {(il, jk) | 1 ≤ l ≤ r, 1 ≤ k ≤ s}, where 

V (Γ1) = {i1, . . . , ir} and V (Γ2) = { j1, . . . , js}. Consider the elements ai := ∑︁
t∈Ti

t (for i = 1,2,3) in the group algebra CSn . 
Note that if for some i ∈ {1,2}, E(Γi) = ∅ then ai = 0. It is easy to check that 

∑︁
t∈T t = a1 +a2 +a3. Since E(G T1 )∩ E(G T2 ) =

∅, clearly a1 and a2 commute in the group algebra CSn .
Suppose that t0 = ( jp, jq) ∈ T2. Put At0 := {(il, jk) | 1 ≤ l ≤ r, jk ∈ { jp, jq}} and Bt0 = T3 \ At0 . It is clear that in the group 

algebra CSn , the element 
∑︁

t∈Bt0
t commutes with t0. In addition, 

∑︁
t∈At0

t = ∑︁r
l=1((il, jp)+ (il, jq)) and for every 1 ≤ l ≤ r, 

the element (il, jp) + (il, jq) commutes with t0. Thus 
∑︁

t∈At0
t commutes with t0. Therefore a3 = ∑︁

t∈T3
t = ∑︁

t∈At0
t +∑︁

t∈Bt0
t commutes with t0. Since t0 is an arbitrary element of T2, we conclude that a2 and a3 commute. Similarly, one can 

see that a1 and a3 commute. Consequently, a1, a2 and a3 commute pairwise.
Let ρ1, . . . , ρm be all inequivalent irreducible representations of Sn , and di the degree of ρi . Then, by part (2) of Propo

sition 2.1, the spectrum of Cay(Sn, S) is the union of the spectra of ρ1(S), . . . , ρm(S), where S ∈ {T , T1, T2, T3}. Since a1, a2, 
and a3 commute pairwise and ρi is an algebra homomorphism, ρi(a j), j = 1,2,3, commute pairwise. Hence, there exists a 
basis ℬ of the vector space Cdi such that the matrices ρi(a j), for j = 1,2,3 are diagonalizable with respect to ℬ. We can 
assume that ρi(a j) = diag(λi

1 j, λ
i
2 j, . . . , λ

i
di j) with respect to the basis ℬ. Moreover, since ρi is an algebra homomorphism, 

we have ρi(T ) = ρi(a1) +ρi(a2) +ρi(a3). This implies that the eigenvalues of ρi(T ) are λi
k1 + λi

k2 + λi
k3, where k = 1, . . . ,di . 

Since G T3 is a complete bipartite graph, Proposition 2.3 implies that Cay(Sn, T3) is integral. Thus, Cay(Sn, T ) is integral if 
and only if Cay(Sn, T2) is integral. □

The following result follows directly from Theorem 3.6 and induction on the number of graphs.

Corollary 3.7. Let T1, . . . , Tk be some sets of transpositions of Sn . If, for every i = 1, . . . ,k, the graph Cay(Sn, Ti) is integral, 
then Cay(Sn, T ) is integral, where G T ∈𝒲𝒥 (G T1 , . . . , G Tk ).

Remark 3.8. Let S = {(1,2), (1,3), . . . , (1,n)} for some positive integer n. It is conjectured that Cay(Sn, S) is integral in [1]. 
Using certain properties of the Jucys-Murphy elements, the validity of this conjecture was confirmed in [6]. Since the star 
graph K1,n−1 ∈𝒲𝒥 (nK1,nK1), the integrality of Cay(Sn, S) is a direct consequence of Theorem 3.6. Furthermore, it follows 
from Example 3.4 that K1,n−1 is the only tree with n vertices which is in 𝒲𝒥 (nK1,nK1).

A vertex v of a graph Γ is called a complete vertex if it is adjacent to each vertex u ≠ v of Γ. For a graph Γ, a cut vertex 
of Γ is a vertex v of Γ such that the number of connected components of Γ − v is greater than the number of connected 
components of Γ. As a direct consequence of the following result, we give a complete solution to Problem 1.1.

Corollary 3.9. Let T be a set of transpositions in Sn.

(a) If G T is a connected graph with a cut vertex v, then Cay(Sn, T ) is integral if and only if v is a complete vertex and Cay(Sn, T ′) is 
integral, where T ′ is a set of transpositions in Sn such that G T ′ = (G T − v) + v.

(b) If G T is a tree, then Cay(Sn, T ) is integral if and only if G T is the star graph K1,n−1.

Proof. (a) Suppose that Cay(Sn, T ) is integral. Then, by Theorem 3.1 and [13, Corollary 2.1], v is a complete vertex. Let T ′′
be the empty set. Then G T ′′ = nK1 and so Cay(Sn, T ′′) is integral. Thus, as G T ∈𝒲𝒥 (G T ′ ,nK1), by Theorem 3.6, Cay(Sn, T ′)
is integral. This proves one direction. Conversely, suppose that Cay(Sn, T ′) is integral, and v is a complete vertex. Then, 
again as G T ∈𝒲𝒥 (G T ′ ,nK1), Theorem 3.6 implies that Cay(Sn, T ) is integral.

(b) We may assume that G T has at least three vertices. Suppose that Cay(Sn, T ) is integral. Then, as G T is a tree, by part 
(a), G T has a complete vertex, and so it is K1,n−1. The converse direction is clear by Proposition 2.3. □
Definition 3.10. Let Γ be a graph.

a) We call Γ a generalized complete multipartite graph of type 0 if Γ is a disjoint union of complete multipartite graphs 
(maybe K1),
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b) We say Γ is a generalized complete multipartite graph of type 1 if we can present Γ = ⋃︁l
i=1 Γi , where for every 1 ≤ i ≤ l, 

there exist generalized complete multipartite graphs Γi
1, . . . ,Γ

i
k of type 0 with the same vertex set such that Γi ∈

𝒲𝒥 (Γi
1, . . . ,Γ

i
k).

c) For n ≥ 2, we say that the graph Γ is a generalized complete multipartite graph of type n, if Γ = ⋃︁l
i=1 Γi , where for every 

1 ≤ i ≤ l, Γi ∈ 𝒲𝒥 (Γi
1, . . . ,Γ

i
k) for some graphs Γi

1, . . . ,Γ
i
k with the same vertex set, and the graph Γi

j is a generalized 
complete multipartite graph of type at most n − 1 for every j = 1,2, . . .k, and for some 1 ≤ r ≤ k, Γi

r is a generalized 
complete multipartite graph of type exactly n − 1.

We wish to present a well-know class of generalized complete multipartite graphs of given type m ≥ 1. A threshold 
graph independently introduced by Chvátal and Hammer [7], and Henderson and Zalcstein [10] in 1977, is a graph which is 
achieved through an iterative process that starts with an isolated vertex, and where, at each step, either a new isolated or 
complete vertex is added. An alternative way to describe the above inductive construction is to associate a threshold graph 
of order n with a binary sequence (b1 · · ·bn) of length n, where bi is 0, if in ith step an isolated vertex is added, and bi is 
1 if in ith step a complete vertex is added. For instance a threshold graph with the binary sequence (0m1n) is mK1 ∗ Kn .

The Laplacian eigenvalues of a threshold graph is well-know as follows.

Proposition 3.11. ([4, Proposition 3.11.1]) Let Γ be a threshold graph with Laplacian eigenvalues (in non-increasing order) ν1 ≥ ν2 ≥
. . . ≥ νn = 0. Then

ν j = |{u ∈ V (Γ) | degΓ(u) ≥ j}|.

For more details on the structure of these graphs and related topics, we encourage the reader to see [17].

Example 3.12. Suppose that Γm is the threshold graph of order at least 2 with the binary sequence (0r1 1s1 . . . 0rm 1sm ), 
where ri ’s and si ’s are positive integers. We claim that Γm is a generalized complete multipartite graph of type m − 1. We 
prove our claim by induction on m. If m = 1 then it is easy to see that Γ1 is a complete multipartite graph and so it is a 
generalized complete multipartite graph of type 0. Let m ≥ 2 and assume that the threshold graph Γm−1 with the binary 
sequence (0r1 1s1 . . . 0rm−1 1sm−1 ) is a generalized complete multipartite graph of type m − 2. Let Γ1

m = Γm−1 ∪ (rm + sm)K1

and Γ2
m = Ksm ∪ (rm + ∑︁m−1

i=1 (ri + si))K1. By induction hypothesis, Γ1
m is a generalized complete multipartite graph of type 

m − 2 and it is clear that Γ2
m is a generalized complete multipartite graph of type 0. Therefore, as Γm ∈ 𝒲𝒥 (Γ1

m,Γ2
m), the 

graph Γm is a generalized complete multipartite graph of type m − 1.

In what follows, for short, we write ``gcm graph of type k'' instead of ``generalized complete multipartite graph of type 
k''.

Proposition 3.13. Let T be a set of transpositions in Sn such that G T is a gcm graph of type k, for some non-negative integer k. Then, 
Cay(Sn, T ) is integral.

Proof. We prove by induction on k. If k = 0, the integrality of Cay(Sn, T ) is clear by Proposition 2.3. So we may assume 
that k ≥ 1. Since G T is a gcm graph of type k, there exist gcm graphs Γ1, . . . ,Γm of type at most k − 1, and at least one 
of them is of type exactly k − 1, with the same vertex set V (G T ), such that G T ∈ 𝒲𝒥 (Γ1, . . . ,Γm). For every i = 1, . . . ,m, 
there exists a unique set of transpositions Ti on the set V (G T ) = {1, . . . ,n} such that Γi ∼ = G Ti .

Suppose that the result is true for every gcm graph of type at most k − 1. We wish to prove the integrality of Cay(Sn, T ). 
By induction hypothesis, for every i = 1, . . . ,m, the graph Cay(Sn, Ti) is integral. Now, by Corollary 3.7, the graph Cay(Sn, T )

is integral, as desired. □
By the above result in the sequel, we suggest the following conjecture and try to show that this conjecture is true for 

some classes of Cayley graphs of symmetric groups generated by transpositions.

Conjecture 3.14. Let T be a set of transpositions in Sn. Then, Cay(Sn, T ) is integral if and only if for some positive integer k, the graph 
G T is a gcm graph of type k.

In what follows, we give some families of graphs supporting the above conjecture.

Corollary 3.15. Let T be a set of transpositions in Sn such that G T is a connected threshold graph of order at least two. Then

(a) Cay(Sn, T ) is integral,
(b) for every 1 ≤ i ≤ n, |T | − νi is an eigenvalue of Cay(Sn, T ), where νi = |{ j ∈ [n] | degGT

( j) ≥ i}.

5 
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Fig. 1. The Laplacian integral tricyclic graphs Γ1, Γ2 and Γ3. 

Proof. Part (a) follows from Example 3.12 and Proposition 3.13. By Proposition 3.11 and Theorem 3.1, part (b) follows. □
Proposition 3.16. Let T be a set of transpositions in Sm such that G T ∼ = Cm. Then Cay(Sm, T ) is integral if and only if m = 3 or 4.

Proof. It is well-known that the only integral cycles are C3, C4 and C6, see for example [3, p. 43]. Since cycles are regular 
graphs, the above cycles are the only Laplacian integral cycles. If Cay(Sm, T ) is integral, Theorem 3.1 and Remark 3.2 imply 
that m = 3 or m = 4. The converse direction is clear by Proposition 2.3. □
Proposition 3.17. Let T be a set of transpositions in Sn such that G T is a connected cubic graph. Then Cay(Sn, T ) is integral if and only 
if G T is isomorphic to one of the graphs K4 or K3,3 .

Proof. Since G T is a connected cubic integral graph, G T is one of the thirteen graphs given in [19]. Suppose that Cay(Sn, T )

is integral. Then, G T is isomorphic to K4 or K3,3, by GAP [20], Proposition 2.1 and Theorem 3.1. The converse direction is 
clear by Proposition 2.3. □

We call any connected graph with n vertices and m edges k-cyclic, where k = m − n + 1. Clearly any tree is a 0-cyclic 
graph. In the following result, we give a characterization of integral Cayley graphs Cay(Sn, T ), where G T is a k-cyclic graph 
and k = 1,2,3 that confirms Conjecture 3.14.

Proposition 3.18. Let T be a set of transpositions in Sn such that G T is a k-cyclic graph.

(a) If k = 1 then Cay(Sn, T ) is integral if and only if G T is one of the graphs K3, K2,2 or (K2 ∪ (n − 3)K1) ∗ K1 .
(b) If k = 2 then Cay(Sn, T ) is integral if and only if G T is one of the graphs K2,3, K2 ∗ (2K1), (2K2 ∪ (n − 5)K1) ∗ K1 or (K1,2 ∪ (n −

4)K1) ∗ K1 .
(c) If k = 3 then Cay(Sn, T ) is integral if and only if G T is one of the graphs (3K2) ∗ K1 , (K1,2 ∪ K2) ∗ K1 , K2,4 , K1,3 ∗ K1 , K4 , K2,3 , 

(3K2 ∪ (n − 7)K1) ∗ K1 , (K1,2 ∪ K2 ∪ (n − 6)K1) ∗ K1 , (K3 ∪ (n − 4)K1) ∗ K1 or (K1,3 ∪ (n − 5)K1) ∗ K1 .

Proof. Suppose that Cay(Sn, T ) is integral. Then, by Theorem 3.1, G T is Laplacian integral. If k = 1, then [15, Theorem 3.2] 
and Remark 3.2 imply that G T is isomorphic to one of the graphs K3, K2,2 or (K2 ∪ (n − 3)K1) ∗ K1.

If k = 2 then by [15, Theorem 3.3], G T is one of the graphs (2K2 ∪ (n−5)K1)∗ K1, (K1,2 ∪ (n−4)K1)∗ K1, K2,3, K2 ∗ (2K1)

or K1,2□K2, where □ is the direct product operation of graphs. In the last case, one can easily check that Cay(S6, T ) is not 
integral, by GAP [20] and Proposition 2.1.

If k = 3, then by [11, Theorem 4.1 and Theorem 5.1], G T is one of the thirteen graphs (3K2) ∗ K1, (K1,2 ∪ K2) ∗ K1, K2,4, 
K1,3 ∗ K1, K4, K2,3, (3K2 ∪ (n − 7)K1) ∗ K1, (K1,2 ∪ K2 ∪ (n − 6)K1) ∗ K1, (K3 ∪ (n − 4)K1) ∗ K1, (K1,3 ∪ (n − 5)K1) ∗ K1, or 
Γ1, Γ2 and Γ3 shown in Fig. 1. We checked, by GAP [20] and Proposition 2.1, that in the last three cases Cay(Sn, T ) is not 
integral. The converse direction is clear by Proposition 3.13. This completes the proof. □
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[3] K. Balińska, D. Cvetković, Z. Radosavljević, S. Simić, D. Stevanović, A survey on integral graphs, Publ. Elektroteh. Fak. Univ. Beogr., Mat. 13 (2002) 42--65.
[4] A.E. Brouwer, W.H. Haemers, Spectra of Graphs, Springer, New York, 2012.
[5] F. Cesi, On the eigenvalues of Cayley graphs on the symmetric group generated by a complete multipartite set of transpositions, J. Algebr. Comb. 32 (2) 

(2010) 155--185.
[6] G. Chapuy, V. Feray, A note on a Cayley graph of Sn , https://arxiv.org/abs/1202.4976, 2012.
[7] V. Chvátal, P.L. Hammer, Aggregation of inequalities in integer programming, in: P.L. Hammer, et al. (Eds.), Studies in Integer Programming, in: Ann. 

Discrete Math., vol. 1, North-Holland, Amsterdam, 1977, pp. 145--162.
[8] C. Dalfó, M.A. Fiol, Spectra and eigenspaces from regular partitions of Cayley (di)graphs of permutation groups, Linear Algebra Appl. 597 (2020) 94--112.
[9] P. Diaconis, M. Shahshahani, Generating a random permutation with random transpositions, Z. Wahrscheinlichk.theor. Verw. Geb. 57 (2) (1981) 

159--179.
[10] P.B. Henderson, Y. Zalcstein, A graph-theoretic characterization of the PV class of synchronizing primitives, SIAM J. Comput. 6 (1977) 88--108.
[11] X. Huang, Q. Huang, F. Wen, On the Laplacian integral tricyclic graphs, Linear Multilinear Algebra 63 (7) (2015) 1356--1371.
[12] G. James, A. Kerber, The Representation Theory of the Symmetric Group, Addison-Wesley Publishing Company, 1981.
[13] S. Kirkland, A bound on the algebraic connectivity of a graph in terms of the number of cut points, Linear Multilinear Algebra 47 (1) (2000) 93--103.
[14] R. Krakovski, B. Mohar, Spectrum of Cayley graphs on the symmetric group generated by transpositions, Linear Algebra Appl. 437 (3) (2012) 1033--1039.
[15] M. Liu, B. Liu, Some results on the Laplacian spectrum, Comput. Math. Appl. 59 (2010) 3612--3616.
[16] X. Liu, S. Zhou, Eigenvalues of Cayley graphs, Electron. J. Comb. 29 (2) (2022) 2.9.
[17] N.V.R. Mahadev, U.N. Peled, Threshold Graphs and Related Topics, Elsevier, 1995.
[18] J.P. Serre, Linear Representations of Finite Groups, Translated from the second French edition by L. Scott, Graduate Text in Mathematics, vol. 42, 

Springer, New York, 1997.
[19] A.J. Schwenk, Exactly thirteen connected cubic graphs have integral spectra, in: Theory and Applications of Graphs, Proc. Internat. Conf., Western Mich. 

Univ., Kalamazoo, Mich., 1976, in: Lecture Notes in Math., vol. 642, Springer, Berlin, 1978, pp. 516--533.
[20] The GAP Group, GAP -- groups, algorithms, and programming, version 4.12.2, https://www.gap-system.org, 2022.

7 

http://refhub.elsevier.com/S0012-365X(26)00229-3/bibB5951E63289A09C605832E2C235B3510s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bibFA868488740AA25870CED6B9169951FBs1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bibBD50CA2A4C0CED63CE595D90E2AA6A66s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib1BAA5A77AEFF33338948C1E0C4466462s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib0D61F8370CAD1D412F80B84D143E1257s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib0D61F8370CAD1D412F80B84D143E1257s1
https://arxiv.org/abs/1202.4976
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib1EE0BF89C5D1032317D13A2E022793C8s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib1EE0BF89C5D1032317D13A2E022793C8s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bibB98F83032F6E8CA0C8F5A38BCA1E3D75s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib47B79BD259E22596FFC4BE2FFBBE5C5As1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib47B79BD259E22596FFC4BE2FFBBE5C5As1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib997719CF457B0B80F1467D9D9D3376FAs1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bibFF660E12908CD0264C5286834F1FD76Es1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bibCD957338498985E538753EA8D071E0F9s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bibA5F3C6A11B03839D46AF9FB43C97C188s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bibDD480F25B31EC27223FEE2C6EDCACB3Cs1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib67824ECF84F5816F07B74FA956BDBCD2s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib435AEBF33C2947893BC8AE2A2B0F8B3Bs1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib821F03288846297C2CF43C34766A38F7s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib9256858F6D7B6335ECD323ACEB4941D3s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bib9256858F6D7B6335ECD323ACEB4941D3s1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bibE00DB53B6AC7533DAC73624ED62D8D7Cs1
http://refhub.elsevier.com/S0012-365X(26)00229-3/bibE00DB53B6AC7533DAC73624ED62D8D7Cs1
https://www.gap-system.org

	Integral Cayley graphs of symmetric groups on transpositions
	1 Introduction
	2 Preliminaries
	2.1 Eigenvalues of Cayley graphs

	3 Main results
	Declaration of competing interest
	Acknowledgements
	Data availability
	References


