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An arbitrary spinor
can be expanded 1n
this complete set:

And the expansion postulate yields the
interpretation that |o,|? |a |, when properly
normalized, so that

‘?{ield the probabilities that a

Py e o= | measurement of S, on the
arbitrary state yields +1/2h
and - 1/2h, respectively.
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Given an arbitrary ket |a) in the ket space spanned by the eigenkets
of A, let us attempt to expand it as follows:
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This, incidentally, shows that if |a) is normalized, then the expansion
coefficients in (1.3.7) must satisfy




(la"y{a’)-la) =]a"y{a’|a) = c |a’)

We see that |a”){a’| selects that portion of the ket |a) parallel to |a”), so
la’y{a’| is known as the projection operator along the base ket |a’) and 1is

denoted by A _.:
“ A, =la)a] '
» .

The completeness relation (1.3.11) can now be written as

v,
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An operator X always acts on a bra from the
right side

| (Cal)- X = (alX]

We define the ;
symbol X" as X|a) H (alX

An operator X 1s said to be Hermitian 1f

B =

-a X=X"

I




XY|a) = X(Y|a)) ?»C((aw‘f)xfz (a|YTXT
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( {a®|X|aD) (a(”|X|a<2))
X = <a(2)|X|a(l)> <a(2)|X|a(2)>

\

F A J W e
where the symbol = stands for “is represented by.” \

(@'|X|a'y = {a’ |X7|a”)*

9

(a”|Bla’y = (a'|Bla”)*

If an operator B is Hermitian, we have

4
’



The matrix representation of the outer product|

B><a| 1s easily seen to be

[(a®|B)(a®|a)*
1BY(al = | (a®|B)(a®|a)*
\ )

(a(1)|,3><a(2)|a>*
(a(2)|ﬁ>.<a(2)|a>*

| il P
The matrix representation of an observable A
becomes particularly simple if the eigenkets of A
themselves are used as the base kets. First, we




But the square matrix <a '|Ala’> 1s obviously |

diagonal
(. \

<a” —a<a”
A =3 XAl = 3 T ")

Therefore | 18§ |




épin 1/2 Systems

The base kets used are |S,; +) which we denote, for brevity, as |+ ).
0 0
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We now define the S? operator as follows:
S? =82 +S:+8S;

For spin % systems, the S? operator is a multiple of
the 1dentity operator

For spins higher than 1/2, S* is no longer a multiple
of the identity operator; however, the following k
relation still holds.




A% 171 0\ . /1 0\ (1 0\] 3.,/1 0
2 _¢2,.¢2 ¢ _" _ 232
st=stesiesi=7|(o )+ 16 D=3 1)
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and the anticommutation relations

where the commutator [ ,
and the anticommutator { , }
are defined by

[4.B]=AB - BA,
(A,B)} = AB + BA.
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¥ non-Hermitian
+> (-

- h\+>< ik )
>

S_=hl=)(+|8
The physical interpretation of 0

S
S™ is that it raises the spin
component by one unit of h

4

S 7|+ —hl|+) |
“H \><\ -\r>j
r‘l\>h\><+\>

=1|-)

- . &

‘S-\ )=h|=){+]=)=0

The physical interpretation of
S- is that it lowers the spin
component by one unit of h
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Quantum theory of measurement processes.

"A measurement always causes the system to jump
into an eigenstate of the dynamical variable that 1s
being measured."

| . L

jay = D¢ da’y = ) la’){a'|a)

When the measurement 1s performed, the system 1s

"thrown into" one of the eigenstates, say |[a > of
observable A.




A
In other words: o) i la’) |

Thus a measurement usually changes the state.

The only exception 1s when the state 1s already in
one of the eigenstates of the observable being

measured:
. r l ¥ W = \
A measurement

B
— |a’)
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B Transformation Matrix

-«'/ - | , ‘&
U= 1b®N(a®) U|a(’)>=|b([)>

In other words, the Ny, ! |
matrix elements of the Ji | y |

U operator are built up ‘
(k) (DN = /4R KD
of the mner products (a7 |U)a"7) = (a™>|b™") /
of old base bras and W@ B y
new base kets. |

The square matrix made up of <a®|Ujal> is
referred to as the transformation matrix from the

{|a™>} basis to the {|b™>} basis.



We recall that the rotation matrix in three dimensions that

changes one set of unit base vectors (X, y, z) into another set
(x', y', z') can be written as:

'y =-xsinf+ycostd

=Xcosf+ysinf

cosfd —sind
sind cosd



Given an arbitrary ket |o> whose expansion
coefficients <a'|a> are known in the old basis, how

can we obtain <b'|o>, the expansion coefficients in
the new basis?

a>—2a<f>><a<”a>
o . ftf Y

(bFla) = 2. (b®1aV)(aDla) = L (@@ |a®)(aOla)

| (New) = (U)(old)

U| a(’)) =| b(1)>  In matrix notgtion, 1t sta.tes that the
column matrix for |o> 1n the new |

‘-., basis can be obtained just by

applying the square matrix U" to

() T 1@ .. :
DL LA (c Column matrix in the old basis:



The relationships between the old matrix elements
and the new matrix elements are also easy to

obtain:

(B@IX|BO) = £ T (bPa™)(a | X[a™)(a ™ b")

X

I F F — )

=L 2.(a®UTa™)(a™|X|a™)(a"U|a®)

m n

T —

This 1s simply the well-known formula for a
similarity transformation in matrix algebra,

L



The trace of an operator X 1s defined as the sum of §
diagonal elements: "

tr(X) = 2.(a’|X|a’)

The trace of an operator X 1s independent of
representatlon

Z<a 1Xla%y = 2 2 1 (a'lb’)(b|X|b")(b"|a >

a b b’
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We can also prove that

tr( XY ) =tr(YX)

tr(XY)=) <a'|XY|a'> =) <a'|X|b' ><b'|Y|a >
a' a'b’

:Z<b'|Y|a’><a’|X|b’>
a'b’

=Y <b'|YX|b'>
o I

=S <a'|YX |a'>=tr(YX)y
Y i 4




S

tr(UTXU) = tr( X)

F s .J J.
tr(U'XU)=> <a’'|U'XU|a'>

= Y <a’'|U"|b'><b'|X|b"><b"|U|a’>
a'b'b”

K

v
g

= Y <b"|Ula"><a’|U"[b'><b|X|b">
a'b'b”

- .. T — )

=Y <b"|UTU|b' ><b'|X|b" >
b'b”

=Y <b"|b'><b'|X|b">
bb”
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J tr(la’y(a”]) =8, \\\

)tr(a’><a”):Z<b’a ><a"b'>=<a"|a’ >_5aa \/ 3
. = |

(14)() = (@) [y \

tr(|b’><a’]) =) <c'|b'><a’k'>=> <a'|c ><c'|b >
- C,, C,
e’
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S

| 0 cos¢p —isind \[u
- \cosd + isin ¢ 0 v

ve_i¢=)lu | uwA*—1)=0 | A=1 1
| | - i |

 ue’=r = +]







































