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Example: calculate the energy shift up to first
order in q of a charged particle for which their
Hamiltonian:
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Why?
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Only k=n-1 and k=n+1 terms are nonzero
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This result
does not
depend on n.
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This result does not depend on n.





Exact solution

2 2 2 2
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Which is consistent with the result of the second
order perturbation.
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This explanation is not quite correct.

The reason is that the lowest-lying states are never
quite degenerate.

Consider, for example, a molecule like ammonia,
NH3:



Its structure is
tetrahedral, with the
three H nuclei forming
an equilateral triangle.

The N can be at a
position (determined
by the condition that
the energy is
minimum) either
“above” or “below”
the triangle.



The even and odd linear combinations of these two
states do not have quite the same energy, though the
energy difference is very tiny (-10-4eV) because of
the large barrier between the “above” and “below”
locations.

Thus, strictly speaking, the ground state is
nondegenerate.

However (as we shall see soon), if εd, where

* 3 * 3
above below below aboved e z d r e z d r       

is much larger than the tiny splitting, then the energy shift
will be linear in the electric field, and the molecule will
behave as if it had an electric dipole moment.



Let us look at the second term.

It reads 2
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The matrix element in this expression is
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Where we have replaced z by the more convenient
rcosθ.

The angular part of the integration
can be carried out, since 10

4
cos Y

3
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It is therefore

by the orthonormality of the Ylm.

The fact that the m-value must be the same for the
two states is our first example of a selection rule,
which can be stated in the form Δm=0



It follows from the fact that

z[L , z] 0

that is, the perturbation commute with Lz.

One has to evaluate the radial integral to obtain the
answer:

2
n10 1000

R r drR (r)rR (r)

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Practice: evaluate the above integral using the radial
functions of hydrogen atom.



If you do the practice, you will find the final result
as follows:
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On the face of it, the sum can only be evaluated
term by term.

The n=2 term contributes 0.74 to the series, and the
n=3 term contributes 0.1.
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This is proportional to
the electric field strength

The polarizibility, defined by
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can thus be calculated.
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In making estimates of sums of the sort that occur in
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one may sometimes find useful upper bounds.
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The relation

is called a sum rule, and is an example of relations
that are useful in making estimates.



To illustrate degenerate perturbation theory, we
calculate the first order (linear in ε) stark effect for
the n=2 states of the hydrogen atom.

For the unperturbed system there are really four
n=2 states that have the same energy.

These are
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The l=0 state has even parity, and the l=1 states
have odd parity.

We want to solve an equation like

( j) (i) (1)
i n 1 n j n

i

H E   

and on the face of it, four equations are involved.







If we note, however, that

(a) the perturbation potential (that is, z) commutes
with Lz so that it only connects states with the same
m-value, and

(b) parity forces us to consider only terms in which
the perturbation potential must connect l=1 to l=0
terms, that is

2,1, 1 2,1, 1z 0   



then the matrix in ( j) (i) (1)
i n 1 n j n

i

H E   
is only a 22 matrix.

The equation reads
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The diagonal elements are zero, because of parity,
and off-diagonal elements are equal, since they are
complex conjugate of each other, and each may be
chosen to be real.



We have
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The eigenvalues
of this are
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and the corresponding eigenstates, when properly
normalized are, ewspectively
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Thus the linear stark effect for the n=2 states yields
a splitting of degenerate levels as shown below:
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There are some general comments that can be
abstracted from the calculations just concluded:

(a) The states in the presence of the electric field
are no longer eigenstates of L2, since:

the states that diagonalize the perturbation were
equal mixtures of l=0 and l=1, though they are still
eigenstates of Lz,

this can be worked out in detail,

but it is really evident,

because the external field specifies
a preferred direction, so that

the physical
system is no
longer invariant
under arbitrary
rotations.



this can be worked out in detail,
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(b) Quite generally, whenever there is a
perturbation that does not conserve some quantity
(for example, L2 here),

2[H, L ] 0

2
2 dL

[H, L ] i
dt
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2dL
0

dt


perturbation does
not conserve L2.

then the states that diagonalize the new
Hamiltonian in any approximation, are
superposition of states with different values of the
previously conserved quantum numbers, and
degenerate levels will be split.



(c) We may summarize the procedure in degenerate
perturbation theory in matrix language as follows.

If H0 is diagonal, but H, is not, then since H0 and H1

do not commute, it is not possible to diagonalize H1

by itself, without “un-diagonalizing” H0.

One must work with 0 1H H H  as a whole.

If we work with a subset of degenerate states, all of
which are eigenstates of H0 with the same
eigenvalue, then as far as these states are
concerened, H0 is not merely diagonal, but it is
proportional to the unit matrix.



Since H1 (and everything else) commute with the unit matrix,
one may diagonalize H1 by itself, without affecting H0.

The hydrogenlike atoms considered here were
somewhat idealize.

As we see in chapter 17, there are small relativistic
and spin-orbit coupling effects that actually remove
some of the degeneracies.

Does this mean that we never need to use
degenerate perturbation theory?

Actually, even if, say, 200 and 210 do not have exactly the
same energy, it may be still sensible to take some linear
combination of them in the perturbation expansion.



If we have, for example
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with Δ small, then the Schrodinger equation, with
the linear combinations, reads
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Taking the scalar product with 200 and 210,
respectively, leads to the following equation to order :
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We see that when a 

we get a quadric effect only. 0
2E E  

This corresponds to no degenaracy.

We see that when a 

we get the result 0
2E E a 

which is of the form (1)
0E 3e a 

In the intermediate region, the above, more careful
treatment is necessary.



Furthermore, when the new linear combinations are
used, then in second order perturbation theory there
no longer appear very tiny energy differences in the
denominators.

We do not discuss this in detail, but this is not
difficult to establish.

As a final comment we point out two apparently
contradictory facts.

(1) The predictions of perturbation theory
concerning the Stark effect are born out very well
by experiment.



(2) The perturbation series evidently diverges, since
the perturbing potential eεz grows without bound as
z becomes very large, no matter how small eε is.

The question arises whether one has any right to
believe in the accuracy of the first few terms of a
mathematically divergent series, since it is well
known that a mathematically divergent series can
be rearranged to give entirely different expansions.

The answer lies in the physics and not in the
mathematics of the problem.



The reason for the divergence can be seen in the
following figure:

which gives a rough picture of the total
potential for x,y fixed.



It appears that there is a barrier created for the
bound electron.

This barrier is ultimately penetrable, even though
for small eε it is very broad.

What the mathematical divergence of the series is
responding to is the possibility that the electron in
the ground state, for example, has a finite (although
very, very small) probability of being sufficiently
far away from nucleus, where the external electric
field is stronger than the Coulomb field, and the
electron is carried away by the electric filed.



Thus the new “shifted” energy levels of the
hydrogen atom are no longer stationary state, but
rather metastable state.

If the filed is weak, however, they maybe stable on
a time scale of the age of the universe, and hence
the observation agree perfectly with what the first
few terms of the perturbation series predict.


