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he reason 1s that the lowest lymg states are never
quite degenerate. -"’-
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Consider, for example a molecule hke ammonia, ?
* NH3:




bt AT
o ts structure is ﬂi,
tetrahedral with the %,
three H nuclei formmg

an equllateral tr1angle

# A RIS Ly

the energy 1s

- minimum) either

,;& above or “belOW”
the trlangle




- behave as if it had an electric dipole moment.

The even and odd linear eombrnatrons of these two
, states do not have quite the same energy, though the
energy difference is very tiny (-10%eV) because of

> the large barrier between the “above” and “below”
loeatrons
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Thus strretly speaking, the ground state 1S

> ' nondegenerate.
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However (as we shall see soon) 1f ed, Where

A

above below above

d=c| ¥, d’r = —e[ Wy epon 2V 4

1s much larger than the trny splitting, then the energy shrft ?*
will be linear in the electric field, and the molecule will



o The matrlx element 1n thls expressmn 1s
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Where we have replaced z by the more convenient |
rcosb.
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two states 1s our ﬁrst example of a selection rule
Wthh can be stated n the form Am—O
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hat 1s, the perturbatlon commute W1th L
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functlons of hydrogen atom.
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If you do the practice, you w111 ﬁnd the ﬁnal result
_ ‘as follows
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On the face of it, the sum can only be evaluated .’

» term by term.
& . . A

* The n=2 term contrlbutes O 74 to the series, and the '.
: n—3 term contributes 0. 1
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However because of the completeness of
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To 1llustrate degenerate perturbation theory, we:;;
5‘ calculate the first order (linear in ¢€) stark effect for F
3 the n—2 states of the hydrogen atom.

'._”».

TAL B N E A, B
4
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The I—O state has even par1ty, and the l—
have odd par1ty

and on the face of 1t four equatlons are 1nv01ved
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(200 | Z | 210) = f R3o(r) Ra1 (r)r*dr / Yoo (Q)zY10(RQ) dQ
0

= \/gﬁ Rzo(")Rzl(r)’”?’d”/YJO(Q)leo(Q)dQ

— —3ag (9.59)

since z = rcos 0 = /4n 3rY10(Q), (7 | 200) = Rao(r)Yoo (), (¥ | 210) = Rp1(r)Y10(L),
and dQ = sin 0 d0dy; ay = h?/(ue?) is the Bohr radius. The matrix of (2/'m’ | Hp | 2Im) is

(LI Hp | 1) (11 Hpl2) (11Hpl3) (11Hy|4 00 10
ClH 1) Q1Hp12) @1Hp13) QIH 14 |__5 0 [0 000
B1Hy 1) (31Hy12) (31Hy13) (3|H,|4 100 0 f
(41 Hy | 1) (41 Hp12) (41 Hp13) (41Hp|4) UL

(9.60)
where we have used the notation | 1) =] 200), | 2) =] 211), | 3) =| 210),and | 4) =| 21 —1).
Diagonalization of this matrix leads to the following eigenvalues:

EY, = —3efay, E§_‘)2 —E", =0, E,=3ea. 9.61)




Thus, the energy levels of the » = 2 states are given to first order by

R R R

Ey = _Ty —3efay, Er, = E) = —Ty By = —Ty + 3efay. (9.62)
The corresponding eigenvectors to zeroth order are
1
21 = —= (| 200)+ | 210)), 2)2 =| 211), 9.63
| w2) 7 | 200)+ | 210)) | w2)2 =| 211) (9.63)
1

2)3 = |21 —1), 2)4 = — (] 200)— | 210)). 9.64
| w2) I ) | v 7 (1200)— | 210)) (9.64)

This perturbation has only partially removed the degeneracy of the n = 2 level; the states | 211)
and | 21 — 1) still have the same energy £3 = E4 = —R, /4.
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(a) the perturbatlon potentlal (that 18, z) eommutes
. with L, so that it only connects states with the same -
m Value and
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(b) parlty forces us to eons1der only terms in Wthh

?r

" the perturbation potential must connect /=1 to /=0 e

terms, that 1s




then the matrix n

{is only a 2x2 matnx
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: The equatlon reads

<CD200 | z | CI)20o> <(D2oo | z | q)210>](
<(D210 |z | CI)200> <(D210 | Z | (1)210>

The diagonal elements are zero, because of par1ty, e

and off-diagonal elements are equal, since they are ,

complex conjugate of each other, and each may be

chosen to be real =
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eigenvalues
. of this are ,
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»and the corresponding eigenstates,

normalized are, ewspectively
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Thus the hnear stark effect for the n—2 states ylelds »
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§a sphttmg of degenerate levels as shown below i

4 degenerate
= 2 states
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4 degenerate ~

n = 2 states
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There are some general comments that can be;
% abstracted from the calculations Just concluded
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(a) The states 1n the presence of the eleetrre ﬁeld
; are no longer elgenstates of L2 smee

32 the states that dragonahze the perturbatron were
f?'\ equal mixtures of /=0 and /=1, though they are st111 75
‘eigenstates of L, r'
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thrs can be worked out 1n detarl the physreal #

= ___system 1S noj
but 1t 1S really eV1dent 2 -~ longer invariant g

=
because the external ﬁeld speerﬁes ' under arbrtrary v
‘2 preferred d1rect10n SO that rotatrons
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this can be worked out 1n detail,
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(b) Quite generally, whenever there  is a.’

LB

perturbatlon that does not conserve some quantlty
(for example, L? here)

 perturbation does

} not conserve L2

‘then the states that dlagonahze the

Hamiltonian 1n  any  approximation,  are
superposition of states with different values of the &
previously conserved quantum numbers, and ?

degenerate levels W111 be spht
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(¢) We may summarize the procedure n degenerate ~»
' perturbatlon theory n matrrx language as follows

.'h" If H, 1s diagonal, but H 1s not, then since H and H
* do not commute, it 1s not possible to dragonahze H, ¢
3 by 1tse1f Wrthout un- dragonahzrng” H

One must Work with 2 as a Whole '-33’“
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If we work with a subset of degenerate states, all of
which are eigenstates of H, with the same”
eigenvalue, then as far as these states are g
concerened, H, 1s not merely diagonal, but it 1sg
proportronal to the unrt matrrx
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Since H, (and everything else) commute with the unit matrix, 5

K oo

§ one may dlagonahze H by 1tse1f Wlthout affeetlng H ‘
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: The hydrogenhke atoms eon81dered here Were
: somewhat idealize. 7
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g As we see 1n chapter 17 there are small relat1V1stle %
*

£, and spin-orbit coupling effects that actually remove »,

“ some of the degeneraeles :‘
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Does this mean that WE never need to use”*
degenerate perturbatlon theory? |
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Actually, even 1if, say, (I)zoo and D510 do not have exaetly the .
same energy, it may be still sensible to take some 11near
- combination of them in the perturbatlon expansion. ;
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with A small, then the Schrodinger equation,
the linear combinations, reads

(Ho + AH,)| @ @,g0 + a2, @+ 4> C, D,

n#2

=E| a,®,y, +a, D, + /12 C D,

n#2
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Taking the scalar product with ¢,
respectlvely, leads to the followmg equatlon tO order A

e "a "." _.:.,._‘“:‘f ‘..‘

2 _A_<q)200 | AH, |q)2oo> <cp200 | AH, |(D210>
<CI)210|/1H1|CI)200> Eg+A—<(D21o|/1H1|(Dzlo>

T Tt

= and these are
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E=E° i\/azﬂz + A2
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We see that when

We get a quadric effect only

’Z&. . : A8 Kl

ThlS corresponds to no degenaraey

We see that when
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we get the result
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Which 1s of the form
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Furthermore when the new hnear combmatlons are ;;
used then 1n second order perturbation theory there

«no longer appear very tiny energy differences in the
denomrnators
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} We do not discuss this in deta11 but this is not %
2 difficult to establish. ,r'
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As a final comment we pornt out two apparently 5
eontradletory facts. o

(1) The predictiohs— of perturbatlon theery c.
concerning the Stark effect are born out very well
by experrment
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(2) The perturbatron series evrdently dlverges SINCE 4 2
g, the perturbing potential ez grows without bound as
%z becomes very large no matter how small ee 1S.

-..i WA NIRRT ke N F S ) i Bl W
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. The question arises whether one has any rrght to;
_';'”“ believe in the accuracy of the first few terms of a %
S mathematically divergent series, since it is well %

J

~ known that a mathematically divergent series can :-
be rearranged to give entrrely different expansrons 2

The answer lies in the physics and not in the
mathematres of the problem | | ? _5,—_
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The reason for the divergence can be seen in the;;

; following figure:

R W X ] - o L TR R - A e s T e W H vf?
i J AR 1 I \ . B L Ay o :
*}3\”\ _; (f" g -qf

Vix,y, 2) v

e .ﬁ'
o L 4
S e B e RIS ..
-,’1, H'h ....... 1
Hlag, ..‘. o
3 N‘-.‘:- _'f.
- o, o .f
) .c ‘h-“ — Eéz ‘ﬁ;
b { gl
e "

. \ A
j =
Effective x o8

potential

(x2 + y? +32)"

which gives a rough picture of the total

potentlal for X,y ﬁxed
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It appears that there 1s a barrrer created for the
E bounc electron.
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\ ThlS barrier 1s ultlmately penetrable even though
for small e€ 1t 1S very broad

E A vkt : T = B s, W7
2
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t What the rnathematrcal drvergenee of the series 18 *
?\ respondrng to is the possibility that the electron in 7
“the ground state, for example, has a finite (although &)
very, very small) probability of being sufficiently . =
far away from nucleus, where the external electric
field 1s stronger than the Coulomb field, and the
eleetron is carrred away by the eleetrre filed.
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Thus the new “‘shifted” energy' levels of the

'.f""

! hydrogen atom are no longer stationary state, but %

« rather metastable state. ﬂ'j.
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If the filed 1s weak, however they maybe stable on Ei*f
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“: a time seale of the age of the universe, and hence = ;ﬁ




