
!"#$%&'()*+&)&,!#-./'$012/:

! !

!
"#$ %& "#$ %&' ("#&
% !) #

∂Ψ ∂ Ψ
= − +

∂ ∂
!

!

!"# $% &!$%'!"%Ψ =

! !

!
"#$%& " '$(&) '$(& *$(&'$(& #$%&
"% !+ "(

 
= − + 
 

!
!

!
"#$%&#'%

×



3456#)"7(,,!#- 3456#)"7(,!8#-

! !

!
"#$%& ' "% ( " )$*&+ ,$*&
#$%& !- )$*& "*

= − +
!

! !"#$= !=

!"#$% & !$' E
"#$%

=!

!"#$% &' !$
"#$%

= −
!

!"#$% &' !$
"#$%

= −∫ ∫
!

!"#$ %C'E #
)

= −
!

!" #
$%#C 'E

−
= !



! !

!
" # $%&' E%&' )

!* $%&' #&
− + =
!

! !

!
" #$%& '$%&#$%& E#$%&

!) "%
− + =
!

!"#$%&!*+49(,,!#-./'$012/

!"#$%&'()*+&)&,!#-./'$012/6:;<,!#=7Y(x, t)>()&$?@!7$AB.

!"#$%&!*+49(,,!#-./'$012/0C!"#$%&'0DE!4B(>(?@.



!1F;>(,!"#$%&'0DE!4B(>GH*@I

$>J#%@KL7(M/0CNOL2/>'P0C6#)Q(0R(?@K&S-6#)Q>()&6#)Q

$02/P6TB09!7K1B.

G1B!U#<(,G1HR=2#.+V#0W$>,0/S'>$E.BE(?@:

A/0C(,NOL2/A#P3;XY#NBE(P>()H#-!7K11BK&(M/NOL2/O>()/
6#)Qf(x))H#-!7K1B.



NOL2/A#PZ[7>()#L=O#0\!7$AH]6#)#NOL2/KL7O!+^#'_)#.B:

[ ]! " ! "# $ %&' $ %&' #$ %&' #$ %&'+ = + !"# $%& "!# $%&=

`a(,%H*@(>(0&.BE$>(?b0BYTL7345$'6#P`#0H17S=V#Z[7A*+1B:

!" #$%&" #$% '" #$%
!$

= − !" #$% " #$%λ=
6O/0R:M#)@K1HB
K&(0R$'NOL2/

Z[7A*+1B.

6"/0cNOL2/dBZ[7(antilinear operator):

!"#$ %&' # "$ %&'=



(e/)&6;()Q!#=1B)/$(>A#=2/0*+&.;$f
S=2#E(M/0CNOL2/6TB090C)/$(>)&
)/$(>$02/PZ;(AB);$.`a)#![#%"&
(M/0CNOL2/>'P0C)/$(>!76;(-
(,(M/S-)/>'P)/$(>A#P$02/=Hg

(hbN#67J#i9K/$.

)&N1;(-!U#<(e/NOL2/!;>$=F/
NOL2/$'>(-)&(=B(,E,('0&30$>j&

J;<!:;>zkA#)#.BfS=2#E:

!

! ′!

1()/$(>A#0W(,YTH9B)&B’6TB09
!7.;=B.

! ′!

2()/$(>A#0W(,YTH9A)&A’6TB09
!7.;=B.

′=! !

′=! !

3()/$(>A#0W(,YTH9C'D)&C’'
D’6TB09!7.;=B.

)/$(>A#P!U#<3)/$(>A#PZ#i7

A*+1BK&)&S=V#)/$(>A#P'0DEe;01B.



!"#$%&,0/=;lZ#i7(,!"#$%&NOL2/P,0/(?@:

! !"# $%& !# $%&=

(0R!"#$%&)H#-!7K1BK&$?+&Z#i7(,6;()Q'j;$$(>=BK&(e/A#!HL+;=7>'P

S=V#(M/K1B)&Z;$.#-))#0Cd/0m)ge+/0#K;G8+/(,'(JB()#,!7e/$=B.

(0R)B(-!"17(?@K&$?+&Z#i7(,6;()Q'j;$$(>=BK&NOL2/A#!HL+;=7Y#$>

)&G/Z\S=V#=H*@'345h;<S=V#>(!76;(=B6nHH/$AB.

!#$>!8#=HCK;(=+;!7)&G1HR6;()"7NbY&!1BA*+H].

!4B(>'0DE (Eigenvalue) 6#)Q'0DE(Eigefunction)

! !"# $%& ! # $%&!!!=

=8+&:(0R6#)Q'0DE)&!4B(>E)*+27$(>$')&AOHR
$%H9(=B0aE>(!7eo(>0].

Z;(AH]$0BK&'0DE!4#$0/!7

6;(=1Be**+&0#`H;?+&)#.1B.



!"#$%&!*+49(,,!#-0C!"#$%&Z[7(?@

! !"# $%& !# $%&=

`a6/KHT7(,A/j;(p=Hg0Cj;(p(?@.

%o(.89KL7j;(p>(!76;(-)&i;>_,0/=;.@:

!"#$
"

"
%C' #E )" *%"E+ %CE,−

 
Ψ = + 

 
∑ ∫ !

!/);q)&J#%+V#Pe**+& !/);q)&J#%+V#P`H;?+&

=8+&:'0DE!4#$0/NOL2/A#!HL+;=7'0DE!4#$0/(=/rP=#!HBE!7.;=Bf,0/(:

!"# $ %&'( %&'(
!)

= + = +



YT9(,./'l0C!U#<S!;,=BE!V](?@K&)&=8+&,0/6;j&=O#0H]:

=8+&:(e/`+#=*H96#)"7(,,!#-)#.BfS=2#E=O76;(-!+nHH/,!#=7>((,!+nHH/

!8#=7jB(K/$.

$>(0Ri;>_Z;(AH]$0BK&(=/rP0CM#)@J/K@)#Y7=s;(AB!#=B.



'0DE!4#$0/0Ct>E$>0Cj"T&0C)"BP6:@`+#=*H9,0/>()&$?@S'>0B:

! " #
$%"&

" #

!!!!!!!!!

!!!!!!!!

 <= 
∞ <

! " #$!% & #$"% #$ "% &∀ ≥ → = → = − =

! !

!
" #$%& '#$%&

!E "%
− =
!

!

! !
" #$%& !'E #$%& )
"%

+ =
!



!

! !
" #$%& !'E #$%& )
"%

+ =
!

!
!

!" # $ #% =
!

!
! !

! !
!" # $ # %!" # $ # % &= → = =
! !

`akAO#-NB$!;u(?@.

=8+&:(=/rPE=O76;(=B!1^7)#.B.

3/vK1HBK&E < 0)#.Bf$>(0Ri;>_Z;(AH]$(.@:

!
!
!"## $ # # % −

< → = − → =
!



!
!

!
" #$%& ' #$%& (
"%

− =
!"

!"

#

#−




)1#)/(0RKL76/0Rj;(p>(!76;(-)&i;>_,0/=;.@:

!" !"#A"B &' ('−= +

'%7(0RKL76/0Rj;(p=O76;(=B./(05!/,P!*#%&>()/S'>$EK1B.

!"#$ !" #$ %= − =



!
!

!"## $ %> → =
!

!
!

!
" #$%& ' #$%& (
"%

+ =
!"#

!"#

$

$−




)1#)/(0RKL76/0Rj;(p>(!76;(-)&i;>_,0/=;.@:

!"# !"# A!B "#
&'#( )* +*

,-A"#
− 

= + →


j;()V#P3;X!76;(=B./(05!/,P!*#%&>()/S'>$EK1B.



! "

! "

# !A" B&'( )A

# !A" *+,& )A

−

+

 =


=

(0Rj;()V#!76;(=1B./(05

!/,P!*#%&>()/S'>$EK11B.

! "

! "

#A !B" &'(# )B * )B # )
B

+!# "+ ,A !B" -./')B * )B !# " )
, B

ππ

π
π

−

+

 = = → = → =



−
= = → = − → =





! !
!

!
!"# $$ #

!"
= → =

!

!

! ! !
" # " #

A !

!
! !

" # " #
A !

AB "&# 'E)A *& + , A -.!./.000
!12

-A
!B "&# 345E*& + , A -.!./.000
!12

!!!

!!!

π

π

− −

+ +


= → = =


  −    = → = =


!

!



!" #
A

= =

! "

! "

#$ !%" &'( )%
*
#$ !%" +,&)%
*

−

+

 =

 =




! !" # $ " # " # $ " #
% & % & %&! !

'() "(# ) "(# '() "(# ) "(# δ+ + − −
− −

= =∫ ∫

! !" # $ " # " # $ " #
% & % &! !

'() "(# ) "(# '() "(# ) "(# *+ − − +
− −

= =∫ ∫



! !
" #
$ !%

&'E
π+ =
!



! ! !

" #
$ !

$"$ #
!%
!&'

π
+

−
=

! ! !

!"#$
π

=
!

! ! !

" #
! !

$"! #
!%
!&'

π
+

−
=

! ! !

!
"
#$%
π

=
!

! ! !

" #
$ !

%"$ #
!&
!'E

π
+

−
=

! ! !

!
!"
#$%
π

=
!

! ! !
" #
$ !

"$#%
!&'
π− =
!

! !

!
"
#$%
π

=
!

! ! !
" #
! !

"!#$
!%&
π− =
!

! !

!
"#
$%&
π

=
!

! ! !
" #
$ !

"$#%
!&'
π− =
!

! !

!
"#
$%&
π

=
!

! !

! "
#$%
π

=
!



! !
" #
$ !%

&'E
π+ =
!

! !
" #
! !

$%
&'E
π+ =
!

! !
" #
$ !

!%&
'E)
π+ =
!

! !
" #
$ !

%&
'E)
π− =
!

! !
" #
! !

$%&
'E)
π− =
!

! !
" #
$ !

$%&
'E)
π− =
!

! !

! "
#$%
π

=
!

! "
#$ #+ →

! "
#$ %− →

! "
#$ %+ →

! "
#$ #%+ →

! "
#$ %&− →

! "
#$ #%− →

! !
!

!" #
$%&
π

=
!



X=0X= -a X= a

! !

" !#
$%&
π

=
!

! !

! !" #
$%&
π

=
!

! !

" !# $
%&'
π

=
!

! !

" !# $%
&'E
π

=
!



! "=

! "# ! "$% $&' !&" ' !&"
( $&

∞ ± ±
−∞

= ∫
!

!" "= −

!" "=

! != −

! "=

! "# ! "$% $&' !&" ' !&"
( $&

∞ ± ±
−∞

= ∫
!



! " #
$% !&' ±=

!! ! " #
$% % % % !&' ±∆ = − = =

! ! ! ! ! !

! !

! !
! ! ! !

! !

" " "!#
$!#$ $

% % %" " "
! ! !!#

$!#$ $

π π π

π π π


 = =

=        − − −           = =

! ! !

! ! !

& ! "#∆ =



!"
# $ %! "

!





>
∆ ∆ =   − >   

! !

! !



! !
"

!
# $%&'( #&$ %&'

!) #&
∞

−∞
= − ∫
!

! !
"

!
# $%&'( #&$ %&'

!) #&
∞

−∞
= − ∫
!

!
"

!

"

# $$ %&' $ #& #(
#&

#$ %&' #$#& #$ (
#& #&

= =

= =

! "
" #$%&' #$%&' #$ %&'( $ %&' #&

!) #& #& #&

∞
∞

−∞
−∞

   = − −     
∫

!

0

! "#$%&' #$ %&'#&
!( #& #&

∞

−∞
= ∫
! !=



0Cj;(pKL7'$%s;(EY(𝑥)K&$>./(05!/,PY(𝑎) = 	Y(−𝑎) = 0
iBXK1B>(!76;(-)#(?+^#$E(,(i9)/AO1V7)&i;>_,0/=;.@:

! " ! " ! " ! "
# # # #

# A
!%" & ' !%" & ' !%"

∞
+ + − −

=

 Ψ = + ∑ ! "#
$% !&"+×

! "# ! " ! "# ! " ! " ! "# ! "
A % A % % A %

% &
'() !(" !(" * '() !(") !(" * '() !(") !("

∞
+ + + + − + −

=

 Ψ = + ∑∫ ∫ ∫

! "# ! " ! "
A % A% %

% &
'() !(" !(" * * !+"δ

∞
+ + −

=

 Ψ = + ∑∫ ! "
#A
+=

! " ! "#
A A% &'( !'" !'"± ±= Ψ∫ )&AOHR6/6Hm:



j;(p'()*+&)&,!#->((K1;-!76;(-)&i;>_,0/=;.@:

! " ! "
# #A% &' A% &'! " ! " ! " ! "

# # # #
# E

!)* &" + , !)"- + , !)"-
+ −∞

− −+ + − −

=

 Ψ = +  ∑ ! !

! " ! "#
A A% &'( !'" !') *"± ±= Ψ∫ !"173Hg087d/(0m)*5GH*@I

)/(P$>w!"173Hg087d/(0m)*5!4B(>

GxOB(.+7H>(J*#p!7K1H]:
!" #$ %$&" %$&= Ψ Ψ∫

! "# ! "# ! "# ! "#
A A A A

A %
& '( ) * !(" ) * !("

∞
+ + − −

=

  = + ×   
∑∫

! " ! " ! " ! " ! " ! "
# # # # # #

# A
% & ' !E" % & ' !E"

∞
+ + + − − −

=

  +   
∑

! !" # " # " # " #
A A A A

A %
& ' & '

∞
+ + − −

=

 = +  ∑



! !" # " # " # " #
A A A A

A %
& ' E ' E

∞
+ + − −

=

 = +  ∑

!"# $#% $#% &Ψ Ψ =∫
! !" # " #

A A
A %

& & %
∞

+ −

=

 + =  ∑

!"|An
(±) |2#$%&'()*#+,-.#/0#123456#/57689$':,;:<=#2>?0#@En(±)@#A.;+,A0B0.

=8+&:A/(=B(,EeH/P345087(,!4#$0/En(±)>()&$?@!7$AB.

!"#$:%&#'()%*+)#'#,-#./01&'23"#4/56789#,&:'Ek(±))89;8</=6-#4(4#%)>!?=@>2-A

j;(p:

'Y+7K&
!" #

A A%& δ+ =
0"17'Y+7

K&
! "
#!$" % !$"+Ψ =

'(0R)B(-!"17(?@K&'0DE6#)QS-'0DE6#)"7)#.BK&!+1#y/)#'0DE!4B(>Ek(±)
(?@.=8+&(ZH/=+Hz&)*H#>!VO7>($>`7$(>$:



0C)*+&!;uKL7!#=1BY(x)>($>=F/)2H/0B.

(J+O#<S-K&(=B(,EeH/P(=/rP087(,'0DE!4#$0/NOL2/A#!HL+;=7H>()&$?@
)BABG4B>(?@I

j;(p:
! !"

# # #A%& ' E)* %)' %)' += Ψ =∫
`a(,(=B(,EeH/P(PK&)&(=/rPEn!1z/.BE)#.BJ#%@$?+2#E)#'0DE6#)Q

un(x)6;iHc!7.;$.

G/(I
G;-$>{H/(0Ri;>_(e/(=B(,EeH/P68/(>.;$)&=+Hz&$02/P

)'0DE!4B(>$02/P(!1z/Z;(AB.B'(0R{H/3Hg087(?@.

G/({H/3Hg087(?@IG;-68/(>`o0/P(,6;Y"#_3Hg087!#?@.

(0R=+Hz&KL76/(,!*#%&0Ct>E$>0Cj"T&(?@'$>YLm!8#=HCK;(=+O7

j#P$(>$')/(PA/NOL2/A/!H+7i#$X(?@.

(=B(,EeH/P0C6#)Q!/Km?Tm6|;0/.B-6#)Q!;u)&0CJ#%@!1^/$!7.;$f

(!#(0R=8+&)B0R!"17=H*@K&,'jH@0#3/$0@A])+;(=1B)#(=B(,EeH/P6nHH/K1B



6;()Q!;u0Ct>E$>j"T&)&$'$?+&Y#)964*H]A*+1B:

1(6;()Q,'u=*T@)&x

2(6;()Q3/$=*T@)&x

(e/!#)#6#)Q!;u,0/K&$>()+B(,'u(?@./'lK1H]:

! " ! "
# #

# A
!%" & ' !%" (

∞
+ +

=

 Ψ = + ∑

S=2#E6#)Q!;u!#)#eo.@,!#-)#,A],'u)#Y7Z;(AB!#=Bf0"17

! "
#A% &'! " ! "

# #
# E

!)* &" + , !)"- .
+∞

−+ +

=

 Ψ = +  ∑ !
(0R![Lm$>!;>$6;()Q3/$=Hgi#$X

(?@.

0"17,'jH@0#3/$0@)/(P0Ct>E$>j"T&Z#iH+7(?@K&)#,!#-6nHH/=O7K1B.



)&=81&3;X)"B()#,Z;(AH]ex@.

G;-M#)+V#PJ/K@(,$0/)#,!;>$NbY&3Hg08B(=#-);$E(?@f$>,0/?"7!7K1H]

K&M#)@!#=B-,'jH@'3/$0@)#,!#->(3/!;%T1BPK1H]:

)/(P(0R!1F;>NOL2/`#>0+&>()&i;>_,0/!"/37!7K1H]:

! "#$ " #$Ψ =Ψ −



! " ! " ! "# !$" ! $" !$"+ + +Ψ =Ψ − =Ψ

! " ! " ! "# !$" ! $" !$"− − −Ψ =Ψ − = −Ψ

$'!"#$%&3;X!"#$}_'0DE!4B(>A*+1B.`a6;()Q,'u'0DE6;()QNOL2/P)#'0DE
!4B(>+1A*+1B.$>J#%7K&6;()Q3/$'0DE6;()QNOL2/P)#'0DE!4B(>-1A*+1B.



=8+&:$>!*#%&0Ct>E$>j"T&un(±)=&61V#'0DE6;()QHA*+1Bf)L8&)&h;>
AOg!#-'0DE6;()QP=HgA*+1B.En(±)'0DE!4#$0/H'%7±161V#'0DE!4#$0/NOL2/

PA*+1B.

3/vK1HBK&(0Rh;>=T#.Bf0"17λA]0C'0DE!4B(>NOL2/P)#.B:

!"#$% "#$%λ=!×

!" #$%& " #$%&λ=

!" #$%& "#$%&λ=

!" #$%& "#$%&λ=

! !" #$%& #$%&λ=

!" #$%& #$%&=

!"#$% "#$%λ=

!" λ=

! λ± =

`a±161V#'0DE
!4#$0/NOL2/P
A*+1B.



=8+&:(,h/37A/6#)QKL7>(!76;(-AO;(>E)/J*m6;()Q,'u'3/$)&i;>_

,0/)*5$($:

[ ] [ ]! !"#$ "#$ " #$ "#$ " #$
% %

Ψ = Ψ +Ψ − + Ψ −Ψ −

'(0R)B(-!"17(?@K&!#=1B'0DE6;()QHA/6#)"7>(!76;(-)/J*m'0DE6;()Q
NOL2/P=Hg)*5$($.

'0DE6;()QA/NOL2/A/!H+70C`#0&K#!96x8H9!7$A1BK&!76;(-A/6#)Q

$02/P>()/J*mS=V#)*5$($.

`a6;YQ$(>0]K&NOL2/`#>0+&A/!H+7)#.B:!" "=



!" "=

!" #$ %$&" %$&= Ψ Ψ∫

[ ] [ ]! !"#$ "#$ " #$ "#$ " #$
% %

Ψ = Ψ +Ψ − + Ψ −Ψ −

!"# $!"# %!"#Ψ = +

! "#$ !%"#$ !&"#$Ψ = +

! "#$ %"#$ &"#$Ψ = −

[ ]! !" #$ % &$' E &$' %&$' E&$' = + − ∫
! !" #$ %&$' E&$' = − ∫

! !" #$ %$&" %$&= Ψ Ψ∫
[ ]! ! !" #$ %&$' E&$' % &$' E &$' = + − ∫

! " "# $% &'%E )'%E # = − = ∫



)&=F/!7>?BK&):~,'u'
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