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𝑞! = 𝑞!(𝑥!, 𝑦!, 𝑧!; 𝑥", 𝑦", 𝑧"; … ; 𝑥# , 𝑦# , 𝑧#; 𝑡)

𝑞" = 𝑞"(𝑥!, 𝑦!, 𝑧!; 𝑥", 𝑦", 𝑧"; … ; 𝑥# , 𝑦# , 𝑧#; 𝑡)

𝑞$# = 𝑞$#(𝑥!, 𝑦!, 𝑧!; 𝑥", 𝑦", 𝑧"; … ; 𝑥# , 𝑦# , 𝑧#; 𝑡)
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𝑥! = 𝑥!(𝑞!, 𝑞", … , 𝑞#$; 𝑡) 𝑦! = 𝑦!(𝑞!, 𝑞", … , 𝑞#$; 𝑡) 𝑧! = 𝑧!(𝑞!, 𝑞", … , 𝑞#$; 𝑡)

𝑥" = 𝑥"(𝑞!, 𝑞", … , 𝑞#$; 𝑡) 𝑦" = 𝑦"(𝑞!, 𝑞", … , 𝑞#$; 𝑡) 𝑧" = 𝑧"(𝑞!, 𝑞", … , 𝑞#$; 𝑡)

𝑥$ = 𝑥$(𝑞!, 𝑞", … , 𝑞#$; 𝑡) 𝑦$ = 𝑦$(𝑞!, 𝑞", … , 𝑞#$; 𝑡) 𝑧$ = 𝑧$(𝑞!, 𝑞", … , 𝑞#$; 𝑡)
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𝑥 = 𝑟𝑐𝑜𝑠 𝜃 + 𝜔𝑡

𝑦 = 𝑟𝑠𝑖𝑛 𝜃 + 𝜔𝑡

𝑟 = 𝑥" + 𝑦"

tan 𝜃 + 𝜔𝑡 =
𝑦
𝑥

𝜃 + 𝜔𝑡 = tan%!
y
x

𝜃 = tan%!
y
x
− 𝜔𝑡

𝑟 → 𝑞! 𝜃 → 𝑞"

𝐽 =

𝜕𝑥
𝜕𝑟

𝜕𝑦
𝜕𝑟

𝜕𝑥
𝜕𝜃

𝜕𝑦
𝜕𝜃

≠ 0



𝑥 = 𝑟𝑐𝑜𝑠 𝜃 + 𝜔𝑡

𝜕𝑥
𝜕𝑟

= 𝑐𝑜𝑠 𝜃 + 𝜔𝑡

𝜕𝑥
𝜕𝜃

= −𝑟𝑠𝑖𝑛 𝜃 + 𝜔𝑡

𝑦 = 𝑟𝑠𝑖𝑛 𝜃 + 𝜔𝑡

𝜕𝑦
𝜕𝑟

= 𝑠𝑖𝑛 𝜃 + 𝜔𝑡

𝜕𝑦
𝜕𝜃

= 𝑟𝑐𝑜𝑠 𝜃 + 𝜔𝑡

𝐽 =

𝜕𝑥
𝜕𝑟

𝜕𝑦
𝜕𝑟

𝜕𝑥
𝜕𝜃

𝜕𝑦
𝜕𝜃

= 𝑟𝑐𝑜𝑠, 𝜃 + 𝜔𝑡 + 𝑟𝑠𝑖𝑛, 𝜃 + 𝜔𝑡 = 𝑟 ≠ 0



5I6;K '`\,N ;>67 1>G#b%𝑥! = 𝑥!(𝑞!, 𝑞", … , 𝑞$#; 𝑡)

𝑑𝑥! =
𝜕𝑥!
𝜕𝑞!

𝑑𝑞! +
𝜕𝑥!
𝜕𝑞"

𝑑𝑞" +⋯+
𝜕𝑥!
𝜕𝑞#$

𝑑𝑞#$ +
𝜕𝑥!
𝜕𝑡

𝑑𝑡

𝑑𝑥!
𝑑𝑡 =

𝜕𝑥!
𝜕𝑞!

𝑑𝑞!
𝑑𝑡 +

𝜕𝑥!
𝜕𝑞"

𝑑𝑞"
𝑑𝑡 +⋯+

𝜕𝑥!
𝜕𝑞#$

𝑑𝑞#$
𝑑𝑡 +

𝜕𝑥!
𝜕𝑡

𝑥̇! =
𝜕𝑥!
𝜕𝑞!

𝑞̇! +
𝜕𝑥!
𝜕𝑞"

𝑞̇" +⋯+
𝜕𝑥!
𝜕𝑞#$

𝑞̇#$ +
𝜕𝑥!
𝜕𝑡

𝑥̇! = *
%&!

#$
𝜕𝑥!
𝜕𝑞%

𝑞̇% +
𝜕𝑥!
𝜕𝑡

QR ;. c95 !V%;. d96L*+ 06[P:
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𝑥 = 𝑟𝑐𝑜𝑠 𝜃 + 𝜔𝑡

𝑥̇ =
𝜕𝑥
𝜕𝑟
𝑟̇ +

𝜕𝑥
𝜕𝜃

𝜃̇ +
𝜕𝑥
𝜕𝑡

𝜕𝑥
𝜕𝑟

= 𝑐𝑜𝑠 𝜃 + 𝜔𝑡

𝜕𝑥
𝜕𝜃 = −𝑟𝑠𝑖𝑛 𝜃 + 𝜔𝑡

𝑥̇ = 𝑟̇cos(𝜃 + 𝜔𝑡) − 𝑟𝜃̇𝑠𝑖𝑛 𝜃 + 𝜔𝑡 − 𝑟𝜔𝑠𝑖𝑛 𝜃 + 𝜔𝑡

𝑦 = 𝑟𝑠𝑖𝑛 𝜃 + 𝜔𝑡 𝜕𝑦
𝜕𝑟

= 𝑠𝑖𝑛 𝜃 + 𝜔𝑡

𝜕𝑦
𝜕𝜃 = 𝑟𝑐𝑜𝑠 𝜃 + 𝜔𝑡𝑦̇ =

𝜕𝑦
𝜕𝑟
𝑟̇ +

𝜕𝑦
𝜕𝜃

𝜃̇ +
𝜕𝑦
𝜕𝑡

𝑦̇ = 𝑟̇sin(𝜃 + 𝜔𝑡) + 𝑟𝜃̇𝑐𝑜𝑠 𝜃 + 𝜔𝑡 + 𝑟𝜔𝑐𝑜𝑠 𝜃 + 𝜔𝑡
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𝑇 =>
-./

0
1
2𝑚- 𝑥̇-, + 𝑦̇-, + 𝑧̇-,

<9 B0 'C( D(A5E F9G#1 +>H 2'. &'-5?E 0I* &'#$JK9* !L(&0*: 

𝑥̇& =
𝑑𝑥&
𝑑𝑡

=
𝜕𝑥&
𝜕𝑞'

𝑑𝑞'
𝑑𝑡

+
𝜕𝑥&
𝜕𝑡

𝑑𝑡
𝑑𝑡
=
𝜕𝑥&
𝜕𝑞'

𝑞̇' +
𝜕𝑥&
𝜕𝑡

𝑥̇&" = 𝑥̇&𝑥̇& =
𝜕𝑥&
𝜕𝑞'

𝑞̇'
𝜕𝑥&
𝜕𝑞(

𝑞̇( + 2
𝜕𝑥&
𝜕𝑞'

𝑞̇'
𝜕𝑥&
𝜕𝑡

+
𝜕𝑥&
𝜕𝑡

𝜕𝑥&
𝜕𝑡

𝑥̇!" =
𝜕𝑥!
𝜕𝑞#

𝜕𝑥!
𝜕𝑞$

𝑞̇#𝑞̇$ + 2
𝜕𝑥!
𝜕𝑞#

𝜕𝑥!
𝜕𝑡

𝑞̇# +
𝜕𝑥!
𝜕𝑡

"



𝑥̇!" =
𝜕𝑥!
𝜕𝑞#

𝜕𝑥!
𝜕𝑞$

𝑞̇#𝑞̇$ + 2
𝜕𝑥!
𝜕𝑞#

𝜕𝑥!
𝜕𝑡

𝑞̇# +
𝜕𝑥!
𝜕𝑡

"

<7 MN0 3-9<7 ON&8?@ B&PQ:

𝑦̇!" =
𝜕𝑦!
𝜕𝑞#

𝜕𝑦!
𝜕𝑞$

𝑞̇#𝑞̇$ + 2
𝜕𝑦!
𝜕𝑞#

𝜕𝑦!
𝜕𝑡

𝑞̇# +
𝜕𝑦!
𝜕𝑡

"

𝑧̇!" =
𝜕𝑧!
𝜕𝑞#

𝜕𝑧!
𝜕𝑞$

𝑞̇#𝑞̇$ + 2
𝜕𝑧!
𝜕𝑞#

𝜕𝑧!
𝜕𝑡

𝑞̇# +
𝜕𝑧!
𝜕𝑡

"



+>R7 &IS &'()* +,"-. 0& 3. !N&T <9 &U5V9B1 &2 U7 0&<W7 2$(

𝑥̇&" =
𝜕𝑥&
𝜕𝑞'

𝜕𝑥&
𝜕𝑞(

𝑞̇'𝑞̇( + 2
𝜕𝑥&
𝜕𝑞'

𝜕𝑥&
𝜕𝑡

𝑞̇' +
𝜕𝑥&
𝜕𝑡

"

𝑦̇&" =
𝜕𝑦&
𝜕𝑞'

𝜕𝑦&
𝜕𝑞(

𝑞̇'𝑞̇( + 2
𝜕𝑦&
𝜕𝑞'

𝜕𝑦&
𝜕𝑡

𝑞̇' +
𝜕𝑦&
𝜕𝑡

"

𝑧̇&" =
𝜕𝑧&
𝜕𝑞'

𝜕𝑧&
𝜕𝑞(

𝑞̇'𝑞̇( + 2
𝜕𝑧&
𝜕𝑞'

𝜕𝑧&
𝜕𝑡

𝑞̇' +
𝜕𝑧&
𝜕𝑡

"

<7 XN0Y 2$( 'NPQ :

1
2
𝑚-

𝜕𝑥-
𝜕𝑞1

𝜕𝑥-
𝜕𝑞2

+
𝜕𝑦-
𝜕𝑞1

𝜕𝑦-
𝜕𝑞2

+
𝜕𝑧-
𝜕𝑞1

𝜕𝑧-
𝜕𝑞2

𝑞̇1𝑞̇2



+>R7 BIZ &'()* +,"-. 0& 3. !N&T <9 &U5V9B1 &2 U7 0&<W7 2$(

𝑥̇&" =
𝜕𝑥&
𝜕𝑞'

𝜕𝑥&
𝜕𝑞(

𝑞̇'𝑞̇( + 2
𝜕𝑥&
𝜕𝑞'

𝜕𝑥&
𝜕𝑡

𝑞̇' +
𝜕𝑥&
𝜕𝑡

"

𝑦̇&" =
𝜕𝑦&
𝜕𝑞'

𝜕𝑦&
𝜕𝑞(

𝑞̇'𝑞̇( + 2
𝜕𝑦&
𝜕𝑞'

𝜕𝑦&
𝜕𝑡

𝑞̇' +
𝜕𝑦&
𝜕𝑡

"

𝑧̇&" =
𝜕𝑧&
𝜕𝑞'

𝜕𝑧&
𝜕𝑞(

𝑞̇'𝑞̇( + 2
𝜕𝑧&
𝜕𝑞'

𝜕𝑧&
𝜕𝑡

𝑞̇' +
𝜕𝑧&
𝜕𝑡

"

<7 XN0Y 2$( 'NPQ:

1
2
𝑚-×2

𝜕𝑥-
𝜕𝑞1

𝜕𝑥-
𝜕𝑡

+
𝜕𝑦-
𝜕𝑞1

𝜕𝑦-
𝜕𝑡

+
𝜕𝑧-
𝜕𝑞1

𝜕𝑧-
𝜕𝑡

𝑞̇1



+>R7 UNZ &'()* +,"-. 0& 3. !N&T <9 &U5V9B1 &2 U7 0&<W7 2$(

𝑥̇&" =
𝜕𝑥&
𝜕𝑞'

𝜕𝑥&
𝜕𝑞(

𝑞̇'𝑞̇( + 2
𝜕𝑥&
𝜕𝑞'

𝜕𝑥&
𝜕𝑡

𝑞̇' +
𝜕𝑥&
𝜕𝑡

"

𝑦̇&" =
𝜕𝑦&
𝜕𝑞'

𝜕𝑦&
𝜕𝑞(

𝑞̇'𝑞̇( + 2
𝜕𝑦&
𝜕𝑞'

𝜕𝑦&
𝜕𝑡

𝑞̇' +
𝜕𝑦&
𝜕𝑡

"

𝑧̇&" =
𝜕𝑧&
𝜕𝑞'

𝜕𝑧&
𝜕𝑞(

𝑞̇'𝑞̇( + 2
𝜕𝑧&
𝜕𝑞'

𝜕𝑧&
𝜕𝑡

𝑞̇' +
𝜕𝑧&
𝜕𝑡

"

<7 XN0Y 2$( 'NPQ:

1
2
𝑚-

𝜕𝑥-
𝜕𝑡

,

+
𝜕𝑦-
𝜕𝑡

,

+
𝜕𝑧-
𝜕𝑡

,



+>R7 &IS &'()* 
+,"-.

1
2𝑚%

𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑞'

+
𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑞'

+
𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑞'

𝑞̇&𝑞̇' =
1
2𝐴&'𝑞̇&𝑞̇'

:7 B0 [T <#IT F9G#1 
+>H 2'. &'-5?E::

%(!

$

𝑚%
𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑞'

+
𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑞'

+
𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑞'

= 𝐴&'

+>R7 BIZ &'()* 
+,"-.

𝑚%
𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑡 +

𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑡 +

𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑡 𝑞̇& = 𝐵&𝑞̇&

:7 B0 [T <#IT F9G#1 
+>H 2'. &'-5?E::

%(!

$

𝑚%
𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑡 +

𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑡 +

𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑡 = 𝐵&

+>R7 UNZ &'()* 
+,"-. <#IT F9G#1 
+>H 2'. &'-5?E:

1
2*
'&!

$

𝑚'
𝜕𝑥'
𝜕𝑡

"

+
𝜕𝑦'
𝜕𝑡

"

+
𝜕𝑧'
𝜕𝑡

"

= 𝑇(



\] &'()* +,"-. :% ^9X% &2 +>H U7 +>R7 <7 BUQ [3#1:

𝑇 =
1
2𝐴&'𝑞̇&𝑞̇' + 𝐵&𝑞̇& + 𝑇)

:7 &D( <#IT F9G#1 +>H 2'. &'-5?E <,N$J?@:

𝑇 =
1
2:
&(!

#$

:
'(!

#$

𝐴&'𝑞̇&𝑞̇' +:
&(!

#$

𝐵&𝑞̇& + 𝑇)

:7 B0 [T:

:
%(!

$

𝑚%
𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑞'

+
𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑞'

+
𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑞'

= 𝐴&'

:
%(!

$

𝑚%
𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑡 +

𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑡 +

𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑡 = 𝐵&

1
2:
%(!

$

𝑚%
𝜕𝑥%
𝜕𝑡

"

+
𝜕𝑦%
𝜕𝑡

"

+
𝜕𝑧%
𝜕𝑡

"

= 𝑇)



O_X7 &'()* +,"-. 0& B0 34569Y !=>?@ $9A57 <7 XN0Y 2$( 3. !N&T 
'NPQ:

:7 B0 [T +>R7 &IS 3(!"7 
2 )3(<=. 'J"Q <7 U(G5K9( 
+>R7 BIZ 3(!"7 1 )OW. 
'J"Q <7 U(G5K9( I +>R7 
UNZ 3(!"7 XV( )3J5`% &2 
U(G5K9( 8J5,#:

&'()* +,"-. !=>?@ $9A57

𝑇 =
1
2
>
1./

=0

>
2./

=0

𝐴12𝑞̇1𝑞̇2 +>
1./

=0

𝐵1𝑞̇1 + 𝑇> = 𝑇, + 𝑇/ + 𝑇>
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456& 1 61Pg QR:𝑇 =

1
2:
&(!

#$

:
'(!

#$

𝐴&'𝑞̇&𝑞̇' +:
&(!

#$

𝐵&𝑞̇& + 𝑇)

𝑇 =
1
2:
&(!

"×!

:
'(!

"×!

𝐴&'𝑞̇&𝑞̇' +:
&(!

"×!

𝐵&𝑞̇& + 𝑇)

𝑥

𝑦
𝒓

𝜃

𝑥 = 𝑟𝑐𝑜𝑠𝜃

𝑦 = 𝑟𝑠𝑖𝑛𝜃



𝑥 = 𝑟𝑐𝑜𝑠𝜃

𝜕𝑥
𝜕𝑟

= 𝑐𝑜𝑠𝜃

𝜕𝑥
𝜕𝜃

= −𝑟𝑠𝑖𝑛𝜃

𝑦 = 𝑟𝑠𝑖𝑛𝜃

𝜕𝑦
𝜕𝑟

= 𝑠𝑖𝑛𝜃

𝜕𝑦
𝜕𝜃

= 𝑟𝑐𝑜𝑠𝜃

:
%(!

$

𝑚%
𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑞'

+
𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑞'

+
𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑞'

= 𝐴&'

𝑚
𝜕𝑥
𝜕𝑞&

𝜕𝑥
𝜕𝑞'

+
𝜕𝑦
𝜕𝑞&

𝜕𝑦
𝜕𝑞'

= 𝐴&' 𝑞! = 𝑟 & 𝑞" = 𝜃

𝑚 𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜃 = 𝑚 = 𝐴!! 𝑚 −𝑟𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 + 𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 = 𝐴!" = 0

𝑚 −𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑟𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 = 𝐴"!=0 𝑚 𝑟" sin" 𝜃 + 𝑟" cos" 𝜃 = 𝑚𝑟" = 𝐴""



:
%(!

$

𝑚%
𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑡 +

𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑡 +

𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑡 = 𝐵&

05 6,O !@%Z. 01#2%3 
!#h>i a*@Pg QR:

𝑚
𝜕𝑥
𝜕𝑞&

𝜕𝑥
𝜕𝑡 +

𝜕𝑦
𝜕𝑞&

𝜕𝑦
𝜕𝑡 = 𝐵& = 0

1
2:
%(!

$

𝑚%
𝜕𝑥%
𝜕𝑡

"

+
𝜕𝑦%
𝜕𝑡

"

+
𝜕𝑧%
𝜕𝑡

"

= 𝑇)

1
2𝑚

𝜕𝑥
𝜕𝑡

"

+
𝜕𝑦
𝜕𝑡

"

= 𝑇) = 0

𝑇 =
1
2:
&(!

"

:
'(!

"

𝐴&'𝑞̇&𝑞̇' +:
&(!

"

𝐵&𝑞̇& + 𝑇)

𝑇 =
1
2:
&(!

"

:
'(!

"

𝐴&'𝑞̇&𝑞̇' =
1
2 𝐴!!𝑞̇!" + 𝐴""𝑞̇"" + 0 + 0



𝑇 =
1
2
𝐴!!𝑞̇!" + 𝐴""𝑞̇""

𝑚 𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜃 = 𝑚 = 𝐴!! 𝑚 −𝑟𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 + 𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 = 𝐴!" = 0

𝑚 −𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑟𝑐𝑜𝑠𝑠𝑖𝑛𝜃 = 𝐴"!=0 𝑚 𝑟" sin" 𝜃 + 𝑟" cos" 𝜃 = 𝑚𝑟" = 𝐴""

𝑇 =
1
2
𝑚𝑟̇" +𝑚𝑟"𝜃̇"



?%^ 6S> 6,O 01#2%3 !#h>i L+ ;%[\ 
𝑥 = 𝑟𝑐𝑜𝑠(𝜃 + 𝜔𝑡 )

𝜕𝑥
𝜕𝑟 = 𝑐𝑜𝑠(𝜃 + 𝜔𝑡 )

𝜕𝑥
𝜕𝜃 = −𝑟𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )

𝑦 = 𝑟𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )

𝜕𝑦
𝜕𝑟 = 𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )

𝜕𝑦
𝜕𝜃 = 𝑟𝑐𝑜𝑠(𝜃 + 𝜔𝑡 )

:
%(!

$

𝑚%
𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑞'

+
𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑞'

+
𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑞'

= 𝐴&'
𝑚

𝜕𝑥
𝜕𝑞&

𝜕𝑥
𝜕𝑞'

+
𝜕𝑦
𝜕𝑞&

𝜕𝑦
𝜕𝑞'

= 𝐴&'

𝑞! = 𝑟 & 𝑞" = 𝜃
𝑚 𝑐𝑜𝑠(𝜃 + 𝜔𝑡 )𝑐𝑜𝑠(𝜃 + 𝜔𝑡 ) + 𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )𝑠𝑖𝑛(𝜃 + 𝜔𝑡 ) = 𝑚 = 𝐴!!
𝑚 −𝑟𝑐𝑜𝑠(𝜃 + 𝜔𝑡 )𝑠𝑖𝑛(𝜃 + 𝜔𝑡 ) + 𝑟𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )𝑐𝑜𝑠(𝜃 + 𝜔𝑡 ) = 𝐴!" = 0

𝑚 −𝑟𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )𝑐𝑜𝑠(𝜃 + 𝜔𝑡 ) + 𝑟𝑐𝑜𝑠(𝜃 + 𝜔𝑡 )𝑠𝑖𝑛(𝜃 + 𝜔𝑡 ) = 𝐴"! = 0

𝑚 𝑟" sin"(𝜃 + 𝜔𝑡 ) + 𝑟" cos"(𝜃 + 𝜔𝑡 ) = 𝑚𝑟" = 𝐴""

B. ;% a#%,j 01#2%3 1%BO ,U@%: 61P



:
%(!

$

𝑚%
𝜕𝑥%
𝜕𝑞&

𝜕𝑥%
𝜕𝑡 +

𝜕𝑦%
𝜕𝑞&

𝜕𝑦%
𝜕𝑡 +

𝜕𝑧%
𝜕𝑞&

𝜕𝑧%
𝜕𝑡 = 𝐵&

𝑚
𝜕𝑥
𝜕𝑞&

𝜕𝑥
𝜕𝑡 +

𝜕𝑦
𝜕𝑞&

𝜕𝑦
𝜕𝑡 = 𝐵&

𝑥 = 𝑟𝑐𝑜𝑠(𝜃 + 𝜔𝑡 ) 𝑦 = 𝑟𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )

𝜕𝑥
𝜕𝑟 = 𝑐𝑜𝑠(𝜃 + 𝜔𝑡 )

𝜕𝑦
𝜕𝑟 = 𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )

𝜕𝑥
𝜕𝑡 = −𝑟𝜔𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )

𝜕𝑦
𝜕𝑡 = 𝑟𝜔𝑐𝑜𝑠(𝜃 + 𝜔𝑡 )

𝑚
𝜕𝑥
𝜕𝑟
𝜕𝑥
𝜕𝑡 +

𝜕𝑦
𝜕𝑟
𝜕𝑦
𝜕𝑡 = 𝐵!

𝑚 −𝑟𝜔𝑐𝑜𝑠 𝜃 + 𝜔𝑡 𝑠𝑖𝑛 𝜃 + 𝜔𝑡 + 𝑟𝜔𝑠𝑖𝑛 𝜃 + 𝜔𝑡 𝑐𝑜𝑠 𝜃 + 𝜔𝑡 = 𝐵! = 0

B. !%aX\ 01#2%3 1%BO <T> 61P
𝑚

𝜕𝑥
𝜕𝜃
𝜕𝑥
𝜕𝑡 +

𝜕𝑦
𝜕𝜃
𝜕𝑦
𝜕𝑡 = 𝐵"

𝑚 +𝑟"𝜔𝑠𝑖𝑛 𝜃 + 𝜔𝑡 𝑠𝑖𝑛 𝜃 + 𝜔𝑡 + 𝑟"𝜔𝑐𝑜𝑠 𝜃 + 𝜔𝑡 𝑐𝑜𝑠 𝜃 + 𝜔𝑡 = 𝑚𝑟"𝜔 = 𝐵" ≠ 0

B. ;>dHk 01#2%3 1%BO 0,2> <T> a*@P



1
2:
%(!

$

𝑚%
𝜕𝑥%
𝜕𝑡

"

+
𝜕𝑦%
𝜕𝑡

"

+
𝜕𝑧%
𝜕𝑡

"

= 𝑇)

1
2𝑚

𝜕𝑥
𝜕𝑡

"

+
𝜕𝑦
𝜕𝑡

"

= 𝑇)

𝑥 = 𝑟𝑐𝑜𝑠(𝜃 + 𝜔𝑡 ) 𝑦 = 𝑟𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )

𝜕𝑥
𝜕𝑡 = −𝜔𝑟𝑠𝑖𝑛(𝜃 + 𝜔𝑡 )

𝜕𝑦
𝜕𝑡 = 𝜔𝑟𝑐𝑜𝑠(𝜃 + 𝜔𝑡 )

1
2𝑚 −𝜔𝑟𝑠𝑖𝑛(𝜃 + 𝜔𝑡 ) " + 𝜔𝑟𝑐𝑜𝑠(𝜃 + 𝜔𝑡 ) " =

1
2𝑚𝑟

"𝜔" = 𝑇)



?%^ 6S> L). 56 ;% L+ '>B*A BX*+ d96L*+ 06[P:

𝑇 =
1
2:
&(!

"

:
'(!

"

𝐴&'𝑞̇&𝑞̇' +:
&(!

"

𝐵&𝑞̇& + 𝑇)

𝑚 = 𝐴!! 0 = 𝐴!" 0 = 𝐴"! 𝑚𝑟" = 𝐴"" 0 = 𝐵! 𝑚𝑟"𝜔
= 𝐵"

1
2𝑚𝑟

!𝜔! = 𝑇"

𝑇 =
1
2
𝑚𝑟̇" +𝑚𝑟"𝜃̇" +𝑚𝑟"𝜔𝜃̇ +

1
2
𝑚𝑟"𝜔"

0I e)l. Ed> a%[8 6= ?>BP 01#2%3 61P.



,/ 563 1%03 '> ;>67 ;. 01P EI50: 6a>Y7 eX`V8 01#2%3 1%BO: 

;. e%7 a9[#O 6a>Y7 eX`V8 05 01#2%3 !h#$%& B%5'J7 I 1mR 
'`\,N E: ;. 01#2%3 !"#$%& ')(*+ ,%-#. !8 '96: !@#n*+ 6a>Y7 
eX`V8 56 05 01#2%3 '()*+ ,%-#. a9[P:  

𝑇 =
1
2
𝑚𝑣" =

1
2
𝑚𝒗. 𝒗

𝒗 = 𝑣) L𝒓 + 𝑣*M𝜽

𝑣) = 𝑟̇

𝑣* = 𝑟𝜃̇

𝒗 = 𝑟̇L𝒓 + 𝑟𝜃̇M𝜽

𝒗. 𝒗 = 𝑟̇" + 𝑟"𝜃̇"

𝑇 =
1
2
𝑚 𝑟̇" + 𝑟"𝜃̇"

6Z`#. 05 6,O 5Io ;%,\ !>6MA 
'(%!\ ;90



05 ,/ 01#2%3 p*> !#(%!\ 065,+:

𝒗 = 𝑢̇P𝒖 + 𝑤̇P𝒘

𝒗. 𝒗 = 𝑢̇" + 𝑤̇" + 2𝑢̇ 𝑤̇𝑐𝑜𝑠𝛼

𝑇 =
1
2
𝑚 𝑢̇, + 𝑤̇, + 2𝑢̇ 𝑤̇𝑐𝑜𝑠𝛼

𝑇 =
1
2
𝑚𝑢̇" +

1
2
𝑚𝑤̇" +𝑚𝑢̇ 𝑤̇𝑐𝑜𝑠𝛼



;>67 01#2%3 !#h>i:
𝑇 =

1
2
𝑚𝑣" =

1
2
𝑚𝒗. 𝒗

𝒗 = 𝑣) L𝒓 + 𝑣*M𝜽

𝑣) = 𝑟̇

𝑣* = 𝑟(𝜃̇ + 𝜔)

𝒗 = 𝑟̇L𝒓 + 𝑟 (𝜃̇ + 𝜔)M𝜽

𝒗. 𝒗 = 𝑟̇" + 𝑟"𝜃̇" + 2𝑟"𝜃̇𝜔 + 𝑟"𝜔"

𝑇 =
1
2
𝑚 𝑟̇" + 𝑟"𝜃̇" +𝑚𝑟"𝜃̇𝜔 +

1
2
𝑚𝑟"𝜔"

B. ;% a#*q. M`l8 ?%<N 6= '`\,N 01#2%3 B%5'J7 ;. 01#2%3 '()*+ ,%-#. 
1%=S%5 61P 



!"#!$% &'() *+ ,-% -! ./ 01!2 
!$ .345 !"'67 89:3/ ;2 "<:) => 
?'@) ,-% => A?) ;B-A

𝑇 =
1
2
𝑚 𝑥̇" + 𝑦̇" + 𝑧̇"

𝑝+ =
𝜕𝑇
𝜕𝑥̇

= 𝑚𝑥̇

𝑝, =
𝜕𝑇
𝜕𝑦̇

= 𝑚𝑦̇

𝑝- =
𝜕𝑇
𝜕𝑧̇

= 𝑚𝑧̇
;. c95 !V%;. 05 01#2%3 !"#$%& 
M_`8 05 ?%^ 1U9: L+ 
!8 '96: a9[P:

𝑇 =
1
2
𝑚 𝑟̇" + 𝑟"𝜃̇"𝑝) =

𝜕𝑇
𝜕𝑟̇

= 𝑚𝑟̇

𝑝* =
𝜕𝑇
𝜕𝜃̇

= 𝑚𝑟"𝜃̇  يا هیواز تکرح هزادنا دعب هک
دراد



;. c95 !V%;. 05 01#2%3 !"#$%& M_`8 05 ?%^ ?>BP L+ !8 '96: 
a9[P:

𝑇 =
1
2
𝑚 𝑟̇" + 𝑟"𝜃̇" +𝑚𝑟"𝜃̇𝜔 +

1
2
𝑚𝑟"𝜔"

𝑝) =
𝜕𝑇
𝜕𝑟̇

= 𝑚𝑟̇

𝑝* =
𝜕𝑇
𝜕𝜃̇

= 𝑚𝑟"𝜃̇ + 𝑚𝑟"𝜔 = 𝑚𝑟" 𝜃̇ + 𝜔



!" #$ %&' ()* +,-+./ 01(2 34567 89:;$ '+ <* 3&+= #$ >&'? .81 3418@ (1A

𝑝1 =
𝜕𝑇
𝜕𝑞̇1

𝑇 =
1
2:
&(!

#$

:
'(!

#$

𝐴&'𝑞̇&𝑞̇' +:
&(!

#$

𝐵&𝑞̇& + 𝑇)

𝑝' =
𝜕𝑇
𝜕𝑞̇'

=
1
2*
%&!

#$

*
)&!

#$

𝐴%)
𝜕𝑞̇%
𝜕𝑞̇'

𝑞̇) + 𝑞̇%
𝜕𝑞̇)
𝜕𝑞̇'

+*
%&!

#$

𝐵%
𝜕𝑞̇%
𝜕𝑞̇'

+ 0

𝑝' =
𝜕𝑇
𝜕𝑞̇'

=
1
2*
%&!

#$

*
)&!

#$

𝐴%) 𝛿%'𝑞̇) + 𝑞̇%𝛿)' +*
%&!

#$

𝐵%𝛿%'

𝑝' =
𝜕𝑇
𝜕𝑞̇'

=
1
2 *

%&!

#$

*
)&!

#$

𝐴%) 𝛿%'𝑞̇) +*
%&!

#$

*
)&!

#$

𝐴%) 𝑞̇%𝛿)' + 𝐵'

𝑝' =
𝜕𝑇
𝜕𝑞̇'

=
1
2 *

)&!

#$

𝐴') 𝑞̇) +*
%&!

#$

𝐴%'𝑞̇% + 𝐵'



𝑝% =
𝜕𝑇
𝜕𝑞̇%

=
1
2 :

'(!

#$

𝐴%' 𝑞̇' +:
&(!

#$

𝐴&%𝑞̇& + 𝐵%

𝑘 → 𝑙

𝑝% =
𝜕𝑇
𝜕𝑞̇%

=
1
2 :

'(!

#$

𝐴%' 𝑞̇' +:
'(!

#$

𝐴'%𝑞̇' + 𝐵%

𝑝% =
𝜕𝑇
𝜕𝑞̇%

=
1
2 2:

'(!

#$

𝐴%' 𝑞̇' + 𝐵% =:
'(!

#$

𝐴%' 𝑞̇' + 𝐵%

𝑖 → 𝑘

𝑝' =
𝜕𝑇
𝜕𝑞̇'

=V
(.!

$#

𝐴'(𝑞̇( + 𝐵'
!"#!$% &'() *+,-. /0123



!]%^: 6a\6=3 ?>BP '()*+ ,%-#. ,/ 453  05 01#2%3 !"#$%& M_`8 
05 ?%^ 1U9:

𝑝' =
𝜕𝑇
𝜕𝑞̇'

=V
(.!

$#

𝐴'(𝑞̇( + 𝐵'
𝐵1 = 0 𝑓𝑜𝑟 𝑘 = 1 & 2

𝑚 𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜃 + 𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜃 = 𝑚 = 𝐴!! 𝑚 −𝑟𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 + 𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 = 𝐴!" = 0

𝑚 −𝑟𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 + 𝑟𝑐𝑜𝑠𝑠𝑖𝑛𝜃 = 𝐴"!=0 𝑚 𝑟" sin" 𝜃 + 𝑟" cos" 𝜃 = 𝑚𝑟" = 𝐴""

𝑝! = 𝑝) = 𝐴!!𝑟̇ + 𝐵! = 𝑚𝑟̇

𝑝" = 𝑝* = 𝐴""𝜃̇ + 𝐵" = 𝑚𝑟"𝜃̇  تکرح هزادنا دعب هک
دراد يا هیواز

 يژرنا زا هدمآ تسد هب جیاتن اب هک
تسا راگزاس نکاس هاگتسد یلبق یشبنج



!]%^: 6a\6=3 ?>BP '()*+ ,%-#. ,/ 453  05 01#2%3 !"#$%& M_`8 
05 ?%^ ?>BP

𝑝' =
𝜕𝑇
𝜕𝑞̇'

=V
(.!

$#

𝐴'(𝑞̇( + 𝐵'

𝑚 = 𝐴!! 0 = 𝐴!" 0 = 𝐴"! 𝑚𝑟" = 𝐴"" 0 = 𝐵! 𝑚𝑟"𝜔 = 𝐵"

𝑝! = 𝑝) = 𝐴!!𝑟̇ + 𝐵! = 𝑚𝑟̇

𝑝! = 𝑝" = 𝐴!!𝜃̇ + 𝐵! = 𝑚𝑟!𝜃̇ + 𝑚𝑟!𝜔 = 𝑚𝑟! 𝜃̇ + 𝜔

 يژرنا زا هدمآ تسد هب جیاتن اب هک
تسا راگزاس راود هاگتسد یلبق یشبنج
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𝛿𝑊 =*
'&!

$

(𝐹'*𝛿𝑥' + 𝐹'+𝛿𝑦' + 𝐹',𝛿𝑧')

𝛿𝑥' = *
%&!

#$
𝜕𝑥'
𝜕𝑞%

𝛿𝑞%

𝛿𝑦' = *
%&!

#$
𝜕𝑦'
𝜕𝑞%

𝛿𝑞% 𝛿𝑧' = *
%&!

#$
𝜕𝑧'
𝜕𝑞%

𝛿𝑞%

𝛿𝑊 =*
'&!

$

*
%&!

#$

𝐹'*
𝜕𝑥'
𝜕𝑞%

+ 𝐹'+
𝜕𝑦'
𝜕𝑞%

+ 𝐹',
𝜕𝑧'
𝜕𝑞%

𝛿𝑞%

𝛿𝑊 = *
%&!

#$

*
'&!

$

𝐹'*
𝜕𝑥'
𝜕𝑞%

+ 𝐹'+
𝜕𝑦'
𝜕𝑞%

+ 𝐹',
𝜕𝑧'
𝜕𝑞%

𝛿𝑞%

𝛿𝑊 = *
%&!

#$

𝑄%𝛿𝑞%



𝛿𝑊 = *
%&!

#$

*
'&!

$

𝐹'*
𝜕𝑥'
𝜕𝑞%

+ 𝐹'+
𝜕𝑦'
𝜕𝑞%

+ 𝐹',
𝜕𝑧'
𝜕𝑞%

𝛿𝑞%

𝛿𝑊 = *
%&!

#$

𝑄%𝛿𝑞%

𝑄% =*
'&!

$

𝐹'*
𝜕𝑥'
𝜕𝑞%

+ 𝐹'+
𝜕𝑦'
𝜕𝑞%

+ 𝐹',
𝜕𝑧'
𝜕𝑞%

a*>I7 '()*+ ,%-#.

𝛿𝑊 = *
%&!

#$

𝛿𝑊%

𝛿𝑊% = 𝑄%𝛿𝑞%



6S> a*>IL%7 I650 ;> 456& 56 ;#96: 6= ,/ 6a>Y7 Q#%a@*N d%5e8 ;. 
01P EI50g Ea2%305 01#2%3 !"#$%& B%5'>7 d96L*+ 06[P:

𝛿𝑊 = −𝛿𝑉 𝑥!, … , 𝑧$ = −*
'&!

$
𝜕𝑉
𝜕𝑥'

𝛿𝑥' +
𝜕𝑉
𝜕𝑦'

𝛿𝑦' +
𝜕𝑉
𝜕𝑧'

𝛿𝑧'

05 01#2%3 !"#$%& '()*+ ,%-#. d96L*+ 06[P:

𝛿𝑊 = −𝛿𝑉 𝑥!, … , 𝑧$ = −*
%&!

#$
𝜕𝑉
𝜕𝑞%

𝛿𝑞%

B. 6= !n%,@. ;%
𝛿𝑊 = *

%&!

#$

𝑄%𝛿𝑞%

d96L*+ 06[P𝑄% = −
𝜕𝑉
𝜕𝑞%



𝑄% = −
𝜕𝑉
𝜕𝑞%

+8B '+#C$ '+ D5EF6B <* 3&+= #$ >&'? .81 #$ AG2 HI'A

𝜕𝑉
𝜕𝑞%

=*
'&!

$
𝜕𝑉
𝜕𝑥'

𝜕𝑥'
𝜕𝑞%

+
𝜕𝑉
𝜕𝑦'

𝜕𝑦'
𝜕𝑞%

+
𝜕𝑉
𝜕𝑧'

𝜕𝑧'
𝜕𝑞%

𝜕𝑉
𝜕𝑞%

= −*
'&!

$

𝐹'*
𝜕𝑥'
𝜕𝑞%

+ 𝐹'+
𝜕𝑦'
𝜕𝑞%

+ 𝐹',
𝜕𝑧'
𝜕𝑞%

𝜕𝑉
𝜕𝑞%

= −𝑄%



#$ JF&+= <K9L <* 3&+= ,61IM 34567 89:;$ A' AG;N9/ <O;P9? QCR* I+'A #1 8S 
T'/ #$ >&'? .81 #$ AG2 HI'A  

𝑭 = M𝒙𝐹* + M𝒚𝐹+ = P𝒓𝐹- + R𝜽𝐹.

𝑄% =*
'&!

$

𝐹'*
𝜕𝑥'
𝜕𝑞%

+ 𝐹'+
𝜕𝑦'
𝜕𝑞%

+ 𝐹',
𝜕𝑧'
𝜕𝑞%

𝑄- = 𝐹*
𝜕𝑥
𝜕𝑟 + 𝐹+

𝜕𝑦
𝜕𝑟

𝑥 = 𝑟𝑐𝑜𝑠𝜃 𝑦 = 𝑟𝑠𝑖𝑛𝜃
𝜕𝑥
𝜕𝑟

= 𝑐𝑜𝑠𝜃
𝜕𝑦
𝜕𝑟

= 𝑠𝑖𝑛𝜃

𝑄- = 𝐹*𝑐𝑜𝑠𝜃 + 𝐹+𝑠𝑖𝑛𝜃 = 𝐹-

𝑄. = 𝐹*
𝜕𝑥
𝜕𝜃 + 𝐹+

𝜕𝑦
𝜕𝜃

𝜕𝑥
𝜕𝜃 = −𝑟𝑠𝑖𝑛𝜃

𝜕𝑦
𝜕𝜃

= 𝑟𝑐𝑜𝑠𝜃 𝑄. = −𝑟𝐹*𝑠𝑖𝑛𝜃 + 𝑟𝐹+𝑐𝑜𝑠𝜃 = 𝑟𝐹.



𝑄- = 𝐹*𝑐𝑜𝑠𝜃 + 𝐹+𝑠𝑖𝑛𝜃 = 𝐹-

<U0V$ <* (F67 ($ ,61IM 34567 89:;$ :&W X6YM ZY <&[\$ ,61I A' '+G;9M 
]49J* ,6^2

𝑄. = −𝑟𝐹*𝑠𝑖𝑛𝜃 + 𝑟𝐹+𝑐𝑜𝑠𝜃 = 𝑟𝐹.

A' 09[* ($ ,61IM 34567 89:;$ :&W _`;9I' ,61IM I+'A #1 T'/ +G2

84F* [YI<* ,-+'A ($ I+0- ,61IM 34567 89:;$ 0;59 ,6&3&= #9]- 

𝑭 = M𝒙𝐹* + M𝒚𝐹+ = P𝒓𝐹- + R𝜽𝐹. −𝐹*𝑠𝑖𝑛𝜃 + 𝐹+𝑐𝑜𝑠𝜃 = 𝐹.

𝑭 = P𝒓(𝐹*𝑐𝑜𝑠𝜃 + 𝐹+𝑠𝑖𝑛𝜃) + R𝜽(−𝐹*𝑠𝑖𝑛𝜃 + 𝐹+𝑐𝑜𝑠𝜃)

𝐹 = 𝐹*𝑐𝑜𝑠𝜃 + 𝐹+𝑠𝑖𝑛𝜃
" + −𝐹*𝑠𝑖𝑛𝜃 + 𝐹+𝑐𝑜𝑠𝜃

"



𝐹 = 𝐹R𝑐𝑜𝑠𝜃 + 𝐹S𝑠𝑖𝑛𝜃
,
+ −𝐹R𝑠𝑖𝑛𝜃 + 𝐹S𝑐𝑜𝑠𝜃

,

𝐹 = 𝐹#𝑐𝑜𝑠𝜃 " + 𝐹$𝑠𝑖𝑛𝜃
" + 2𝐹#𝐹$𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 + 𝐹#𝑠𝑖𝑛𝜃 " + 𝐹$𝑐𝑜𝑠𝜃

" − 2𝐹#𝐹$𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃

𝐹 = 𝐹R, cos, 𝜃 + sin, 𝜃 + 𝐹S, cos, 𝜃 + sin, 𝜃

𝐹 = 𝐹R, + 𝐹S,


