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𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇!

−
𝜕𝐿
𝜕𝑞!

= 0

if 𝐿 ≠ 𝐿(𝑞!)
𝜕𝐿
𝜕𝑞!

= 0

𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇!

= 0

𝜕𝐿
𝜕𝑞̇!

= 𝑝!

𝑑𝑝!
𝑑𝑡

= 0𝑝! = 𝑐𝑡𝑒.
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𝑇 =
1
2
.
!#$

%&

.
'#$

%&

𝐴!'𝑞̇!𝑞̇' +.
!#$

%&

𝐵!𝑞̇! + 𝑇( = 𝑇) + 𝑇$ + 𝑇(

*
!"#

$

𝑚!
𝜕𝑥!
𝜕𝑞%

𝜕𝑥!
𝜕𝑞&

+
𝜕𝑦!
𝜕𝑞%

𝜕𝑦!
𝜕𝑞&

+
𝜕𝑧!
𝜕𝑞%

𝜕𝑧!
𝜕𝑞&

= 𝐴%&

*
!"#

$

𝑚!
𝜕𝑥!
𝜕𝑞%

𝜕𝑥!
𝜕𝑡

+
𝜕𝑦!
𝜕𝑞%

𝜕𝑦!
𝜕𝑡

+
𝜕𝑧!
𝜕𝑞%

𝜕𝑧!
𝜕𝑡

= 𝐵%

1
2
*
!"#

$

𝑚!
𝜕𝑥!
𝜕𝑡

'
+

𝜕𝑦!
𝜕𝑡

'
+

𝜕𝑧!
𝜕𝑡

'
= 𝑇(

5>$O"?+P$Q"8!"#* 𝑇( = 0

𝐵% = 0 𝑇# = 0
𝑇 = 𝑇'

𝑇 =
1
2
.
!#$

%&

.
'#$

%&

𝐴!'𝑞̇!𝑞̇'



𝑇 =
1
2
.
!#$

%&

.
'#$

%&

𝐴!'𝑞̇!𝑞̇' 𝑝! =
𝜕𝑇
𝜕𝑞̇!

=1
"#$

%&

𝐴!"𝑞̇"

!
!"#

$%

𝑞̇!
𝜕𝑇
𝜕𝑞̇!

= !
!"#

$%

𝑞̇!!
&"#

$%

𝐴!&𝑞̇& = !
!"#

$%

!
&"#

$%

𝐴!&𝑞̇!𝑞̇& = 2𝑇

𝐿 = 𝑇 − 𝑉 = 𝑇' − 𝑉

!
!"#

$%

𝑞̇!
𝜕𝑇
𝜕𝑞̇!

− 𝐿 = 2𝑇 − 𝑇 − 𝑉 = 2𝑇 − 𝑇 + 𝑉 = 𝑇 + 𝑉 = 𝐸

𝑑
𝑑𝑡 !

!"#

$%

𝑞̇!
𝜕𝑇
𝜕𝑞̇!

− 𝐿 =
𝑑𝐸
𝑑𝑡

𝑉 ≠ 𝑓(𝑞̇!)

𝑑
𝑑𝑡 !

!"#

$%

𝑞̇!
𝜕𝐿
𝜕𝑞̇!

− 𝐿 =
𝑑𝐸
𝑑𝑡



𝑑
𝑑𝑡 !

!"#

$%

𝑞̇!
𝜕𝐿
𝜕𝑞̇!

− 𝐿 =
𝑑𝐸
𝑑𝑡

!
!"#

$%

𝑞̈!
𝜕𝐿
𝜕𝑞̇!

+ 𝑞̇!
𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇!

−
𝑑𝐿
𝑑𝑡 =

𝑑𝐸
𝑑𝑡

𝐿 = 𝑓(𝑞! , 𝑞̇! , 𝑡)

𝑑𝐿 = !
!"#

$%
𝜕𝐿
𝜕𝑞!

𝑑𝑞! +
𝜕𝐿
𝜕𝑞̇!

𝑑𝑞̇! +
𝜕𝐿
𝜕𝑡 𝑑𝑡

𝑑𝐿
𝑑𝑡 = !

!"#

$%
𝜕𝐿
𝜕𝑞!

𝑞̇! +
𝜕𝐿
𝜕𝑞̇!

𝑞̈! +
𝜕𝐿
𝜕𝑡

!
!"#

$%

𝑞̈!
𝜕𝐿
𝜕𝑞̇!

+ 𝑞̇!
𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇!

−!
!"#

$%
𝜕𝐿
𝜕𝑞!

𝑞̇! +
𝜕𝐿
𝜕𝑞̇!

𝑞̈! −
𝜕𝐿
𝜕𝑡

=
𝑑𝐸
𝑑𝑡



!
!"#

$%

𝑞̈!
𝜕𝐿
𝜕𝑞̇!

+ 𝑞̇!
𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇!

−
𝜕𝐿
𝜕𝑞!

𝑞̇! −
𝜕𝐿
𝜕𝑞̇!

𝑞̈! −
𝜕𝐿
𝜕𝑡

=
𝑑𝐸
𝑑𝑡

!
!"#

$%

𝑞̇!
𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇!

−
𝜕𝐿
𝜕𝑞!

𝑞̇! −
𝜕𝐿
𝜕𝑡 =

𝑑𝐸
𝑑𝑡

!
!"#

$%

𝑞̇!
𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇!

−
𝜕𝐿
𝜕𝑞!

−
𝜕𝐿
𝜕𝑡 =

𝑑𝐸
𝑑𝑡

𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇!

−
𝜕𝐿
𝜕𝑞!

= 0
−
𝜕𝐿
𝜕𝑡

=
𝑑𝐸
𝑑𝑡

if 𝐿 ≠ 𝑓(𝑡) 𝜕𝐿
𝜕𝑡 = 0 −

𝜕𝐿
𝜕𝑡 =

𝑑𝐸
𝑑𝑡 = 0

)=/S"A
T";,A#U"
4;(R&4>*





V9;W)(9&𝑇 =
1
2
𝑚𝑣' =

1
2
𝑚𝒗. 𝒗

𝑇 =
1
2
𝑚 𝑟̇! + 𝑟!𝜃̇! + 𝑟!𝑠𝑖𝑛!𝜃𝜑̇!

𝑟 = 𝑅 = cte. 𝑟̇ = 0

𝑇 =
1
2𝑚 𝑅!𝜃̇! + 𝑅!𝑠𝑖𝑛!𝜃𝜑̇!

𝑉 = 𝑚𝑔𝑅 cos 𝜃

𝐿 = 𝑇 − 𝑉

𝐿 =
1
2
𝑚 𝑅!𝜃̇! + 𝑅!𝑠𝑖𝑛!𝜃𝜑̇! −𝑚𝑔𝑅 cos 𝜃

𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇

−
𝜕𝐿
𝜕𝑞

= 0

𝜕𝐿
𝜕𝜃̇

= 𝑚𝑅'𝜃̇
𝑑
𝑑𝑡

𝜕𝐿
𝜕𝜃̇

= 𝑚𝑅'𝜃̈

𝜕𝐿
𝜕𝜃 = 𝑚𝑅!𝜑̇! sin 𝜃 cos 𝜃 + 𝑚𝑔𝑅 sin 𝜃

𝑚𝑅!𝜃̈ − 𝑚𝑅!𝜑̇! sin 𝜃 cos 𝜃 − 𝑚𝑔𝑅 sin 𝜃 = 0



𝐿 =
1
2𝑚 𝑅!𝜃̇! + 𝑅!𝑠𝑖𝑛!𝜃𝜑̇! −𝑚𝑔𝑅 cos 𝜃

𝜕𝐿
𝜕𝜑̇

= 𝑚𝑅!𝜑̇𝑠𝑖𝑛!𝜃

𝑑
𝑑𝑡

𝜕𝐿
𝜕𝜑̇ =

𝑑
𝑑𝑡 𝑚𝑅'𝜑̇𝑠𝑖𝑛'𝜃 = 𝑚𝑅'𝜑̈𝑠𝑖𝑛'𝜃 + 𝑚𝑅'𝜑̇𝜃̇ sin 2𝜃

𝜕𝐿
𝜕𝜑

= 0

𝑑
𝑑𝑡

𝜕𝐿
𝜕𝜑̇

−
𝜕𝐿
𝜕𝜑

= 0
𝑑
𝑑𝑡

𝜕𝐿
𝜕𝜑̇

− 0 = 0
𝑑
𝑑𝑡

𝜕𝐿
𝜕𝜑̇

= 0 𝜕𝐿
𝜕𝜑̇

= 𝑝"

𝑑𝑝"
𝑑𝑡 = 0

𝑝" = cte.

𝑑
𝑑𝑡

𝜕𝐿
𝜕𝜑̇

−
𝜕𝐿
𝜕𝜑

= 0 =
𝑑
𝑑𝑡

𝑚𝑅0𝜑̇𝑠𝑖𝑛0𝜃 − 0 =
𝑑
𝑑𝑡

𝑚𝑅0𝜑̇𝑠𝑖𝑛0𝜃 =
𝑑𝑝1
𝑑𝑡

𝑚𝑅!𝜑̇𝑠𝑖𝑛!𝜃 = 𝑝"

𝜑̇ = D2
EF3GHI3J



if 𝐿 ≠ 𝑓(𝑡) 𝜕𝐿
𝜕𝑡

= 0 −
𝜕𝐿
𝜕𝑡

=
𝑑𝐸
𝑑𝑡

= 0

𝑑
𝑑𝑡 !

!"#

$%

𝑞̇!
𝜕𝐿
𝜕𝑞̇!

− 𝐿 =
𝑑𝐸
𝑑𝑡 = 0 !

!"#

$%

𝑞̇!
𝜕𝐿
𝜕𝑞̇!

− 𝐿 = 𝐸 = 𝑐𝑡𝑒.

𝜃̇
𝜕𝐿
𝜕𝜃̇

+ 𝜑̇
𝜕𝐿
𝜕𝜑̇ − 𝐿 = 𝐸 = 𝑐𝑡𝑒.

𝜃̇ 𝑚𝑅!𝜃̇ + 𝜑̇ 𝑚𝑅!𝜑̇𝑠𝑖𝑛!𝜃 −
1
2
𝑚 𝑅!𝜃̇! + 𝑅!𝑠𝑖𝑛!𝜃𝜑̇! −𝑚𝑔𝑅 cos 𝜃 = 𝐸 = 𝑐𝑡𝑒.

1
2
𝑚𝑅!𝜃̇! +

1
2
𝑚𝑅!𝑠𝑖𝑛!𝜃𝜑̇! +𝑚𝑔𝑅 cos 𝜃 = 𝑇 + 𝑉 = 𝐸 = 𝑐𝑡𝑒.



1
2
𝑚𝑅!𝜃̇! +

1
2
𝑚𝑅!𝑠𝑖𝑛!𝜃𝜑̇! +𝑚𝑔𝑅 cos 𝜃 = 𝐸

𝜑̇ = D2
EF3GHI3J

1
2
𝑚𝑅!𝜃̇! +

1
2
𝑚𝑅!𝑠𝑖𝑛!𝜃

𝑝)
𝑚𝑅'𝑠𝑖𝑛'𝜃

!
+𝑚𝑔𝑅 cos 𝜃 = 𝐸

1
2𝑚𝑅

:𝜃̇: +
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃 +𝑚𝑔𝑅 cos 𝜃 = 𝐸

′𝑉< 𝜃 =
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃 +𝑚𝑔𝑅 cos 𝜃

1
2
𝑚𝑅:𝜃̇: + ′𝑉< 𝜃 = 𝐸

1
2𝑚𝑅

:𝜃̇: ≥ 0 𝐸 ≥ ′𝑉< 𝜃



′𝑉< 𝜃 =
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃
+𝑚𝑔𝑅 cos 𝜃

′𝑉" 𝜃 =
1
2

𝑝#!

𝑚𝑅!𝑠𝑖𝑛!𝜃
+ 𝑚𝑔𝑅 cos 𝜃

p; = 0 → ′𝑉< 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉 " 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉"$%& 𝜋 = −𝑚𝑔𝑅

′𝑉
" $
$
'(
0
=
𝑚
𝑔𝑅

𝐸 = −𝑚𝑔𝑅

If 𝑝# = 0 & 𝐸 = −𝑚𝑔𝑅 ⇒
1
2
𝑚𝑅!𝜃̇! + 0 +𝑚𝑔𝑅 cos 𝜋 = 𝐸

= −𝑚𝑔𝑅 ⇒ 𝜃̇ = 0 ⇒ at rest at 𝜃 = 𝜋

−𝑚𝑔𝑅 < 𝐸 < 𝑚𝑔𝑅

𝐸 > 𝑚𝑔𝑅

𝜃 = 0 𝜃 = 𝜋′𝑉"$%& 𝜃)

𝜃

′𝑉! 𝜃

−
𝜋
2

0 𝜋
2

𝜋

2𝜋

3𝜋
2



′𝑉< 𝜃 =
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃
+𝑚𝑔𝑅 cos 𝜃

′𝑉" 𝜃 =
1
2

𝑝#!

𝑚𝑅!𝑠𝑖𝑛!𝜃
+ 𝑚𝑔𝑅 cos 𝜃

p; = 0 → ′𝑉< 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉 " 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉"$%& 𝜋 = −𝑚𝑔𝑅

′𝑉
" $
$
'(
0
=
𝑚
𝑔𝑅

𝐸 = −𝑚𝑔𝑅

−𝑚𝑔𝑅 < 𝐸 < 𝑚𝑔𝑅

𝐸 > 𝑚𝑔𝑅

𝜃 = 0 𝜃 = 𝜋′𝑉"$%& 𝜃)

If 𝑝" = 0 & −𝑚𝑔𝑅 < 𝐸 < 0
⇒ Ossilation about 𝜃 = 𝜋 from 𝜋 − 𝛼 𝑡𝑜 𝜋 + 𝛼

𝜃

′𝑉! 𝜃

−
𝜋
2

0 𝜋
2

𝜋

2𝜋

3𝜋
2

𝜃"𝜃#

𝛼 𝛼

𝜃* = 𝜋 − 𝛼 < 𝜃! = 𝜋 + 𝛼

𝜃* + 𝜃!
2 = 𝜋

0 < 𝛼 <
𝜋
2



′𝑉< 𝜃 =
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃
+𝑚𝑔𝑅 cos 𝜃

′𝑉" 𝜃 =
1
2

𝑝#!

𝑚𝑅!𝑠𝑖𝑛!𝜃
+ 𝑚𝑔𝑅 cos 𝜃

p; = 0 → ′𝑉< 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉 " 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉"$%& 𝜋 = −𝑚𝑔𝑅

′𝑉
" $
$
'(
0
=
𝑚
𝑔𝑅

𝐸 = −𝑚𝑔𝑅

−𝑚𝑔𝑅 < 𝐸 < 𝑚𝑔𝑅

𝐸 > 𝑚𝑔𝑅

𝜃 = 0 𝜃 = 𝜋′𝑉"$%& 𝜃)

If 𝑝" = 0 &𝐸 = 0 ⇒ Ossilation about

𝜃 = 𝜋 from 𝜋 −
𝜋
2
𝑡𝑜 𝜋 +

𝜋
2

𝜃

′𝑉! 𝜃

−
𝜋
2

0 𝜋
2

𝜋

2𝜋

3𝜋
2

𝜃"𝜃#

𝛼 =
𝜋
2

𝛼 =
𝜋
2

𝜃* = 𝜋 −
𝜋
2 < 𝜃! = 𝜋 +

𝜋
2

𝜃* + 𝜃!
2 = 𝜋



′𝑉< 𝜃 =
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃
+𝑚𝑔𝑅 cos 𝜃

′𝑉" 𝜃 =
1
2

𝑝#!

𝑚𝑅!𝑠𝑖𝑛!𝜃
+ 𝑚𝑔𝑅 cos 𝜃

p; = 0 → ′𝑉< 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉 " 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉"$%& 𝜋 = −𝑚𝑔𝑅

′𝑉
" $
$
'(
0
=
𝑚
𝑔𝑅

𝐸 = −𝑚𝑔𝑅

−𝑚𝑔𝑅 < 𝐸 < 𝑚𝑔𝑅

𝐸 > 𝑚𝑔𝑅

𝜃 = 0 𝜃 = 𝜋′𝑉"$%& 𝜃)

If 𝑝" = 0 &0 < 𝐸 < 𝑚𝑔𝑅 ⇒ Ossilation about
𝜃 = 𝜋 from 𝜋 − 𝛼 𝑡𝑜 𝜋 + 𝛼

𝜃

′𝑉! 𝜃

−
𝜋
2

0 𝜋
2

𝜋

2𝜋

3𝜋
2

𝜃"𝜃#

𝜃* = 𝜋 − 𝛼 < 𝜃! = 𝜋 + 𝛼
𝜃* + 𝜃!
2

= 𝜋

3𝜋
2
< 𝛼 <

𝜋
2



′𝑉< 𝜃 =
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃
+𝑚𝑔𝑅 cos 𝜃

′𝑉" 𝜃 =
1
2

𝑝#!

𝑚𝑅!𝑠𝑖𝑛!𝜃
+ 𝑚𝑔𝑅 cos 𝜃

p; = 0 → ′𝑉< 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉 " 𝜃 = 𝑚𝑔𝑅 cos 𝜃

′𝑉"$%& 𝜋 = −𝑚𝑔𝑅

′𝑉
" $
$
'(
0
=
𝑚
𝑔𝑅

𝐸 = −𝑚𝑔𝑅

−𝑚𝑔𝑅 < 𝐸 < 𝑚𝑔𝑅

𝐸 > 𝑚𝑔𝑅

𝜃 = 0 𝜃 = 𝜋′𝑉"$%& 𝜃)

If 𝑝" = 0 &𝐸 > 𝑚𝑔𝑅 ⇒ Rotate around a circle
from𝜃 = 0 𝑡𝑜 2𝜋

𝜃

′𝑉! 𝜃

−
𝜋
2

0 𝜋
2

𝜋

3𝜋
2

𝑇ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑡𝑢𝑟𝑛𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡𝑠
𝜃* & 𝜃!



′𝑉" 𝜃 =
1
2

𝑝#!

𝑚𝑅!𝑠𝑖𝑛!𝜃
+ 𝑚𝑔𝑅 cos 𝜃

𝐸 > 𝑚𝑔𝑅

𝜃 = 𝜋′𝑉"$%& 𝜃)𝜃 = 0

′𝑉< 𝜃 =
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃
+𝑚𝑔𝑅 cos 𝜃

If 𝑝$ ≠ 0 & 𝐸 > 𝑚𝑔𝑅
→ no longer a simple pendulum

If 𝑝$ ≠ 0 &′𝑉!%&'
𝜋
2 < 𝜃( < 𝜋

=
1
2

𝑝$"

𝑚𝑅"𝑠𝑖𝑛"𝜃(
+𝑚𝑔𝑅 cos 𝜃(

If 𝑝$ ≠ 0 ⇒ lim
)→(

′𝑉! 𝜃 → ∞

If 𝑝$ ≠ 0 ⇒ lim
)→+

′𝑉! 𝜃 → ∞

If 𝑝! ≫ 1 ⇒ ′𝑉" 𝜃 ≈
1
2

𝑝!#

𝑚𝑅#𝑠𝑖𝑛#𝜃

⇒
𝑑′𝑉" 𝜃
𝑑𝜃 ≈ −

𝑝!# cos 𝜃
𝑚𝑅#𝑠𝑖𝑛$𝜃 = 0 ⇒ 𝜃% →

𝜋
2

!"#$%&'()'!*𝑝#+𝜃%,-./𝜽𝟎 =
9
!0120$

3#456789:/;'5!,𝜃)<5=!>?'!@A%,
B"&C𝑅D@3/0$3#4



𝜋
2 < 𝜃( < 𝜋 ⇒ cos 𝜃( < 0 ⇒ ′𝑉CDEF 𝜃( =

1
2

𝑝)'

𝑚𝑅'𝑠𝑖𝑛'𝜃(
+𝑚𝑔𝑅 cos 𝜃(

#X"#(4CL#"4YZ4C0𝑝\9+<D)(5A𝜃(#=>S*]
)

)S<X=[$";B<D
+,!(′𝑉^_`a 𝜃(4YZ4C0+EC"#3



𝐸 = ′𝑉"$%& 𝜃) !"#"$%&!"#'()*+,-.-!"/0
!12(3$456427𝑅 sin 𝜃N89:
;<9.=4">-*.!?;&'%@-.
84A&'(24;<9.=4">B!*"(
6427𝜃N.!C4DE(!C71

2
𝑚𝑅"𝜃̇" +

1
2
𝑚𝑅"𝑠𝑖𝑛"𝜃𝜑̇" +𝑚𝑔𝑅 cos 𝜃 = 𝐸

If 𝐸 = ′𝑉)*+, 𝜃- ⇒
1
2
𝑚𝑅! S𝜃̇!

./.&
+
1
2

𝑝"!

𝑚𝑅!𝑠𝑖𝑛!𝜃-
+𝑚𝑔𝑅 cos 𝜃- = 𝐸

=
1
2

𝑝"!

𝑚𝑅!𝑠𝑖𝑛!𝜃-
+𝑚𝑔𝑅 cos 𝜃- ⇒

1
2
𝑚𝑅! S𝜃̇!

./.&
= 0 ⇒ S𝜃̇

./.&
= 0 ⇒ 𝜃 = 𝜃- = 𝑐𝑡𝑒.

⇒ but since 𝑝" ≠ 0, then the object is not at rest and has a circular motion



If 𝐸 > ′𝑉QRST 𝜃N

𝐸 > ′𝑉CDEF 𝜃(

𝜃# 𝜃'

V;O"?𝜃(#<LG94C"&#(IM*𝜃$9𝜃);,>"A
+E)X35:'"HE)=V9;W',\+],:T"C^
59:4A+E)X3



1
2𝑚𝑅

:𝜃̇: +
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃 +𝑚𝑔𝑅 cos 𝜃 = 𝐸

+2"5H=Y,_:4;SE1,4A#=K,:81]`<`E#('B.1,4#a+U3+"1E'D
)(59G49C=𝜃(𝑡):4#=K,:81"#2E4GG+"A#=5>*V9:5
4+"+E1,4AVA:4#")"+b<,1(@c<=>"G&)(5.#(4&4CL+Xd,:+E
1,4A4G["C$,A4>$F"5?)(5.
4Hc$=+E1,4A'()"8>"5?54C(?4&91U(Cc"54C(?4&:4#=e,:
1]`<`E'D)(5

′𝑉< 𝜃 =
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃 +𝑚𝑔𝑅 cos 𝜃

H
d′𝑉N 𝜃
d𝜃 O"O,

= −
𝑝PQ cos 𝜃R
𝑚𝑅Q𝑠𝑖𝑛$𝜃R

−𝑚𝑔𝑅 sin 𝜃R = 0



𝐸 = ′𝑉"$%& 𝜃)

E
d′𝑉Q 𝜃
d𝜃 UVU0

= −
𝑝"! cos 𝜃N
𝑚𝑅!𝑠𝑖𝑛W𝜃N

−𝑚𝑔𝑅 sin 𝜃N = 0

𝜑̇ = D2
EF3GHI3J

𝜑̇𝑚𝑅!𝑠𝑖𝑛!𝜃 ! cos 𝜃N
𝑚𝑅!𝑠𝑖𝑛W𝜃N

= −𝑚𝑔𝑅 sin 𝜃N

𝜑̇ !𝑅 𝑐𝑜𝑠 𝜃N = −𝑔

𝜑̇! =
𝑔
𝑅

1
(−cos 𝜃N)



1
2
𝑚𝑅!𝜃̇! +

1
2
𝑚𝑅!𝑠𝑖𝑛!𝜃𝜑̇! +𝑚𝑔𝑅 cos 𝜃 = 𝐸

𝜑̇! = −
𝑔
𝑅

1
cos 𝜃N

if 𝜃 = 𝜃N ⇒ 𝜃̇ = 0 & 𝐸 = 𝐸N

−
1
2𝑚𝑅

!sin!𝜃N
𝑔
𝑅

1
cos 𝜃N

+𝑚𝑔𝑅 cos 𝜃N = 𝐸N

−
1
2
𝑚𝑔𝑅

sin!𝜃N
cos 𝜃N

+𝑚𝑔𝑅 𝑐𝑜𝑠 𝜃N = 𝐸N

1
2𝑚𝑔𝑅 −

sin!𝜃N
cos 𝜃N

+ 2 cos 𝜃N = 𝐸N

1
2
𝑚𝑔𝑅

−sin!𝜃N + 2 cos! 𝜃N
cos 𝜃N

= 𝐸N

1
2
𝑚𝑔𝑅

−sin!𝜃N + 2 1 − sin!𝜃N
cos 𝜃N

= 𝐸N



1
2
𝑚𝑔𝑅

−sin!𝜃N + 2 − 2sin!𝜃N
cos 𝜃N

= 𝐸N

𝐸N =
1
2
𝑚𝑔𝑅

2 − 3sin!𝜃N
cos 𝜃N

+2"5H=4;(R&#(4&'()*54C(?
4&CfX,4g*5:G49C=𝜃(

#(4&/(4;(R&𝐸9CN𝑝\
≠ 0'()*;,>";E>"5?

;<B*h4+"#(4&CN
4;(R&𝐸4;3)E#Z:I$(4G

𝐸(9CN𝑝\ ≠ 0+2<L59
;Ui=#(IM*𝜃$9𝜃)
9-,554:;3h)=#<LV;%"9
',\𝜃(CN'()*
;,>";E>"5?4;6"j+E@,5

𝐸 > 𝐸)

𝜃 = 𝜃* 𝜃 = 𝜃!



:درادیناسونتکرح2هرذ
یکیو𝜃هیوازهبتبسنیکی
هیوازتعرس.𝜑هیوازهبتبسن
هداسیناسونتکرحنیايا
هبناوتیمار𝜃هیوازهبتبسن
:درکهبساحمریزتروص

𝜔 =
𝑘
𝐼 =

𝑑"′𝑉′
𝑑𝜃" )-)&

𝐼

′𝑉! 𝜃 =
1
2

𝑝$"

𝑚𝑅"𝑠𝑖𝑛"𝜃 + 𝑚𝑔𝑅 cos 𝜃

d′𝑉! 𝜃
d𝜃 = −

𝑝$" cos 𝜃
𝑚𝑅"𝑠𝑖𝑛.𝜃 − 𝑚𝑔𝑅 sin 𝜃

𝑑"′𝑉′
𝑑𝜃" =

𝑝$" sin 𝜃
𝑚𝑅"𝑠𝑖𝑛.𝜃 + 3 cos 𝜃

𝑝$" cos 𝜃
𝑚𝑅"𝑠𝑖𝑛/𝜃 − 𝑚𝑔𝑅 cos 𝜃

\
d′𝑉! 𝜃
d𝜃 )-)&

= −
𝑝$" cos 𝜃(
𝑚𝑅"𝑠𝑖𝑛.𝜃(

−𝑚𝑔𝑅 sin 𝜃( = 0

𝑝$" cos 𝜃(
𝑚𝑅"𝑠𝑖𝑛.𝜃(

= −𝑚𝑔𝑅 sin 𝜃(

𝑘 =
𝑑'′𝑉′
𝑑𝜃' G"G:

=
𝑝)' sin 𝜃(
𝑚𝑅'𝑠𝑖𝑛H𝜃(

+ 3
𝑝)' cos' 𝜃(
𝑚𝑅'𝑠𝑖𝑛I𝜃(

−𝑚𝑔𝑅 cos 𝜃(

= −
𝑚𝑔𝑅 sin' 𝜃(
cos 𝜃(

− 3𝑚𝑔𝑅 cos 𝜃( −𝑚𝑔𝑅 cos 𝜃(

= −
𝑚𝑔𝑅 (1 − cos' 𝜃()

cos 𝜃(
− 4𝑚𝑔𝑅 cos 𝜃( = −

𝑚𝑔𝑅
cos 𝜃(

+𝑚𝑔𝑅 cos 𝜃(

− 4𝑚𝑔𝑅 cos 𝜃( = −
𝑚𝑔𝑅
cos 𝜃(

− 3𝑚𝑔𝑅 cos 𝜃( = −
𝑚𝑔𝑅
cos 𝜃(

1 + 3 cos' 𝜃(



𝜔 =
𝑘
𝐼

𝐼 = 𝑚𝑅" 𝜔" =
𝑘

𝑚𝑅" 𝜔! =
𝑘

𝑚𝑅!
=
𝑔
𝑅
1 + 3 cos! 𝜃N
−cos 𝜃N

%!D='><)@P-)$.'=QR𝜃.-P'S<2%T!J%+𝜃̇ = 𝜔.-='><
B%!'9%+!U#@%?<=@VF1@C𝑧.-P'S<2%T!J%+𝜑̇,'>WRF$4@B

𝜑̇! = −
𝑔
𝑅

1
cos 𝜃N

!"#$%&'($)*+,-.𝜃/(+01
2345637𝜑̇3&89:;<==+>:
9"8/3>$>:;'3)?)@3;A+5B$
C$*1D@&E+F+G1.32>A$5-6
35HD4(+012345637
I'3!=JD3K1:

𝜑̇!

𝜔!
=

−𝑔𝑅
1

cos 𝜃N
𝑔
𝑅
1 + 3 cos! 𝜃N
−cos 𝜃N

=
1

1 + 3 cos! 𝜃N

𝜃N >
𝜋
2
⇒

1
1 + 3 cos! 𝜃N

< 1 ⇒
𝜑̇!

𝜔!
< 1 ⇒ 𝜔 > 𝜑̇

T%!D.5%XF"#$%P<>J7T)Y=WD='><B%!'9%+.J.-(TZ-!WD
F$[#85



′𝑉< 𝜃 =
1
2

𝑝;:

𝑚𝑅:𝑠𝑖𝑛:𝜃 +𝑚𝑔𝑅 cos 𝜃

If 𝑝) ≫ 1 ⇒ ′𝑉C 𝜃 ≈
1
2

𝑝)'

𝑚𝑅'𝑠𝑖𝑛'𝜃
⇒
𝑑′𝑉C 𝜃
𝑑𝜃

≈ −
𝑝)' cos 𝜃
𝑚𝑅'𝑠𝑖𝑛H𝜃

= 0 ⇒ 𝜃( →
𝜋
2

⇒
𝜑̇'

𝜔'
=

1
1 + 3 cos' 𝜃(

=
1

1 + 3×0
= 1 ⇒

𝜑̇
𝜔
= 1 = 1 ⇒ 𝜔 = 𝜑̇

T%!D.5%XF"#$%P<>J7T)YBC0\1J%+>J)Q3<.J%]^>N$>_
459%P<='><B%!'9%+F$>#5

if 𝜃( ≈ 0 ⇒
𝜑̇'

𝜔' =
1

1 + 3 cos' 𝜃(
=

1
1 + 3×1 =

1
4 ⇒

𝜑̇
𝜔 =

1
4 =

1
2 ⇒ 𝜔 = 2𝜑̇

دنکیمناسونراب2رودرهرد𝜃تروصنیارد

تکرحیضیبرادمکیيورهلولگهکدیهدناشنتروصنیارد:نیرمت
تساعقاو𝑧روحمربنآزکرمهکدنکیم



!"#$:%&'()*+,-./(012𝑚/1345678(&5!943/(:;#<𝑎
/.&=>-?#@!.ABC%.678(%3=D-(E#FG.E1&3H1IJ(&KL
M(!8,9&KL/#K1NLO&4F(&5𝝎6P$E>1E#FQ/R1S9.

𝐿 = 𝑇 − 𝑉 =
1
2
𝑚𝑣! − −𝑚𝑔𝑎 cos 𝜃

𝑟 = 𝑎 ⇒ 𝑟̇ = 0 𝜑̇ = 𝜔

𝐿 =
1
2
𝑚(𝑎!𝜃̇! + 𝑎!𝜔! sin! 𝜃) + 𝑚𝑔𝑎 cos 𝜃



𝐿 =
1
2𝑚𝑎

!𝜃̇! +
1
2𝑚𝑎

!𝜔! sin! 𝜃 +𝑚𝑔𝑎 cos 𝜃

𝜕𝐿
𝜕𝑡

= 0 ⇒ 𝜃̇
𝜕𝐿
𝜕𝜃̇

− 𝐿 = ′𝐸Q = cte.

𝜃̇
𝜕𝐿
𝜕𝜃̇

− 𝐿 = 𝜃̇𝑚𝑎'𝜃̇ −
1
2
𝑚𝑎'𝜃̇' −

1
2
𝑚𝑎'𝜔' sin' 𝜃 − 𝑚𝑔𝑎 cos 𝜃 = ′𝐸C = cte.

𝜃̇
𝜕𝐿
𝜕𝜃̇

− 𝐿 =
1
2
𝑚𝑎!𝜃̇! −

1
2
𝑚𝑎!𝜔! sin! 𝜃 −𝑚𝑔𝑎 cos 𝜃 = ′𝐸Q = cte.

)UHJ:C%.`J]@a.'%.'.-%)'b+>L)WQ<62!'%:

𝐸 = 𝑇 + 𝑉 =
1
2
𝑚𝑎!𝜃̇! +

1
2
𝑚𝑎!𝜔! sin! 𝜃 −𝑚𝑔𝑎 cos 𝜃

′𝐸Q ≠ 𝐸 = 𝑇 + 𝑉 !"#$%)'b+>LBC%!D=-[<;-.<)WQ<
2!'%BPH8-9FGHI-,$>JBC7X(&'%)*+C%)@4HJ%!c!:BPH8-9
FGHI-EFH1'd%P<



.'%+7X>J%)'b+>L;-.<.-K$.N-)5>-]$%P<>J,"3W']We!U$?@B
C%S@O>#Wc
.'%+%!DF#f@CgNhJBTi%)'b+g#3j$6)-4$%2='><BPH8-9
FGHI-EBC(&'%)*+)@4HJ4592!'>JBCBPH8-9FGHI-EFH1'd
)@4HJ459%P<6C%.J%)'b+ZH-)QWLF$.GjWc

𝐿 =
1
2𝑚𝑎

!𝜃̇! +
1
2𝑚𝑎

!𝜔! sin! 𝜃 +𝑚𝑔𝑎 cos 𝜃
T%)'b+ZH-)QWLF@;'
2!'C%,"'!kF$
>#Wc:

′𝑉Q = −
1
2
𝑚𝑎!𝜔! sin! 𝜃 −𝑚𝑔𝑎 cos 𝜃

BC%!D0@CE%)'b+g#3j$BPH8-9]lm%2gNhJ%TV,jUWLF$4@B

𝑇 =
1
2
𝑚𝑎!𝜃̇! >J%!DF"-BV;-.<,"3W'>'BXBPH8-9FGHI-E%P<

%!D>-C43WJ,"3W'A-+FH\-TE)W'T+&'!e%2F'>eBCBPH8-9FH1'dT
)W'T+g-)RF'>eBCBPH8-9P->D%P<



′𝑉Q = −
1
2
𝑚𝑎!𝜔! sin! 𝜃 −𝑚𝑔𝑎 cos 𝜃

𝑑′𝑉Q

𝑑𝜃
= −𝑚𝑎!𝜔! sin 𝜃 cos 𝜃 +𝑚𝑔𝑎 sin 𝜃 = 0

𝑑′𝑉4

𝑑𝜃
= −𝑚𝑎 sin 𝜃 (𝑎𝜔0cos 𝜃 − 𝑔) = 0



𝑑′𝑉4

𝑑𝑡
= −𝑚𝑎 sin 𝜃 (𝑎𝜔0cos 𝜃 − 𝑔) = 0

sin 𝜃 = 0 → 𝜃RST,^ = 0 !"#$%!&'()*+
!,𝜔!-.

𝑎𝜔! cos 𝜃 − 𝑔 = 0 → cos 𝜃 =
𝑔
𝑎𝜔!

!"#$%!&!'()$%**!+,-./+0)!.1,-.-𝜔!23

if 𝜔' =
𝑔
𝑎
= 𝜔J' → cos 𝜃 = 1 → 𝜃DEF,' = 0

45.-!6!7𝜔 = 𝜔0 =
1
2

$%!&*)89:0!;

$0"07.-*23<0!*:𝜃%&',# = 𝜃%&'," = 0

if 𝜔! <
𝑔
𝑎
= 𝜔_! → cos 𝜃 > 1 → 𝑎𝜔!cos 𝜃 − 𝑔 ≠ 0

!"#/0!1'234!-.56!78𝜔 < 𝜔J/9:0;<=>9?'29@A6𝑎𝜔'cos 𝜃 − 𝑔 = 0@!B!C$%!&@B
/9,?[0,𝜋]=D(.

!"#$%𝜔 ≤ 𝜔Z =
[
\

&'()*+,-'.′𝑉</0123456789:𝜃]^_ = 09#:9

𝜃 = 0



But if 𝜔! >
𝑔
𝑎
= 𝜔_! → cos 𝜃 < 1 → 𝑎𝜔! cos 𝜃 − 𝑔 = 0 → cos 𝜃

=
𝑔
𝑎𝜔!

→ 𝜃RST = cos`^
𝑔
𝑎𝜔!

Zn%&'𝜔 > 𝜔| =
}
~

.-4567)8-9′𝑉^BTFW#Nc!U$BC𝜃_`a = 0T

B!8'+BC𝜃_`a = cos�$ }
~�3

B%CB

𝜃RST = 0𝜃DEF = cosL#
𝑔
𝑎𝜔'



′𝑉" = −
1
2
𝑚𝑎!𝜔! +

1
2
𝑚𝑎!𝜔! cos! 𝜃 − 𝑚𝑔𝑎 cos 𝜃 = 0

𝑎𝜔! cos! 𝜃 − 2𝑔 cos 𝜃 − 𝑎𝜔! = 0

cos 𝜃 =
𝑔 ± 𝑔" + 𝑎"𝜔/

𝑎𝜔"

cos 𝜃 =
𝑔
𝑎𝜔" − 1 +

𝑔"

𝑎"𝜔/

cos 𝜃 =
𝑔
𝑎𝜔" −

𝑔
𝑎𝜔" 1 +

𝑎𝜔"

𝑔

"

cos 𝜃 =
𝑔
𝑎𝜔! 1 − 1 +

𝑎𝜔!

𝑔

!

′𝑉! = −
1
2𝑚𝑎

"𝜔" sin" 𝜃 − 𝑚𝑔𝑎 cos 𝜃

′𝑉!(𝜃 = 0) = −𝑚𝑔𝑎

′𝑉!(𝜃 = 𝜋) = 𝑚𝑔𝑎

′𝑉! 𝜃 =
𝜋
2 = −

1
2𝑚𝑎

"𝜔"

′𝑉" 𝜃 =
𝜋
2
, 𝜔 = 𝜔' = −

1
2
𝑚𝑎#

𝑔
𝑎
= −

1
2
𝑚𝑔𝑎

𝜔 = 0 → ′𝑉! = −𝑚𝑔𝑎 cos 𝜃 = 0 ⇒ 𝜃 = 𝜋/2

(cos 𝜃)
!"!!"

#
$
= 1× 1 − 1 + 1 %

= 1 − 2 → 𝜃 = 0.64𝜋

𝜃 = 0.64𝜋

(cos 𝜃)
!" %!!"

%#
$
=
1
2
× 1 − 1 + 2 %

= 1/2(1 − 5) → 𝜃 = 0.71𝜋

(cos 𝜃)
;<!;&<!

=
>
=
1
4× 1 − 1 + 4 !

= 1/4(1 − 17) → 𝜃 = 0.78𝜋

𝜃 = 0.78𝜋



cos 𝜃 =
𝑔
𝑎𝜔! 1 − 1 +

𝑎𝜔!

𝑔

!

𝜔 = 𝑛𝜔J = 𝑛
𝑔
𝑎

cos 𝜃 =
1
𝑛"

1 − 1 + 𝑛" "

cos 𝜃 =
1
𝑛'

1 − 1 + 𝑛I

𝜃 = cosL#
1
𝑛'

1 − 1 + 𝑛I

𝜃 = cosL#
1
𝑛' 1 − 1 + 𝑛I

𝜃PQR یقلات = lim
S→T

cosL#
1
𝑛' 1 − 1 + 𝑛I = 𝜋

𝜃 = 𝜋

𝑛 → ∞ ⇒ 𝜔 → ∞

𝜃DEF %$#"!یقلات
&'()$**+",-(%
./01′𝑉)&23/
"45+/"678&+(9:
$;9+<=>&+?3.𝜃P!S یقلات = lim

S→(
cosL#

1
𝑛'

1 − 1 + 𝑛I = 0

𝜃 =
𝜋
2

𝑛 → 0 ⇒ 𝜔 → 0


