
𝐿 = 𝐿(𝑞!, 𝑞", … , 𝑞#; 𝑞̇!, 𝑞̇", … , 𝑞̇#; 𝑡)

𝑑𝐿 = ,
$%!

#
𝜕𝐿
𝜕𝑞̇$

𝑑𝑞̇$ +
𝜕𝐿
𝜕𝑞$

𝑑𝑞$ +
𝜕𝐿
𝜕𝑡
𝑑𝑡

𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇$

−
𝜕𝐿
𝜕𝑞$

= 0

𝜕𝐿
𝜕𝑞̇$

= 𝑝$

𝑑
𝑑𝑡

𝑝$ −
𝜕𝐿
𝜕𝑞$

= 0

𝑝̇$ −
𝜕𝐿
𝜕𝑞$

= 0
𝜕𝐿
𝜕𝑞$

= 𝑝̇$

𝑑𝐿 = ,
$%!

#

𝑝$𝑑𝑞̇$ + 𝑝̇$𝑑𝑞$ +
𝜕𝐿
𝜕𝑡
𝑑𝑡



!"# $"%&'()*+ ,- ./ 0),1 234 56437 %+ 89&:

𝐻 = ,
$%!

#

𝑝$𝑞̇$ − 𝐿 𝑑𝐻 = ,
$%!

#

𝑞̇$𝑑𝑝$ + 𝑝$𝑑𝑞̇$ − 𝑑𝐿

𝑑𝐿 = ,
$%!

#

𝑝$𝑑𝑞̇$ + 𝑝̇$𝑑𝑞$ +
𝜕𝐿
𝜕𝑡
𝑑𝑡

𝑑𝐻 = $
!"#

$

𝑞̇!𝑑𝑝! + 𝑝!𝑑𝑞̇! −$
!"#

$

𝑝!𝑑𝑞̇! + 𝑝̇!𝑑𝑞! −
𝜕𝐿
𝜕𝑡
𝑑𝑡

𝑑𝐻 = $
!"#

$

𝑞̇!𝑑𝑝! − 𝑝̇!𝑑𝑞! −
𝜕𝐿
𝜕𝑡
𝑑𝑡



𝐻 = 𝐻(𝑞!, 𝑞", … , 𝑞#; 𝑝!, 𝑝", … , 𝑝#; 𝑡)

𝑑𝐻 = ,
$%!

#
𝜕𝐻
𝜕𝑞$

𝑑𝑞$ +
𝜕𝐻
𝜕𝑝$

𝑑𝑝$ +
𝜕𝐻
𝜕𝑡
𝑑𝑡

-2 %;"3</ ,-.=/ >)? .":
𝑑𝐻 = $

!"#

$

𝑞̇!𝑑𝑝! − 𝑝̇!𝑑𝑞! −
𝜕𝐿
𝜕𝑡
𝑑𝑡

@)-$&: A-BC 8/:

𝑞̇$ =
𝜕𝐻
𝜕𝑝$

𝑝̇$ = −
𝜕𝐻
𝜕𝑞$

𝜕𝐻
𝜕𝑡

= −
𝜕𝐿
𝜕𝑡

𝑞̇$ =
𝜕𝐻
𝜕𝑝$

𝑝̇$ = −
𝜕𝐻
𝜕𝑞$	

%6"AD1 !48C $"%&'()E



%6"AD1 !48C $"%&'()E.&"E ,3"F+ A3G4H -2 %6"AD1 !48C 
*&)5I $<(9J

%K"#: *)L"*G4 L"AM
𝐻 = 𝑇 + 𝑉 =

𝑝%

2𝑚
+
1
2
𝑘𝑥%

𝑞̇ =
𝜕𝐻
𝜕𝑝

𝑝̇ = −
𝜕𝐻
𝜕𝑞	

𝑞̇ =
𝜕𝐻
𝜕𝑝

=
2𝑝
2𝑚

=
𝑝
𝑚
= 𝑣

𝑝̇ = −
𝜕𝐻
𝜕𝑞

= −
1
2
𝑘 2𝑥 = −𝑘𝑥 = 𝐹
	

%6"AD1 $"%&'()EA-,-H -$N&C $<(9JO 234- *=;/ B4PQ %R"*&S 
8)-*()%+ P %R"*&S T%",H %+ ."B9J



𝑞̇$ =
𝜕𝐻
𝜕𝑝$

𝑑𝑞$
𝑑𝑡

=
𝜕𝐻
𝜕𝑝$

𝑑𝑞$ =
𝜕𝐻
𝜕𝑝$

𝑑𝑡

;
&%'

&
𝑑𝑞$ = 𝑞$(𝑡) − 𝑞$ 0 = ;

&%'

& 𝜕𝐻
𝜕𝑝$

𝑑𝑡



UVW XY(/ .)A3: 8/ Z("*<&'[" %6N)D 5".\ L4]C *&<(9J 𝑉
= 𝑉 𝑞!,𝑞", … ,𝑞#; 𝑡 P A, -8K4 %)-,A 5".\ 2%"E $: *&<(9J 

-%" -X4 *&4P$"H 𝑄$ 5".6+ -2 L4]C ."B9JO %NRI -LC 5".\Z("*<&^ 
P-.<(/ ./ L4]C 𝑈(𝑞!,𝑞", … ,𝑞#; 𝑞̇!,𝑞̇", … ,𝑞̇#; 𝑡) ,- .()-*&: _),H 
Z&J- 89&: 8/ A, ,-.=/ 234 0J? 899J

𝑄$ =
𝑑
𝑑𝑡

𝜕𝑈
𝜕𝑞̇$

−
𝜕𝑈
𝜕𝑞!

A, -3I 0),1 ."2 $: %+ 5)-E DX4-*`H ,- ./ 0),1 234 56437 84A

𝐿 = 𝑇 − 𝑈

./ _),H 8/𝑑
𝑑𝑡

𝜕𝐿
𝜕𝑞̇$

−
𝜕𝐿
𝜕𝑞!

= 0



-X4 Z("*<&^ P-.<(/ ./ L4]C 5".\ 2%"E *V"BJO 369+  𝑈
= 𝑈(𝑞!,𝑞", … ,𝑞#; 𝑞̇!,𝑞̇", … ,𝑞̇#) P -X4 AL(G"M %a(b"1 3S AL(G"M 

c".C ."BJO A, -3I 0),1 DX4-*`H $: %<(;^ -2 2%"E P 8N&C 234 
3S c".C !48C %+ B)*J

𝐸 = '
!"#

$
𝜕𝐿
𝜕𝑞̇!

𝑑𝑞̇! − 𝐿 = 𝑐𝑡𝑒.

A, -3I 0),1 -X4d/ *&4P$" P-.<(/ ./ L4]C $<(9JO -%" %+ 5)-*9J 
89<4P-5&) ."B9J

Pe+ %+ A-*&: 8/ A, !f), -0=R"g -X4 -*4hH X4%"3i ,- P-,A 
*R9&:O -*4hH 8^ c".C *N+ %"*J
!" #$%& '(& )*!+ !'$,- .$/012 3! 4$ 567 /80'90 : ;$<=90 
'*>?@ AB 'C$:D0- !EF80G 3! '(& )*!+ !" 1H 𝑈 :!46=I 
4I /80'90 : ;$<=90 4I E*3J "1$ 4I K;? L:3K@ 

𝑄$ =
𝑑
𝑑𝑡

𝜕𝑈
𝜕𝑞̇$

−
𝜕𝑈
𝜕𝑞!



-X4 U<N(["H P-.<(/ ./ L4]C 𝑈*<VC ./ L4]C @=+ ."B9JO T*G"M 
-*4hH 𝐸 = 𝑇 + 𝑉 -LCO 8/ A, TE 𝑉 -*4hH Z("L&^ %6N)e+ -LC P 
>;j U<N(["k %<(;^ -2 L4]C 𝑈 ,- A, .4 A-,A.
]V",1 ."D ,- ." l84 %K"# 234 5m43n %+ 89&:
%K"#: l,M ." .", 𝑞 P-U\ A, 3S %&J-E %o9"_&<+ 3R9)-@C𝐵

𝑭 =
𝑞
𝑐
𝒗×𝑩

𝑭 =
𝑞
𝑐

&̂ '̂ (𝒌
𝑥̇ 𝑦̇ 𝑧̇
𝐵! 𝐵" 𝐵#

=
𝑞
𝑐

𝑦̇𝐵# − 𝑧̇𝐵" &̂ − 𝑥̇𝐵# − 𝑧̇𝐵! '̂ + 𝑥̇𝐵" − 𝑦̇𝐵! (𝒌

𝐹! =
𝑞
𝑐 𝑦̇𝐵" − 𝑧̇𝐵#

𝐹# =
𝑞
𝑐 𝑧̇𝐵! − 𝑥̇𝐵"

𝐹" =
𝑞
𝑐 𝑥̇𝐵# − 𝑦̇𝐵!



!"# -X4 𝑈 ,- ./ 0),1 234 56437 89&:

𝑈 =
𝑞
𝑐
𝑧𝑦̇𝐵& + 𝑥𝑧̇𝐵' + 𝑦𝑥̇𝐵(

T*G"M %)eY/ $"H *&4P$"H P-,A .4 l,M ,- %+ 5)-E -2 ,-.=/ 234 ./ ALC 
TP,A: 

𝑄$ =
𝑑
𝑑𝑡

𝜕𝑈
𝜕𝑞̇$

−
𝜕𝑈
𝜕𝑞!

𝐹( =
𝑑
𝑑𝑡
𝜕𝑈
𝜕𝑥̇

−
𝜕𝑈
𝜕𝑥

=
𝑑
𝑑𝑡

𝑞
𝑐
𝑦𝐵% −

𝑞
𝑐
𝑧̇𝐵) =

𝑞
𝑐
𝑦̇𝐵* − ̇𝑧𝐵&

𝐹) =
𝑑
𝑑𝑡
𝜕𝑈
𝜕𝑦̇

−
𝜕𝑈
𝜕𝑦

=
𝑑
𝑑𝑡

𝑞
𝑐
𝑧𝐵' −

𝑞
𝑐
𝑥̇𝐵* =

𝑞
𝑐
𝑧̇𝐵( − ̇𝑥𝐵%

𝐹* =
𝑑
𝑑𝑡
𝜕𝑈
𝜕𝑧̇

−
𝜕𝑈
𝜕𝑧

=
𝑑
𝑑𝑡

𝑞
𝑐
𝑥𝐵& −

𝑞
𝑐
𝑦̇𝐵( =

𝑞
𝑐
𝑥̇𝐵) − 𝑦̇𝐵'



%K"#: l,M ." .", 𝑞 P-U\ A, 3S %&J-E -eR(4P%o9"_&<+

𝑭 = 𝑞𝑬 +
𝑞
𝑐
𝒗×𝑩

%+ 5)-E %&J-E %o9"_&<+ ,- ./ 
0),1 234 *)BC𝑩 = 𝛁×𝑨

234- 3R+ -2 %6"AD1 %"8<)# ,- ./ 
0),1 234 .4TP,AM %+ 89J

𝛁.𝑩 = 𝛁. 𝛁×𝑨 = 𝟎

%+ 5)-E %&J-E -eR(43R+ ,- $: ./ 
0),1 234 *)BC𝑬 = −𝛁𝜙 −

1
𝑐
𝜕𝑨
𝜕𝑡

234- 3R+ A3G4 -2 %6"AD1 %"8<)# 
,- ./ 0),1 234 .4TP,AM %+ 89J

𝛁×𝑬 = −𝛁×𝛁𝜙 −
1
𝑐
𝜕𝛁×𝑨
𝜕𝑡

𝛁×𝑬 = 0 −
1
𝑐
𝜕𝑩
𝜕𝑡

= −
1
𝑐
𝜕𝑩
𝜕𝑡

𝑭 = −𝑞𝛁𝜙 −
𝑞
𝑐
𝜕𝑨
𝜕𝑡 +

𝑞
𝑐 𝒗× 𝛁×𝑨



𝑭 = −𝑞𝛁𝜙 −
𝑞
𝑐
𝜕𝑨
𝜕𝑡

+
𝑞
𝑐
𝒗× 𝛁×𝑨

𝑭 = −𝑞𝛁𝜙 −
𝑞
𝑐
𝜕𝑨
𝜕𝑡

−
𝑞
𝑐
𝒗. 𝛁𝑨 + 𝑞𝑐 𝛁 𝒗.𝑨

𝑨 = 𝑨(𝑥, 𝑦, 𝑧; 𝑡)

𝑑𝑨 =
𝜕𝑨
𝜕𝑡
𝑑𝑡 +

𝜕𝑨
𝜕𝑥

𝑑𝑥 +
𝜕𝑨
𝜕𝑦

𝑑𝑦 +
𝜕𝑨
𝜕𝑧

𝑑𝑧

𝑑𝑨
𝑑𝑡

=
𝜕𝑨
𝜕𝑡

+
𝜕𝑨
𝜕𝑥

𝑥̇ +
𝜕𝑨
𝜕𝑦

𝑦̇ +
𝜕𝑨
𝜕𝑧

̇𝑧 =
𝜕𝑨
𝜕𝑡

+ 𝒗. 𝛁𝐀

𝑭 = −𝑞𝛁𝜙 −
𝑞
𝑐
𝑑𝑨
𝑑𝑡 +

𝑞
𝑐 𝛁 𝒗.𝑨



𝑈 = −
𝑞
𝑐 𝒗. 𝑨 = −

𝑞
𝑐 𝑥̇𝐴' + 𝑦̇𝐴& + ̇𝑧𝐴%

𝑩 = 𝛁×𝑨

𝐴( = 𝐴( 𝑥, 𝑦, 𝑧; 𝑡 ; 𝐴) = 𝐴) 𝑥, 𝑦, 𝑧; 𝑡 , 𝐴% = 𝐴% 𝑥, 𝑦, 𝑧; 𝑡

𝐹! =
𝑑
𝑑𝑡
𝜕𝑈
𝜕𝑥̇ −

𝜕𝑈
𝜕𝑥 =

𝑑
𝑑𝑡 −

𝑞
𝑐 𝐴! − −

𝑞
𝑐 𝑥̇

𝜕𝐴!
𝜕𝑥 + 𝑦̇

𝜕𝐴"
𝜕𝑥 + 𝑧̇

𝜕𝐴#
𝜕𝑥 = −

𝑞
𝑐
𝑑𝐴!
𝑑𝑡 +

𝑞
𝑐 𝑥̇

𝜕𝐴!
𝜕𝑥 + 𝑦̇

𝜕𝐴"
𝜕𝑥 + 𝑧̇

𝜕𝐴#
𝜕𝑥

𝐹" =
𝑑
𝑑𝑡
𝜕𝑈
𝜕𝑦̇ −

𝜕𝑈
𝜕𝑦 =

𝑑
𝑑𝑡 −

𝑞
𝑐 𝐴" − −

𝑞
𝑐 𝑥̇

𝜕𝐴!
𝜕𝑦 + 𝑦̇

𝜕𝐴"
𝜕𝑦 + 𝑧̇

𝜕𝐴#
𝜕𝑦 = −

𝑞
𝑐
𝑑𝐴"
𝑑𝑡 +

𝑞
𝑐 𝑥̇

𝜕𝐴!
𝜕𝑦 + 𝑦̇

𝜕𝐴"
𝜕𝑦 + 𝑧̇

𝜕𝐴#
𝜕𝑦

𝐹# =
𝑑
𝑑𝑡
𝜕𝑈
𝜕𝑧̇ −

𝜕𝑈
𝜕𝑧 =

𝑑
𝑑𝑡 −

𝑞
𝑐 𝐴# − −

𝑞
𝑐 𝑥̇

𝜕𝐴!
𝜕𝑧 + 𝑦̇

𝜕𝐴"
𝜕𝑧 + 𝑧̇

𝜕𝐴#
𝜕𝑧 = −

𝑞
𝑐
𝑑𝐴#
𝑑𝑡 +

𝑞
𝑐 𝑥̇

𝜕𝐴!
𝜕𝑧 + 𝑦̇

𝜕𝐴"
𝜕𝑧 + 𝑧̇

𝜕𝐴#
𝜕𝑧

𝑭 = 𝐹' ̂, + 𝐹& ̂. + 𝐹% /𝒌



𝐹! = −
𝑞
𝑐
𝑑𝐴!
𝑑𝑡 +

𝑞
𝑐 𝑥̇

𝜕𝐴!
𝜕𝑥 + 𝑦̇

𝜕𝐴"
𝜕𝑥 + 𝑧̇

𝜕𝐴#
𝜕𝑥

𝐹" = −
𝑞
𝑐
𝑑𝐴"
𝑑𝑡 +

𝑞
𝑐 𝑥̇

𝜕𝐴!
𝜕𝑦 + 𝑦̇

𝜕𝐴"
𝜕𝑦 + 𝑧̇

𝜕𝐴#
𝜕𝑦

𝐹# = −
𝑞
𝑐
𝑑𝐴#
𝑑𝑡 +

𝑞
𝑐 𝑥̇

𝜕𝐴!
𝜕𝑧 + 𝑦̇

𝜕𝐴"
𝜕𝑧 + 𝑧̇

𝜕𝐴#
𝜕𝑧 𝑭 = 𝐹' ̂, + 𝐹& ̂. + 𝐹% /𝒌

𝑭 = −
𝑞
𝑐
d
dt

𝐴! *̂ + 𝐴" ̂, + 𝐴#-𝒌 +
𝑞
𝑐
𝑥̇ *̂

𝜕
𝜕𝑥

+ ̂,
𝜕
𝜕𝑦

+ -𝒌
𝜕
𝜕𝑧

𝐴! + 𝑦̇ *̂
𝜕
𝜕𝑥

+ ̂,
𝜕
𝜕𝑦

+ -𝒌
𝜕
𝜕𝑧

𝐴" + 𝑧̇ *̂
𝜕
𝜕𝑥

+ ̂,
𝜕
𝜕𝑦

+ -𝒌
𝜕
𝜕𝑧

𝐴#

𝑭 = −
𝑞
𝑐
𝑑𝑨
𝑑𝑡 +

𝑞
𝑐 𝑥̇𝛁𝐴' + 𝑦̇𝛁𝐴& + 𝑧̇𝛁𝐴%

𝑭 = −
𝑞
𝑐
𝑑𝑨
𝑑𝑡 +

𝑞
𝑐 𝛁 𝑥̇𝐴' + 𝛁 𝑦̇𝐴& + 𝛁 𝑧̇𝐴%

𝑭 = −
𝑞
𝑐
𝑑𝑨
𝑑𝑡 +

𝑞
𝑐 𝛁 𝑥̇𝐴' + 𝑦̇𝐴& + 𝑧̇𝐴%

𝑭 = −
𝑞
𝑐
𝑑𝑨
𝑑𝑡 +

𝑞
𝑐 𝛁 𝒗. 𝑨



𝑈 = 𝑞𝜙

𝐹' =
𝑑
𝑑𝑡
𝜕𝑈
𝜕𝑥̇

−
𝜕𝑈
𝜕𝑥

=
𝑑
𝑑𝑡

𝑞×0 − 𝑞
𝜕𝜙
𝜕𝑥

= −𝑞
𝜕𝜙
𝜕𝑥

𝐹& =
𝑑
𝑑𝑡
𝜕𝑈
𝜕𝑦̇ −

𝜕𝑈
𝜕𝑦 =

𝑑
𝑑𝑡 𝑞×0 − 𝑞

𝜕𝜙
𝜕𝑦 = −𝑞

𝜕𝜙
𝜕𝑦

𝐹% =
𝑑
𝑑𝑡
𝜕𝑈
𝜕𝑧̇

−
𝜕𝑈
𝜕𝑧

=
𝑑
𝑑𝑡

𝑞×0 − 𝑞
𝜕𝜙
𝜕𝑧

= −𝑞
𝜕𝜙
𝜕𝑧

𝑭 = −𝑞 Â
𝜕
𝜕𝑥 + B̂

𝜕
𝜕𝑦 +

C𝒌
𝜕
𝜕𝑧 𝜙 = −𝑞𝛁𝜙

𝑈 = 𝑞𝜙 −
𝑞
𝑐 𝒗. 𝑨 = 𝑞𝜙 −

𝑞
𝑐 𝑥̇𝐴' + 𝑦̇𝐴& + ̇𝑧𝐴%

𝑭 = −𝑞𝛁.𝜙 +
𝑞
𝑐 𝛁 𝒗. 𝑨



𝐿 = 𝑇 − 𝑈 𝜕𝐿
𝜕𝑞̇$

= 𝑝$ 𝑝( =
𝜕𝐿
𝜕𝑥̇

𝑈 = −
𝑞
𝑐
𝒗. 𝑨 = −

𝑞
𝑐
𝑥̇𝐴' + 𝑦̇𝐴& + ̇𝑧𝐴%

𝐿 =
1
2
𝑚 𝑥̇" + 𝑦̇" + 𝑧̇" +

𝑞
𝑐 𝑥̇𝐴( + 𝑦̇𝐴) + 𝑧̇𝐴*

𝑝( =
𝜕𝐿
𝜕𝑥̇

= 𝑚𝑥̇ +
𝑞
𝑐
𝐴(

!"#$$
%
𝐴! %&' () *%+*,- ./01 

234%56#7 89 9*:34; 𝑥 9* <4,; =7 0>+

𝑝) =
𝜕𝐿
𝜕𝑦̇

= 𝑚𝑦̇ +
𝑞
𝑐
𝐴)

pN'/𝒒
𝒄
𝐴) *;q 3S -*J-2M !48C 

Z("*<&'+ A, ,-L("H 𝑦 ,- ."2H %+ 89J  

𝑝* =
𝜕𝐿
𝜕𝑧̇

= 𝑚𝑧̇ +
𝑞
𝑐
𝐴*

pN'/@
A
𝐴* *;q 3S -*J-2M !48C 

Z("*<&'+ A, ,-L("H 𝑧 ,- ."2H %+ 89J  



Joseph Liouville
Born,24 March 1809 in Saint-
Omer,  France, Died,8 Sept
1882 in Paris,France

𝑑𝜌
𝑑𝑡

=
𝜕𝜌
𝜕𝑡
+ 𝜌,𝐻 = 0

𝜌,𝐻 = /
&'(

)*
𝜕𝜌
𝜕𝑞&

𝜕𝐻
𝜕𝑝&

+
𝜕𝜌
𝜕𝑝&

𝜕𝐻
𝜕𝑞&

𝜕𝐻
𝜕𝑝&

= 𝑞̇&
𝜕𝐻
𝜕𝑞&

= −𝑝̇&

𝑑𝜌
𝑑𝑡 =

𝜕𝜌
𝜕𝑡 +/

&'(

)*
𝜕𝜌
𝜕𝑞&

𝑞̇& −
𝜕𝜌
𝜕𝑝&

𝑝̇& = 0



?@4; ?4, ?@4; =A4%B4 C :/D3B4:1
?@4; ?4, () E9- 89 () <F+ =A4%7 () ?@4; 8C <F+; *:1 

𝑥

𝑝

𝑥:

𝑝:

?@4; ?4, 8C E9- 89 () <F+ =A4%7 () ?@4; GB49 <F+; *:1 

𝑥:

𝑝:

𝑥;

𝑝;

𝑥:

𝑝:
𝑥;𝑝;



?@4; ?4, () E9- 89 8C <F+ =A4%7 () ?@4; GB49 <F+; *:1 

𝑥

𝑝<
𝑦

𝑝=

?@4; ?4, 𝑁E9- 89 :$ <F+ =A4%7 () ?@4; 6𝑁 <F+; *:1 
89 *(H ?@4; 6𝑁 <F+; () %&I$ =F/J 
K"4L E9*M KNA6O 8P>+- () !5Q 
RS*P+ <S8 
89 *(H ?@4; ?4, 89 P/ TUV$ *, ,=4W 
%&I$ %"4(>+- !5Q ./01 =7 0>+
89 ?@4; ?4, %&4X %"4(>+- KNA6O () 
:64Y <4GZ4T7 𝜌 =7 8P>+ 



𝑑𝜔 = 𝑑BC𝑞𝑑()𝑝
*T"4W .[Q ?@4; ?4,

𝜔 = ;𝑑𝜔 = ;𝑑BC𝑞𝑑()𝑝

.[Q 0O ?@4; ?4,

𝜕
𝜕𝑡
;
D
𝜌𝑑𝜔

\P>] C9C8 <$ (4 *?^*(' 
%&4X %"4(>+- .[Q ?@4; ?4,

;
E
𝜌𝑣. U𝒏𝑑𝜎

\P>] R/C_ *, (4 04P'  
%&4X %"4(>+- .[Q ?@4; ?4,



GSW 89 ?@4; ?4, %$ GN"$ 8*9(Q C %$ G4-` 2a KF+*8 %&4X %"4(>+- 8*9*; <&4 
*:1 C P"S*9- b4<1 <4c7 =7 =4%+

𝜕
𝜕𝑡.>

𝜌𝑑𝜔 = −J
*
𝜌𝑣. L𝒏𝑑𝜎

<4 *:3d48- *, c@6$ 8(S9!4%a *%3Z/*Y :IU7 9* <$ *%3Z/*Y .["7 Ke+(O 
=7 0>6Q

;
E
𝜌𝑣. U𝒏𝑑𝜎 = ;

D
𝛁. (𝜌𝒗) 𝑑𝜔

.
>

𝜕𝜌
𝜕𝑡
𝑑𝜔 = −J

+
𝛁. (𝜌𝒗) 𝑑𝜔

.
>

𝜕𝜌
𝜕𝑡
+ 𝛁. 𝜌𝒗 𝑑𝜔 = 0 𝜕𝜌

𝜕𝑡
+ 𝛁. 𝜌𝒗 = 0

=F48T$ 26S:3Z7



𝛁. 𝜌𝒗 = 2
?@:

AB
𝜕
𝜕𝑞?

𝜌𝑞̇? +
𝜕
𝜕𝑝?

𝜌𝑝̇?

KSf6g: 89 ?@4; =A4W 8*9(Q𝒗 = (𝑥̇, 𝑦̇, 𝑧̇)

𝛁. 𝒗 = O𝒙
𝜕
𝜕𝑥 +

O𝒚
𝜕
𝜕𝑦 +

L𝒛
𝜕
𝜕𝑧 . 𝑥̇O𝒙 + 𝑦̇O𝒚 + 𝑧̇L𝒛 =

𝜕𝑥̇
𝜕𝑥 +

𝜕𝑦̇
𝜕𝑦 +

𝜕𝑧̇
𝜕𝑧

*=4 89 ?@4; ?4, 8*9(Q𝒗 = (𝑥̇, 𝑦̇, 𝑧̇, 𝑝̇< , 𝑝̇= , 𝑝̇C)
𝛁. 𝒗

= O𝒙
𝜕
𝜕𝑥

+ O𝒚
𝜕
𝜕𝑦

+ L𝒛
𝜕
𝜕𝑧
+ O𝒑'

𝜕
𝜕𝑝'

+ O𝒑&
𝜕
𝜕𝑝&

+ O𝒑%
𝜕
𝜕𝑝%

. T

U

𝑥̇O𝒙 + 𝑦̇O𝒚

+ 𝑧̇L𝒛 + 𝑝̇'O𝒑' + 𝑝̇&O𝒑& + 𝑝̇%O𝒑% =
𝜕𝑥̇
𝜕𝑥 +

𝜕𝑦̇
𝜕𝑦 +

𝜕𝑧̇
𝜕𝑧 +

𝜕𝑝̇'
𝜕𝑝'

+
𝜕𝑝̇&
𝜕𝑝&

+
𝜕𝑝̇%
𝜕𝑝%



𝜕𝜌
𝜕𝑡
+ 𝛁. 𝜌𝒗 = 0

𝛁. 𝜌𝒗 = 2
?@:

AB
𝜕
𝜕𝑞?

𝜌𝑞̇? +
𝜕
𝜕𝑝?

𝜌𝑝̇?

𝛁. 𝜌𝒗 = /
&'(

)*

𝑞̇&
𝜕𝜌
𝜕𝑞&

+ 𝜌
𝜕𝑞̇&
𝜕𝑞&

+ 𝑝̇&
𝜕𝜌
𝜕𝑝&

+ 𝜌
𝜕𝑝̇&
𝜕𝑝&

𝛁. 𝜌𝒗 = /
&'(

)*
𝜕𝜌
𝜕𝑞&

𝑞̇& +
𝜕𝜌
𝜕𝑝&

𝑝̇& +𝜌/
&'(

)*
𝜕𝑞̇&
𝜕𝑞&

+
𝜕𝑝̇&
𝜕𝑝&

*=4 !"#$ \R/ hd/ *:1` 2a:

𝛁. 𝜌𝒗 = /
&'(

)*
𝜕𝜌
𝜕𝑞&

𝑞̇& +
𝜕𝜌
𝜕𝑝&

𝑝̇&



*be4M *(H 0$ !"#$ \R/ hd/ *:1:𝜕𝑞̇&
𝜕𝑞&

+
𝜕𝑝̇&
𝜕𝑝&

= 0 ?

*, =F48iM ./01 P4=6#3SW 8*9(Q:𝜕𝐻
𝜕𝑝&

= 𝑞̇&
𝜕𝐻
𝜕𝑞&

= −𝑝̇&

𝜕𝑞̇&
𝜕𝑞&

+
𝜕𝑝̇&
𝜕𝑝&

=
𝜕
𝜕𝑞&

𝜕𝐻
𝜕𝑝&

+
𝜕
𝜕𝑝&

−
𝜕𝐻
𝜕𝑞&

=
𝜕+𝐻

𝜕𝑞&𝜕𝑝&
−

𝜕+𝐻
𝜕𝑝&𝜕𝑞&

=
𝜕+𝐻

𝜕𝑝&𝜕𝑞&
−

𝜕+𝐻
𝜕𝑝&𝜕𝑞&

= 0



𝜕𝜌
𝜕𝑡
+ 𝛁. 𝜌𝒗 = 0 𝛁. 𝜌𝒗 = '

!"#

()
𝜕𝜌
𝜕𝑞!

𝑞̇! +
𝜕𝜌
𝜕𝑝!

𝑝̇!

𝜕𝜌
𝜕𝑡 +'

!"#

()
𝜕𝜌
𝜕𝑞!

𝑞̇! +
𝜕𝜌
𝜕𝑝!

𝑝̇! = 0

𝜌 = 𝜌(𝑞#, 𝑞%, … , 𝑞)*; 𝑝, 𝑝%, … , 𝑝)*; 𝑡)

𝑑𝜌 =
𝜕𝜌
𝜕𝑡 𝑑𝑡 +'

!"#

()
𝜕𝜌
𝜕𝑞!

𝑑𝑞! +
𝜕𝜌
𝜕𝑝!

𝑑𝑝!

𝑑𝜌
𝑑𝑡 =

𝜕𝜌
𝜕𝑡 +2

456

78
𝜕𝜌
𝜕𝑞4

𝑑𝑞4
𝑑𝑡 +

𝜕𝜌
𝜕𝑝4

𝑑𝑝4
𝑑𝑡 =

𝜕𝜌
𝜕𝑡 +2

456

78
𝜕𝜌
𝜕𝑞4

𝑞̇4 +
𝜕𝜌
𝜕𝑝4

𝑝̇4 =
𝜕𝜌
𝜕𝑡 + 𝛁. 𝜌𝒗 = 0

𝜌,𝐻 = 2
456

78
𝜕𝜌
𝜕𝑞4

𝜕𝐻
𝜕𝑝4

+
𝜕𝜌
𝜕𝑝4

𝜕𝐻
𝜕𝑞4

0/Cj$ 2S*:SW

𝑑𝜌
𝑑𝑡 =

𝜕𝜌
𝜕𝑡 +*

$%&

'(
𝜕𝜌
𝜕𝑞$

𝑞̇$ +
𝜕𝜌
𝜕𝑝$

𝑝̇$ =
𝜕𝜌
𝜕𝑡 + 𝜌,𝐻 = 0


