Rotation of Rigid Object

» Arigid object is one in

which the relative positions Y
of all the parts is fixed r
« What happens when we 0 & P Reference
rotate this object? fine
— All points move in a circle
about the axis (a)
— How far do they move?
s=r@
— Note that 8 is unitless (ratio P ‘
of distances) but “measured” Y N
in radians Ko
6= s o N Reference

line
r

(b)
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Rotation of Rigid Object

* What if the object is
“spinning” \
— ltturns thru a given angle r
every second 0 P Reference
— Define the “angular velocity” h line

de
w=—
dt (a)
— Angular velocity measured
in radians per second (rad/s K
ors) 2
« What if it's “spinning up” g, N
— Angular acceleration
5 o Reference
do _d*0 N line
a=—=—
dt dt’

(b)
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Rotation of Rigid Object

* While @is a scalar, @ and
a are really vectors

» Use “right hand rule” to
determine @

« Fora, it's in the same
direction if the magnitude
of @ is increasing

Linear to Anqular and Back

» For each linear
quantity (x,v,a) there is
a corresponding
angular quantity
connected by r

raw=vy

ra=a ; w

» Note that centripetal | >

acceleration is now:

2
v 2

a, =—=r@ o
: "4

Linear to Anqular and Back

» This angular-linear correlation extends to the
kinematic equations as well

Table 10.1

Kinematic Equations for Rotational and Linear

Motion Under Constant Acceleration

Rotational Motion
About Fixed Axis Linear Motion
wp= w;+ ol u=vi+al
1 1
6= 6; + w;t + 5a? xp= x,‘+ vl + Eaﬂ
o = 0 + 2a(0,~ 0) v = v + 2a(x,— x;)

0= 6; + 4 (0; + wp)t = i+ 3(0; + Bt

Rotational Kinetic Enerqy

» What is the kinetic energy of a spinning
object?
—Just the sum of it’s parts!
K, :Z, K, :—;Z’m,v,.z =%Zlm,.r,.2a)2
=S mr o =110
1=, m)

— Call 1 the Moment of Inertia




Rotational Kinetic Energy

» What is the kinetic energy of a rolling
object?
K

=Ky +Kqy =110 +1 MV’

=4(srmh?
— Note that for a given energy, a larger I gives a

smaller v.
» Hoops on a ramp go slower than disks

roll

Rotational Kinetic Energy

» What is the kinetic energy of a spinning
object?
—Just the sum of it’s parts!
Ke=2 K=, my =33 mr'e’
~4(Emr o =110
1=(% m)

I =3 m»?=Ma?+ Ma?= 2Ma? ‘ T Kp= e = deMahe® = Ma'e?
- i

L="3 m?=Ma® + Ma® + mb* + mb> = 2Ma® + 2mb*
;

Kp=3Lo® = 4(2Ma® + 2mbH)e’ = (Ma® + mb?)w®

If M > m 7=2Me® and K= Mdo®

Moment of Inertia

* What is the moment of inertia of an
extended object
— Break it up into little pieces

. 2
I=lim z_r, Am;
Am;—0 Sl

=Jr2dm
\4

=J’r2p(r)dv

Moments of Inertia

« Moment of inertia of a -

hoop or a thin cylinder (9 ‘

— All the mass is at the :
same R!

1= Irzdm
v

=RZIdm
\4

=MR?

Moments of Inertia

» Moment of inertia of a
disk or solid cylinder
— Consider ring at r, with
volume 2rrLdr

I=Ir2dm=jr2pdV
\4 \4

N L _ R 3
= pL r*(2arLdr)= 271;0LJ‘0 ridr ,

= 2oLt [ =4 7pLR*

= L(paR’L)R?
=1MR?
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Moments of Inertia

* Moment of inertia of a

thin rod about CM y 5
L |
1= I r’dm = ZJ.zszdx |
2 I
v ) |
L | d.
I ] e H‘ e
2 |
|
=40 =40 ———
= LML i . 4
i
|

Moments of Inertia
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Moments of Inertia

* What about an

arbitrary axis?

— Use “Parallel Axis
Theorem”
1= lgy + MD?

— Moment of inertia about
any axis is just moment
of inertia about center

A
of mass plus moment of | | L,
inertia of “CM” about 2 i
the axis [
|

(a)
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Moments of Inertia :

Rotation,

* What about an
arbitrary axis?
— “Parallel Axis Theorem”

1= [rdm=[(*+y* Jim
= [l .5 + Gy + 37 i
= J'(XCMZ F 22X X X+ Yo+ 2V Y Y )dm 3
= (i e[ ot [ (2 7 im
+2 (¥epg X + Yo )l
=MD’ +1y,

¥ ¥

1

I

I

I

} dx

! [Ny P

I
—F—

. 5 AN
1= Iy + MD? = 5MIZ + M (?) = M2

Torque

« If angular acceleration
(ar) is analogous to
acceleration (a), what
is analogous to force

(F)?
— Since o = ra,, use
t=rF =rFsing
— Call it “Torque” R 2
i . 3 N . Line of
(like a it too is a vector) d>s_ action
7




Torque and Anqular Acceleration

» Consider a particle at

position r
— What are the
kimematics?
T=rF,=rma,
=rm(ra)
=mr’a
=l

» Analogous to F=ma
(linear) we have 1=lo.
(angular)

Torque and Anqular Acceleration

+ What about for
extended object?

=la
— Net torque gives rise to
angular acceleration

Work and Power

» Work and power for a rotating object
dW = Fdx = Fds

=Fsing-rd@
=6
podW o _
dt dt

b b b
w =det=jTa)dt =Ilaa)dt
a a

a

b a Ly [ de?

_ do g _ 1 )
_IL"’dxdt 2]L ar dt

= 41le ~a7)

Example: Trapdoor

» What is acceleration of
tip when horizontal?

.

» For arolling object the
point in contact with . Y L GMA
the surface in -
momentarily stationary /
— Thus, center (also CM) R’

moves thru a distance
s=r0, at a velocity v=ro
— Top moves at speed T

e L.
» Kinetic energy is ‘
rotation plus . ,{
translation m._,\
’ : A
K =L10y@ +3 MV, 1§ N

aizi( 3 (MgL _3g
1 \M\ 2 2L = U= Mgl
— _3 ./
a,=La=3g>g T :
« What is speed of tip L
when vertical? l lolor
i
K =Upory =Mg % i .
i
=110 = Lt M )? b e b
®=\%v=Lo=43gL -
’ P
P e 11 = Fi)
— von P Y\
ye N y
CMe v=0

CM em=——p-tcpp

- U= R ey
. .P_. vem P

. h) Pure rotation
(a) Pure translation )

P
—i 0= vy + RO =200y

CM g o= vear

. v=0

P
() Combination of translation and rotation




T,a=?
Sr=Ikx=TR
_TR
7

Y F=mg—T=ma

_ mg— T

m

9

TR? _ mg— T

T — T3= (m — mo)g — (m + mo)a mlgl
[(m1 — ma)g — (m + mg)a]R = 2la

a=a/R
a
(mp — mo)g— (my + mg)a =21 2

SIS m
I— 5 g
P S—
T 14 (mR¥/I) - £
1+ (I/mR?)
_ £ T—_ ™ nE
4T T+ (I/mRY) 1+ (mRYT) T+o ™

T = mg— ma= m(g— a)
_ ml(q* (my — mo)g )
° my + mg + 2(I/R?)
_ 2;?119(—"12 + (/R )
S\ myp + me + 2(I/R?)
= mag+ mga= 2m9q( m + (/R%) )
© ‘ N\ my + mo + 2(I/R?)

~
|
I

R I
L=h- T =h=%

(my) — mo)g )

) (M)f =
smig my+ my + 2(I/R?) R? \my + mg + 2(I/R?)

_ 2mymg + (my + mg) (I/R?
- my + mg + 2(I/R?)

g

8
M |
Ten (T’. ) + IMucy?

5

I
K =1 (—;‘; + M) ven?

K+ U =K+

Iem
;(—RZ + M} v + 0= 0+ Mgh
( 2k )1,2
M AT o/ MED) )
Iem = %MR?
{ 2gh L] ;
ST (1 MR ) = Gan's
ZMRY/ )

vom? = %gx sin 6

wom® = 2acwx acy = ;g sin @

mg— Ty = ma Y

o g | ﬂ o

(I — TR = I [ ﬂ] = ‘

(Ty — T)R= I !

(1 = T5)R=2In ITS

Ts — Ty + mg— meg = (my + ma)a Tij o
m

my + mg + 2(1/ R?)

T,=T,=T,=T

2mym
o (2 )
my + mo /7

we (m — mo)g
my + mo + 2(I/R%)
M—50
1—-0
_ (my — ma)g H:(mlme)q
my + mo /"

K+ U=K+T

Gmud + gmov® + Tlo®) + (mygh — mogh) =040

)

1 P
%(ml + mo + F) o = (magh — migh)

g P I o
(3mregt + dmo? + 4 o

(magh — mygh)

= 2(mg — my) gh e
(f [m1 + mg + (I/R%)]

U l 2(my — my)gh
TR T R |y + my + (I/RD)




On a compact disc (Fig. 10.6), audio information is stored
in a series of pits and flat areas on the surface of the disc.
The information is stored digitally, and the alternations be-
tween pits and flat areas on the surface represent binary
ones and zeroes to be read by the compact disc player and
converted back to sound waves. The pits and flat areas are
detected by a system consisting of a laser and lenses. The
length of a string of ones and zeroes representing one piece
of information is the same everywhere on the disc, whether
the information is near the center of the disc or near its
outer edge. In order that this length of ones and zeroes al-
ways passes by the laser—lens system in the same time period,
the tangential speed of the disc surface at the location of
the lens must be constant. This requires, according to Equa-
tion 10.10, that the angular speed vary as the laser=lens sys-
tem moves radially along the disc. In a typical compact disc
player, the constant speed of the surface at the point of the
laser—lens system is 1.3 m/s.

(B) The maximum playing time of a standard music CD is
74 min and 33 s. How many revolutions does the disc make
during that time?

Solution We know that the angular speed is always decreas-
ing, and we assume that it is decreasing steadily, with a con-
stant. If t = 0 is the instant that the disc begins, with angular
speed of 57 rad/s, then the final value of the time ¢ is
(74 min) (60 s/min) + 33 s = 4 4735, We are looking for
the angular displacement Af during this time interval. We
use Equation 10.9:

A0 = 0;— 0; = Ho; + opt
= 5(57 rad/s + 22 rad/s)(4 473 5)
= 1.8 X 10° rad

We convert this angular displacement to revolutions:

A0 =1.8 X 10° rad (li) = 283 10*rev

277 rad

(A) Find the angular speed of the disc in revolutions per
minute when information is being read from the innermost
first track (r= 23 mm) and the outermost final track
(r= 58 mm).

= 57rad/s
1 rev )( 60 s )
a7 rad 1 min

= 5.4 % 10% rev/min

For the outer track,

2 L3m/s oo s
o 58X 107%m

)

= 21 X 10% rev/min

The player adjusts the angular speed @ of the disc within
this range so that information moves past the objective lens
ata constant rate.

(C) What total length of track moves past the objective lens
during this time?

Solution Because we know the (constant) linear velocity
and the time interval, this is a straightforward caleulation:

xy=vi= (1.3 m/s)(44735) = 5.8 X 10°m
More than 5.8 km of track spins past the objective lens!

(D) What is the angular acceleration of the CD over the
4 473-s dme interval? Assume that a is constant,

wf = @i _ 22 rad/s — 57 rad/s
t 4473 s

= —7.8 X% 10 % rad/s?

The disc experiences a very gradual decrease in its rotation
rate, as expected.




