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Example: Giant Yo-Yo

* When one pulls on

rope, does spool move

right or left?

— Depends on torque
about pivot point
(contact with floor)

— If rope projects to a
point behind pivot, rolls
right

— If rope projects in front,
rolls left

Torque as a Vector

» Torque is a vector
— Magnitude
T=rFsing
— What is direction?
— Define torque vector with cross product of
position and force vectors
t=rxF

The Vector Cross Product

+ IfC=AxB,then
1) C=ABsin®
2) Direction of C given by
Right Hand Rule
* Properties

Right-hand rule

AXB=-BxA
Parallel A and B:AXB=0,AXxA =0
Perpendicular A and B :‘AXB‘ =AB
Ax(B+C)=AxB+AxC

i(A><B)=&><B+A><dB
dt dt

dt




The Vector Cross Product

» Unit Vectors and the
algebraic form of cross
product

ixj=k
jxk=1
kxi=j
i
Ax

J
AxB= A
B\ Bw

A
B

A,
B,

=(4B.—AB fi+(AB -AB)j+(AB —ABK

Anqular Momentum

» Consider the torque on

a particle
— — dp
t=rxF=rx3; z
:7d(r><p) (since%xp=0) L=rxp
dt
_daL
dt

« CallL=rxpthe
angular momentum N
(of the particle about the =~
origin)

Example: Airplane Overhead

» What is the angular
momentum of a plane
flying overhead?

— It’s not zero!
— Even if plane is flying
level

L=rxp
=rxmv
‘L‘ =mvrsin @ = mvh
— Note that L has a
constant magnitude
with a direction into the
page

Anqular Momentum

» Now consider a system of particles

rx Y F, =rx d:;"‘

EERECLS
dt

dLL _ ot
D

* Like force and momentum, the net
torque gives the rate of change of
angular momentum

Spinning Rigid Objects

» What's the angular
momentum of a
spinning, rigid object?

— Always measure from S "
(and perpendicular to) ‘
axis of rotation (which is

Spinning Rigid Objects

along z axis) .
L=Lk=Y (rxp)=) rpk o
L, =Z’m,r,v, /,\’/— -

=Y mrlo

=lw

+ What happens when
we apply a torque to a
spinning object?

:
L=lo L !

T (e), = :

Codr L
dw

=1%= N

dt =] -
=la / (i
\




Translational-Anqular Analogs

xs 6

V&S0
asa
ms I
F o t=rxF

Conservation of Anqular Momentum

« If there are no external torques, angular
momentum cannot change!
212@203L:c0nst.

dt

— Like linear momentum, angular momentum is
conserved

— If moment-of-inertia changes, so does angular
velocity!

Lo=10

Example: Person on Stool

« If a person is spinning
on a stool holding
weights, they spin

.4,
faster if they pull them ?0
in

=1, +2md’

person

If = Iperson
L=lo=L =10,
1 +2md
wf _ _person o
1

person

Example: Person on Stool

» L is conserved, is
kinetic energy?

.

_ >

K, =31,0; ?
If %

Example: Person on Stool

* Where did energy
come from?
— Work required to pull in
weights!

3$°39'}'1Q

Example: P with Wheel on Stool

+ What happens when
the wheel in the picture
is turned over?

L =L pea
L = Lpermn —Lypea =L
L =2L

‘person ‘wheel

— Since L is conserved,
but wheel’s L changes
sign, the person on the
stool must start
spinning to make up the
difference!

« But which way?

[ E———




Gyroscopes and Tops

» Torque is a vector!
T=rxF= é
dt
« Examples (pulleys,
etc) have had tand L
parallel
* What if they’re not
parallel?
— Whatifrand L are
parallel? Then we have
a gyroscope or a top.

Gyroscopes and Tops

» Find T and L for top
L = Io = (Iocos O)i + (Iwsin O)k
T =1 XF = (g1 sin )i
* Now, what is aL.?
dL = dt = (mgry, sin 0-dt)j
+ So the L vector moves
perpendicular to itself.
— It doesn’t change
magnitude, so it must
sweep out a circle
— Call this precession

(b)

22004 Tromsonoks Cole

Gyroscopes and Tops

» How fast is the
precession?

Tdt _ (Mgh)dt

dL
sin(d¢) = d =7 =

Gyroscopes and Tops

+ Consider spinning
gyroscope held
horizontally
— L is horizontal
* When end is dropped
will begin to precess,
giving L a vertical
component
— Where does this
component come from?
There’s no vertical 1!

— In fact end will bob up
and down so that there
is never any vertical L S

(a)

L L
b _ Mg
T4 T I
Gyroscope Spin axis

frame

Gimbal

Animationl Animation2

Rotor

Animation2

a Spacecraft

rotates
clockwise —\

Gyroscope rotates

counterclockwise

As an example of the
usefulness of gyroscopes,
suppose you are in a
spacecraft in deep space

and you need to alter your f
trajectory. You need to /

turn the spacecraft

around in order to fire the f-
engines in the correct /
direction. But how do you W
turn a spacecraft around

in empty space? | S




Rotation about Arbitrary Axis

! In general, the expression L = /e is not always valid. If a rigid object rotates about an arbitrary axis,

L and @ may point in different directions. In this case, the moment of inertia cannot be treated as a
scalar. Strictly speaking, L = Jw applies only to rigid objects of any shape that rotate about one of three
mutually perpendicular axes (called principal axes) through the center of mass. This is discussed in
more advanced texts on mechanics.

Example 11.10 Disk and Stick

A 2.0-kg disk traveling at 3.0 m/s strikes a 1.0-kg stick of
length 4.0 m that is lying flat on nearly frictionless ice, as
shown in Figure 11.13. Assume that the collision is elastic
and that the disk does not deviate from its original line of
motion. Find the translational speed of the disk, the transla-
tional speed of the stick, and the angular speed of the stick
after the collision. The moment of inertia of the stick about
its center of mass is 1.33 kg - m?.

Before After

Vgi=3.0m/s

@

- Consider rotating stick ®
with masses
— To keep it spinning
about this axis, a torque
must be applied
— Thus L not constant,
but spins around
— What about L=/a?
— Infactlis a tensor (like L=io
a vector, but with two
S L 1 o,
spatial indices). N R
L} = 1\x » 1\: w;
L: IIX IZ\ IZI a)~
.
™ @ A
m — —m—— m 1 h = h/Q‘”
4 oM J
Figure 11.17 The rigid-rotor = 1,054 X 10~ % kg.m?/s
model of a diatomic molecule. The
rotation occurs about the center of
mass in the plane of the page. T = or o~
CM! I(’M
0y (0,) =1.95x10™ kgm?
ko 1064 X 10~ kg-mP/s T
T T T 1 x 10 Fkgmz 10 R
Pi=pr

mUg; = mdz/,[f+ m U
(2.0kg)(3.0m/s) = (2.0 kg)var+ (1.0 kg)og
6.0 kg-m/s — (2.0 kg‘)vdf: (1.0 kg) v,
L= 1y

—rmava = —rmqvg+ o
= (2.0 m)(2.0 kg) (3.0 m/s) = — (2.0 m) (2.0 kg)vdf
+ (1.33 kg m?)w
—12kg-m?/s = = (4.0 kg m)ug,
+ (1.33kg-m?) o

—9.0rad/s + (3.0 rad/m) vy = @

K,'ZKf

%m{ivdig = %mdvdfz + %mszrf + %Iwz

$20kg) (3.0 m/s)? = £(2.0kg) vy’ + §(1.0kg)v?
+ 3(1.33 kg-m?) o?

18 m%/s% =20 0,7 + v 2 + (1.33 m?) w*

In solving Equations (1), (2), and (3) simultaneously,

we find that vaf = 23m/s, wv,= 13m/s, and w=

— 2.0 rad/s.




What If? What if the collision between the disk and the stick
is perfectly inelastic? How does this change the analysis?

p=tr
maug = (mq+ mg)vem
(2.0 kg) (3.0 m/s) = (2.0 kg + 1.0 kg) vy

uoy = 2.0m/s

2.0 kg)(2.0m) + (1.0 kg)(0
— ( g)(2.0m) + ( 2 _ 133 m
: (2.0 kg + 1.0 kg)

[_g = [‘f

—rmgvg = liw+ Lo

—(0.67 M) mgvg = [mg(0.67 m)% o + Lo

I, = Iem + MD?
=1.33kg-m? + (1.0kg)(1.33 m)? = 3.1 kg m?

= (0.67 m) (2.0 kg) (3.0 m/s) = [(2.0 kg)(0.67 m)%]w
+ (3.1kg-m?o
—4.0kg-m?/s = (4.0kg-m%)w

—4.0 kg-m?/s
4.0 kg-m?

= —1.0rad/s

Example 11.6 The Seesaw

A father of mass myand his daughter of mass m, sit on oppo-
site ends of a seesaw at equal distances from the pivot at the
center (Fig. 11.9). The seesaw is modeled as a rigid rod of
mass M and length € and is pivoted without friction. At a
given moment, the combination rotates in a vertical plane
with an angular speed w.

(A) Find an expression for the magnitude of the system’s
angular momentum.

€
s
A
s
o
‘\; 0 \ 6 I .
2ol

; g
g

Solution The moment of inertia of the system equals the
sum of the moments of inertia of the three components: the
seesaw and the two individuals, whom we will model as parti-
cles. Referring to Table 10.2 to obtain the expression for the
moment of inertia of the rod, and using the expression
I = mr? for each person, we find that the rtotal moment of
inertia about the z axis through Ois

1= M2 + £2+ LQ—££+ + .
= 12V my o mq 2 =7 3 my+ omg

Therefore, the magnitude of the angular momentum is

e (M
L=lw= T(T+ mp+ md)w

(B) Find an expression for the magnitude of the angular ac-
celeration of the system when the seesaw makes an angle 6
with the horizontal.

Solution To find the angular acceleration of the system at
any angle @, we first calculate the net torque on the system
and then use 7.y = Jar to obtain an expression for a.

The torque due to the force mggabout the pivot is

¢
= mpg ? cos @ (Tf out of page)
The torque due to the force mggabout the pivot is

Tq= T mgg - €os 0 (74 into page)




Hence, the net torque exerted on the system about Ois
3 Text = Tt = é(mj* mg)gl cos 6
To find @, we use Z7., = I, where I was obtained in
part (A):

_ D Te _ 2(my— ma)gcos O

1 (M
4 iT+ mpt+omg

Generally, fathers are more massive than daughters, so the
angular acceleration is positive. If the seesaw begins in a
horizontal orientation (6 = 0) and is released, the rotation
will be counterclockwise in Figure 11.9 and the father’s end
of the seesaw drops. This is consistent with everyday
experience.

o

What If? After several complaints from the daughter that
she simply rises into the air rather than moving up and down
as planned, the father moves inward on the seesaw to try to
balance the two sides. He moves in to a position that is a dis-
tance d from the pivot. What is the angular acceleration of the
system in this case when it is released from an arbitrary
angle 6?

Answer The angular acceleration of the system should de-
crease if the system is more balanced. As the father contin-
ues to slide inward, he should reach a point at which the
seesaw is balanced and there is no angular acceleration of
the system when released.
The total moment of inertia about the z axis through O
for the modified system is
1 g ge2 . (A%
I= ﬁﬂf{"z + mf(iz + mg ( )

2

(M >
T T +omg| + mpd

The net torque exerted on the system about O is
Toet = Ty 7= mpgd cos § — Smagl cos 0

Now, the angular acceleration of the system is

mygd cos 0 — %m,;g( cos 0
a= Jem T 274 TP 7

Tnet _

1

[(M/3) + mg] + mpd?

4

The s w will be balanced when the angular acceleration
is zero. In this situation, both father and daughter can push
off the ground and rise to the highest possible point. We
find the required position of the father by setting & = 0:

mygd cos § = m gl cos 0

O (/HLM/3) + mgl + mpd?

mygdcos 6 — %'"dﬁ'{ cos =0
e ( m[,> v
\my) 2

In the rare case that the father and daughter have the same
mass, the father is located at the end of the seesaw, d = €/2.

Example 11.7 Formation of a Neutron Star

A star rotates with a period of 30 days about an axis through
its center. After the star undergoes a supernova explosion,
the stellar core, which had a radius of 1.0 X 10* km, col-
lapses into a neutron star of radius 3.0 km. Determine the
period of rotation of the neutron star.

Solution The same physics that makes a skater spin faster
with his arms pulled in describes the motion of the neutron
star. Let us assume that during the collapse of the stellar core,
(1) no external torque acts on it, (2) it remains spherical with
the same relative mass distribution, and (3) its mass remains
constant. Also, let us use the symbol T'for the period, with T;
being the initial period of the star and Tybeing the period of
the neutron star. The period is the length of time a point on
the star’s equator takes to make one complete circle around
the axis of rotation. The angular speed of the star is given by
@ = 27/ T. Therefore, Equation 11.19 gives

lLiw; = Lof

(5)-4(5)
N )TN




We don’t know the mass distribution of the star, but we
have assumed that the distribution is symmetric, so that
the moment of inertia can be expressed as kMR?, where k
is some numerical constant. (From Table 10.2, for exam-
ple, we see that k= 2/5 for a solid sphere and k= 2/3 for
a spherical shell.) Thus, we can rewrite the preceding
equation as

27 <
kMR 2 (i) = kMR (2—”)
7 iy

i

R
- AP
T =1——|7
s (Rf‘)i

Substituting numerical values gives

3.0 km
1.0 X 10* km

2
(30 days)( ) = 2.7 x 1075 days
= 0.23s

Thus, the neutron star rotates about four times each second.

Example 11.8 The Merry-Go-Round

A horizontal platform in the shape of a circular disk rotates
freely in a horizontal plane about a frictionless vertical axle
(Fig. 11.11). The platform has a mass M = 100 kg and a ra-
dius R = 2.0 m. A student whose mass is m = 60 kg walks
slowly from the rim of the disk toward its center. If the angu-
lar speed of the system is 2.0 rad/s when the student is at
the rim, what is the angular speed when he reaches a point
r= 0.50 m from the center?

Solution The speed change here is similar to the increase
in angular speed of the spinning skater when he pulls his
arms inward. Let us denote the moment of inerda of the
platform as 7, and that of the student as /. Modeling the
student as a particle, we can write the initial moment of
inertia /; of the system (student plus platform) about the
axis of rotation:

L= I+ Iy = sMR? + mR®

When the student walks to the position r < R, the moment
of inertia of the system reduces to

_ — Lyg? 2
=Ty + Iy= MR + mr

Note that we still use the greater radius R when calculating
I'/,f because the radius of the platform does not change. Be-
cause no external torques act on the system about the axis
of rotation, we can apply the law of conservation of angular
momentum:

liw; = Ioy

GMR? + mR?)w; = (GMR? + mr?) oy

= («_l,w.2 + mR‘-’>
N\ T T 9 | W
T\ TRE )

B ( 5(100 kg)(2.0m)? + (60 kg) (2.0m)>
~ L5100 kg) (2.0m)? + (60 kg) (0.50m)?

)(2.0 rad/s)

_ ( 440 kg-m?

915 ke 5 )(2,1) rad/s) = 4.1 rad/s
215 kg-m~

As expected, the angular speed increases.




What If? What if we were to measure the kinetic energy of
the system before and after the student walks inward? Are
they the same?

Answer You may be tempted to say yes because the system
is isolated. But remember that energy comes in several
forms, so we have to handle an energy question carefully.
The initial kinetic energy is

K; = tlo? = L(440 kg-m?) (2.0 rad/s)? = 880 ]
The final kinetic energy is
K= %Ifmf = 1(215 kg-m?) (4.1 rad/s) = 1.81 X 107
Thus, the kinetic energy of the system increases. The student
must do work to move himself closer to the center of rota-

tion, so this extra kinetic energy comes from chemical po-
tential energy in the body of the student.




