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A-BxC) — (AxB)-C, 1
Ax(BxC) = B(A-C)—C(4*B),
(AxB)xC = B(4-C)— A(B-C),

(

V, =Vcosf
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Example 3.1 Polar Coordinates

The Cartesian coordinates of a point in the xy plane are
(x, y) = (— 3.50, —2.50) m, as shown in Figure 3.3. Find the
polar coordinates of this point.
Solution For the examples in this and the next two chap-
ters we will illustrate the use of the General Problem-Solving

| ,_y(;n), I
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Strategy outlined at the end of Chapter 2. In subsequent
chapters, we will make fewer explicit references to this strat-

egy, as you will have become familiar with it and should be
applying it on your own. The drawing in Figure 3.3 helps us =]
to conceplualize the problem. We can categorize this as a plug-

in problem. From Equation 3.4,

r= a2+ § = V(=350 m)2 + (-2.50m)2 = 4.30 m

and from Equation 3.3,

y —2.50 m
anf=-2+=—"""""=0714
x —3.50 m

6= 216°

Note that you must use the signs of x and y to find that the
point lies in the third quadrant of the coordinate system. |
That is, € = 216° and not 35.5°.

Quick Quiz 3.1 which of the following are vector quantities and which are
scalar quantities? (a) your age (b) acceleration (c) velocity (d) speed (e) mass

QUiCk QUiZ 3.2 The magnitudes of two vectors Aand B are A = 12 units and
B = 8 units. Which of the following pairs of numbers represents the largest and smallest
possible values for the magnitude of the resultant vector R = A + B? (a) 14.4 units,
4 units (b) 12 units, 8 units (¢) 20 units, 4 units (d) none of these answers.

e T

QUiCk QUiz 3.3 If vector B is added to vector A, under what condition does
the resultant vector A + B have magnitude A + B? (a) A and B are parallel and in the
same direction. (b) A and B are parallel and in opposite directions. (c) A and B are
perpendicular.

_W’ am .

Quick Quiz 3.4 i vector B is added to vector A, which fwe of the following
choices must be true in order for the resultant vector to be equal to zero? (a) Aand B
are parallel and in the same direction. (b) A and B are parallel and in opposite direc-
tions. (¢) A and B have the same magnitude. (d) Aand B are perpendicular.

e |
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Example 3.2 A Vacation Trip

A car travels 20.0 km due north and then 35.0 km in a di-
rection 60.0° west of north, as shown in Figure 3.12a. Find l
the magnitude and direction of the car’s resultant |

displacemen i

a—— ’Nl)

Solution The vectors A and B drawn in Figure 3.12a help
us to conceptualize the problem. We can categorize this as a rel-
atively simple analysis problem in vector addition. The
displacement R is the resultant when the two individual dis-
placements A and B are added. We can further categorize
this as a problem about the analysis of triangles, so we
appeal to our expertise in geometry and trigonometry.

B |

4
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- B
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y(km) S y(km)
( \
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3

In this example, we show two ways to analyze the prob-
lem of finding the resultant of two vectors. The first way is to

solve the problem geometrically, using graph paper and a L

protractor to measure the magnitude of R and its direction E
in Figure 3.12a. (In fact, even when you know you are going
to be carrying out a calculation, vou should sketch the vec-
tors to check your results.) With an ordinary ruler and pro-
tractor, a large diagram typically gives answers to two-digit
but not to three-digit precision.

~

™ -
G 2
The second way to solve the problem is to analyze it al-
gebraically. The magnitude of R can be obtained from |
the law of cosines as applied to the triangle (see Appendix
B.4). With 6 = 180° — 60° = 120° and R? = A% + B? —
2AB cos 6, we find that '

R= VA2 + B2 — 2ABcos6

= \f’(zo.o km)? + (35.0 km)? — 2(20.0 km)(35.0 km) cos 120°

= 48.2 km
e 3

10/21/2017

19



simfB_ sinf
B R

35.0 km

B
sinB = —sinf = ————
QIHB R - 482 kIIl

sin120° = 0.629

B = 39.0° |
{ Ij

The resultant (lisplzlcement of the car is 48.2 km in a direc-
tion 39.0° west of north.

’

What If? Suppose the trip were taken with the two vectors
in reverse order: 35.0 km at 60.0° west of north first, and then
20.0km due north. How would the magnitude and the direc-
tion of the resultant vector change?

N
Answer They would not change. The commutative law
for vector addition tells us that the order of vectors in an
addition is irrelevant. Graphically, Figure 3.12b shows that
the vectors added in the reverse order give us the same
resultant vector.

E

’
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QU'Ck Q.l."Z 3.5 Choose the correct response to make the sentence true: A
component of a vector is (a) always, (b) never, or (c¢) sometimes larger than the magni-
tude of the vector.

Quick Quiz 3.6 if at least one component of a vector is a positive number,
the vector cannot (a) have any component that is negative (b) be zero (c) have three
dimensions.

- o S

Quick Quiz 3.7 1fA+B =0, the corresponding components of the two vec-

tors A and B must be (a) equal (b) positive (¢) negative (d) of opposite sign.

_u - a0

Quick Quiz 3.8 ror which of the following vectors is the magnitude of the
vector equal to one of the components of the vector? (a) A= 2i + 5j (b) B = — 3j
(c) C= +5k

Example 3.3 The Sum of Two Vectors

Find the sum of two vectors A and B lying in the xy plane
and given by

A= (2.()i + 2.()j) m and B = (2.(’)‘i\ — 4.()}) m

Solution You may wish to draw the vectors to conceptualize w

the situation. We calegorize this as a simple plug-in problem.
Comparing this expression for A with the general expres-
sion A = A1+ A,j, wesee that A, = 2.0 m and A, = 2.0 m.

Likewise, B, = 2.0 m and B). = — 4.0 m. We obtain the resul- I

tant vector R, using Equation 3.14:

R=A+B=(20+20)im+ (20— 40)jm ' y

(4.0i — 2.0j) m
or

R,=4.0m Ry= —2.0m

10/21/2017
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The magnitude of Ris found using Equation 3.16:

R = \';RxQ +Rv“J = \'J(4.() m)Z + (—2.0m)? = \f% m

= 45m \'

We can find the direction of R from Equation 3.17: h

tanf = —— = = —0.5
R, 4.0m
Your calculator likely gives the answer —27° for 6=

tan~ (= 0.50). This answer is correct if we interpret it to
mean 27° clockwise from the x axis. Our standard form has
been to quote the angles measured counterclockwise from

the + xaxis, and that angle for this vectoris 6 = 333°

a3 .

Example 3.4 The Resultant Displacement

A particle undergoes three consecutive cliasplacen_lents:'
d;, = (15i+ 30j + 12k) cm, dg = (23i — 14j — 5.0k) cm
and d3 = (— 131 + 15j) cm. Find the components of the
resultant displacement and its magnitude.

10/21/2017
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Solution Three-dimensional displacements are more diffi-
cult to imagine than those in two dimensions, because the
latter can be drawn on paper. For this problem, let us concep-
tualize that you start with your pencil at the origin of a piece
of graph paper on which you have drawn x and y axes. Move
your pencil 15 cm to the right along the x axis, then 30 cm
upward along the y axis, and then 12 cm vertically away from
the graph paper. This provides the displacement described
by d;. From this point, move your pencil 23 cm to the right
p'dmllel to the x axis, 14 cm l)arullel to the graph paper in

the — y direction, and then 5.0 cm vertically downward to- |

ward the graph paper. You are now at the displacement
from the origin described by d; + ds. From this point, move
your pencil 13 cm to the left in the — x direction, and (fi-
nally!) 15 cm parallel to the graph paper along the y axis.

-

Your final position is at a displacement d; + dy + dy from
the origin.

Despite the difficulty in conceptualizing in three dimen-
sions, we can categorize this problem as a plug-in problem due
to the careful bookkeeping methods that we have developed|
for vectors. The mathematical manipulation keeps track of
this motion along the three perpendicular axes in an orga-
nized, compact way: '

R=d|+d2+d3

= (15 + 23 — ]3)§ cm + (30 — 14 + l:'w)j' cm
+ (12 = 5.0+ O)k em

= (2?i + ’rlj + 7.()1;) cm

The resultant displacement has components R, = 25 cm,
R,= 31 cm, and R, = 7.0 cm. Its magnitude is

R =VR2+ R2?+ R2

=V(25em)2 + (31 cm)2 + (7.0cm)2 = 40 cm

10/21/2017
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Example 3.5 Taking a Hike

A hiker begins a trip by first walking 25.0 km southeast from
her car. She stops and sets up her tent for the night. On the
second day, she walks 40.0 km in a direction 60.0° north of
east, at which point she discovers a forest ranger’s tower.

-~

(A) Determine the components of the hiker’s displacement

for each day.
i ' L 4
>

)  soea o i

e i I

Solution We conceptualize the problem by drawing a sketch as
in Figure 3.19. If we denote the displacement vectors on the
first and second days by A and B, respectively, and use the car
as the origin of coordinates, we obtain the vectors shown in
Figure 3.19. Drawing the resultant R, we can now categorize this
as a problem we've solved before—an addition of two vectors.
This should give you a hint of the power of categorization—
many new problems are very similar to problems that we have
already solved if we are careful to conceptualize them.

10/21/2017
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We will analyze this problem by using our new knowledge
of vector components. Displacement A has a magnitude of
25.0 km and is directed 45.0° below the positive x axis. From

Equations 3.8 and 3.9, its components are 1:
A, = Acos (—45.0°) = (25.0 km)(0.707) = 17.7 km |
I

Ay = Asin(— 45.0°) = (25.0 km)(—0.707) = —=17.7km

The negative value of A, indicates that the hiker walks in the
negative y direction on the first day. The signs of A, and A,

also are evident from Figure 3.19.
The second displacement B has a magnitude of 40.0 km

and is 60.0° north of east. Its components are
.

10/21/2017
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B, = Bcos 60.0° = (40.0 km) (0.500) = 20.0 km

B}. = Bsin 60.0° = (40.0 km) (0.866) = 34.6 km
””-zﬂ'r;ie}. ‘ ‘A N

s
(B) Determine the components of the hiker’s resultant dis-

placement R for the trip‘ Find an expression for R in terms

of unit vectors.
X

Solution The resultant displacement for the rip R = A + B

has components given by Equation 3.15:

R,=A,+ B,=17.7km + 20.0 km = 37.7 km

R_T = A_Y + B) = —17.7km + 346 km = 16.9 km

In unit=vector form, we can write the total displacement as

R = (37.7i + 16.9j) km

= A W

has a magnitude of 41.3 km and is directed 24.1° north of

east.

Using Equations 3.16 and 3.17, we find that the vector R

10/21/2017
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Let us finalize. The units of R are km, which is reason-
able for a displacement. Looking at the graphical represen-

tation in Figure 3.19, we estimate that the final position of "

v

the hiker is at about (38 km, 17 km) which is consistent with

the components of R in our final result. Also, both compo-
nents of R are positive, putting the final position in the first
quadrant of the coordinate system, which is also consistent

with Figure 3.19.
j J | ' 17

Example 3.6 Let’s Fly Away!

A commuter airplane takes the route shown in Figure 3.20.
First, it flies from the origin of the coordinate system shown '
to city A, located 175 km in a direction 30.0° north of east.
Next, it flies 153 km 20.0° west of north to city B. Finally, it
flies 195 km due west to city C. Find the location of city C 1

relative to the origin. )
! -\

Solution Once again, a dmwmg such as Flgme 3.20 allows us

v

to conceptualize the problem. It is convenient to choose the co-
ordinate system shown in Figure 3.20, where the x axis points
to the east and the yaxis points to the north. Let us denote the
three consecutive displacements by the vectors a, b, and ¢

10/21/2017
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We can now categorize this problem as being similar to
Example 3.5 that we have already solved. There are two pri-
mary differences. First, we are adding three vectors instead
of two. Second, Example 3.5 guided us by first asking for the
components in part (A). The current Example has no such
guidance and simply asks for a result. We need to analyze the
situation and choose a path. We will follow the same pattern
that we did in Example 3.5, beginning with finding the com-
ponents of the three vectors a, b, and ¢. Displacement a has
a magnitude of 175 km and the Cmnp-(r)nents

-
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e ——
a, = acos(30.0°) = (175 km) (0.866) = 152 km 1

a, = asin(30.0°) = (175 km) (0.500) = 87.5 km

Displacement b, whose magnitude is 153 km, has the com-

ponen s

by = bcos(110%) = (153 km)(—0.342) = —52.3 km

b, = bsin(110°) = (153 km) (0.940) = 144 km

Y

Finally, displacement ¢, whose magnitude is 195 km, has the

COI]]I)OI]EIHS

o = ccos(180°%) = (195 km)(—1) = — 195 km

¢, = csin(180°) = 0 ‘

y

Therefore, the components of the position vector R from |
the starting point to city C are

Ry = ax + by + ¢, = 152 km — 52.3 km — 195 km
= =95.3 km
Ry=ay+ by+ ¢, = 87.5km + 144 km + 0 = 232 km

b\ 4 S
In unit—vector notation, R = (—95.3i + 232j) km . Using

Equations 3.16 and 3.17, we find that the vector R has a
magnitude of 251 km and is directed 22.3° west of north.
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==

To finalize the problem, note that the airplane can reach
city C from the starting point by first traveling 95.3 km due b |
west and then by traveling 232 km due north. Or it could
follow a straight-line path to C by flying a distance R =
251 km in a direction 22.3" west of north.

{\

What If? After landing in city C, the pilot wishes to return to
the origin along a single straight line. What are the compo-
nents of the vector representing this displacement? What
should the heading of the plane be?
Answer The desired vector H (for Home!) is simply the
negative of vector R:
-
"
The heading is found by calculating the angle that the vec-
tor makes with the xaxis:

H=-R=(+95.3i — 232j) km

Ry —232m
tan = — = = —243
R, 95.3 m

- _—— |

This gives a heading angle of § = — 67.7°, or 67.7° south of

cast.
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