
In the preceding section we showed how
analyses of the Stern-Gerlach experiment lead
us to consider a complex vector space.

We first formulate the basic mathematics of
vector spaces as used in quantum mechanics
employing P. A. M. Dirac.



We consider a complex vector space whose
dimensionality is specified according to the
nature of a physical system under consideration.

In the case of the silver 
atoms in the Stern-
Gerlach-type 
experiments, the 
dimensionality is just 
two. 



Later we consider the case of continuous
spectra, e.g., the position (coordinate) or
momentum of a particle.

The continuous space is called Hilbert space.

In quantum mechanics a physical state, for
example, a silver atom with a definite spin
orientation, is represented by a state vector in
a complex vector space.

Following Dirac, we call such a vector a ket
and denote it by |α>.



Two kets can be added:

The number c can stand on the left or on the
right of a ket.

If c=0 results in null ket.

One of the physics postulates is that |α> and
c|α>, with c≠0, represent the same physical
state.

In other words, only the "direction" in vector
space is of significance.



An observable, such as momentum and spin
components, can be represented by an
operator, such as A, in the vector space in
question.

Quite generally, an operator acts on a ket from
the left,

which is yet another ket.

There will be more on multiplication
operations later.



In general, A|α> is not a constant times |α>.

However, there are particular kets of
importance, known as eigenkets of operator
A, denoted by

with the
property

Notice that applying A to an eigenket just
reproduces the same ket apart from a
multiplicative number.



The set of numbers {a, a', a'",...}, more
compactly denoted by {a'}, is called the set of
eigenvalues of operator A.

When it becomes necessary to order
eigenvalues in a specific manner, {a(1), a(2),
a(3) ...} may be used in place of {a', a'', a'",...}.

The physical state corresponding to an
eigenket is called an eigenstate.
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In the simplest case of spin ½ systems, the
eigenvalue-eigenket relation is expressed as



We remarked earlier that the dimensionality of
the vector space is determined by the number
of alternatives in Stern-Gerlach-type
experiments.

More formally, we are concerned with an N-
dimensional vector space spanned by the N
eigenkets of observable A.

Any arbitrary ket |α> can be written as



The vector space we have been dealing with is
a ket space.

We now introduce the notion of a bra space, a
vector space "dual to" the ket space.

We postulate that corresponding to every ket
|α> there exists a bra, denoted by <α|, in this
dual, or bra, space.



The bra space is spanned by eigenbras {<α'|}
which correspond to the eigenkets {|α'>}.

There is a one-to-one correspondence between
a ket space and a bra space:

where DC stands for dual correspondence.

Roughly speaking, we can regard the bra
space as some kind of mirror image of the ket
space.



The bra dual to c|α> is postulated to be c*<α|,
not c<α|, which is a very important point.

More generally, we have
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We now define the inner product of a bra and
a ket.

The product is written as a bra standing on the
left and a ket standing on the right, for
example,

This product is, in general, a complex number.



Notice that in forming an inner product we
always take one vector from the bra space and
one vector from the ket space.

We postulate two fundamental properties of
inner products.

First,

In other words, <α|β> and <β|α> are complex
conjugates of each other.



Notice that even though the inner product is,
in some sense, analogous to the familiar
scalar product a.b, <α|β> must be clearly
distinguished from <β|α>; the analogous
distinction is not needed in real vector space
because a.b is equal to b.a.

we can immediately deduce that <α|α> must
be a real number.

To prove this just let

*   



The second postulate
on inner products is

0  

where the equality sign holds only if |α> is a
null ket.

This is sometimes known as the postulate of
positive definite metric.

From a physicist's point of view, this postulate
is essential for the probabilistic interpretation
of quantum mechanics, as will become
apparent later.



Two kets |α> and |β> are
said to be orthogonal if

even though in the
definition of the inner
product the bra <α|
appears.

The orthogonality relation also implies,

* *0 0     



Given a ket which is not a null ket, we can
form a normalized ket
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An operator acts on a ket from the left side,

and the resulting product is another ket.

Operators X and Y are said to be equal, i.e.,
X=Y, if



Operator X is said to be the null operator if,
for any arbitrary ket |α>, we have

Operators can be added; addition operations
are commutative and associative:



With the single exception of the time-reversal
operator to be considered in Chapter4, the
operators that appear in this book are all
linear, that is,

An operator X always acts on a bra from the
right side



The ket X|α> and the bra <α|X are, in general, not
dual to each other. We define the symbol X+ as

The operator X+ is called the Hermitian
adjoint, or simply the adjoint, of X. An
operator X is said to be Hermitian if



Operators X and Y can be multiplied.
Multiplication operations are, in general,
noncommutative, that is,

Multiplication operations are, however, associative:



We also have

Notice that

Because









In a second important
illustration of the associative
axiom, we note that

Because the two sides are equal, we might
as well use the more compact notation

Recall now that <α|X+ is the bra that is dual to X|α>, so

where, in addition to the
associative axiom, we used the
fundamental property of the
inner product. For a Hermitian
X we have
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†A A
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We have seen that the normalized eigenkets of A
form a complete orthonormal set.

An arbitrary ket in the ket space can be expanded in
terms of the eigenkets of A.

In other words, the eigenkets of A are to be used as
base kets in much the same way as a set of mutually
orthogonal unit vectors is used as base vectors in
Euclidean space.
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Let us now examine how the ket
relation |γ>=X|α> can be
represented using our base kets.



Likewise, given <γ|=<α|X

So a bra is represented by a row matrix as follows:

The inner product <β|α> can be written as the
product of the row matrix representing <β| with the
column matrix representing |α> :



Finally, the matrix representation of the outer
product |β><α| is easily seen to be

The matrix representation of an observable A
becomes particularly simple if the eigenkets of A
themselves are used as the base kets. First, we



But the square matrix <a``|A|a`> is obviously
diagonal
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Having developed the mathematics of ket spaces,
we are now in a position to discuss the quantum
theory of measurement processes.

This is not a particularly easy subject for beginners,

so we first turn to the words of the great master, P.
A. M. Dirac, for guidance (Dirac 1958, 36):

"A measurement always causes the system to jump
into an eigenstate of the dynamical variable that is
being measured."



What does all this mean?

We interpret Dirac's words as follows:

Before a measurement of observable A is made, the
system is assumed to be represented by some linear
combination

When the measurement is performed, the system is
"thrown into" one of the eigenstates, say |a`> of
observable A.



In other words:

For example, a silver atom with an arbitrary spin
orientation will change into either |SZ; +> or |SZ; ->
when subjected to a SG apparatus of type SGz.

Thus a measurement usually changes the state.

The only exception is when the state is already in
one of the eigenstates of the observable being
measured:



When the measurement causes |α> to change into
|a`>, it is said that A is measured to be a'.

It is in this sense that the result of a measurement
yields one of the eigenvalues of the observable
being measured.

A state ket of a physical system before the
measurement, we do not know in advance into
which of the various |a'>'s the system will be
thrown as the result of the measurement.



We do postulate, however, that the probability for
jumping into some particular |a'> is given by

provided that |α>
is normalized.

Although we have been talking about a single
physical system, to determine the above probability
empirically, we must consider a great number of
measurements performed on an ensemble—that is,
a collection—of identically prepared physical
systems, all characterized by the same ket |α>.

Such an ensemble is known as a pure ensemble.



We will say more about ensembles in Chapter 3.

As an example, a beam of silver atoms which
survive the first SGz apparatus with the
SZ-component blocked is an example of a pure
ensemble because every member atom of the
ensemble is characterized by |SZ; + >.

The probabilistic interpretation for the squared
inner product |<a'|α>|2 is one of the fundamental
postulates of quantum mechanics.

So it cannot be proven.



Let us note, however, that it makes good sense in
extreme cases.

Suppose the state ket is |a'> itself even before a
measurement is made

Then the probability for getting a'—or, more
precisely, for being thrown into |a'>—as the result
of the measurement is predicted to be 1, which is
just what we expect.

we, of course, get |a'> only; quite generally,
repeated measurements of the same observable in
succession yield the same result.



If, on the other hand, we are interested in the
probability for the system initially characterized by
|a'> to be thrown into some other eigenket |a"> with
a'' ≠ a' then gives zero because of the orthogonality
between |a'> and |a">.

From the point of view of measurement theory,
orthogonal kets correspond to mutually exclusive
alternatives;

for example, if a spin 1/2 system is in |SZ; + >, it is
not in |SZ; - > with certainty.



We define the expectation value of A taken with
respect to state |α> as

The above equation is a definition; however, it
agrees with our intuitive notion of average
measured value because it can be written as



It is very important not to confuse eigenvalues with
expectation values.

For example, the expectation value of Sz for spin
1/2 systems can assume any real value between -ћ/2
and +ћ/2, say 0.273h; in contrast, the eigenvalue of
Sz assumes only two values, h/2 and -h/2.



To clarify further the meaning of measurements in
quantum mechanics we introduce the notion of a
selective measurement, or filtration.

we had considered a Stern-Gerlach arrangement where we
let only one of the spin components pass out of the
apparatus while we completely blocked the other
component.



More generally, we imagine a measurement process
with a device that selects only one of the eigenkets
of A, say |a'>, and rejects all others.

This is what we mean by a selective measurement;
it is also called filtration because only one of the A
eigenkets filters through the ordeal.



This time we show that the results of sequential
Stern-Gerlach experiments, when combined with
the postulates of quantum mechanics discussed so
far, are sufficient to determine not only the Sx,y

eigenkets, |Sx;+> and |Sy;+>, but also the operators
Sx and Sy themselves.

First, we recall that when the Sx + beam is
subjected to an apparatus of type SGz, the beam
splits into two components with equal intensities.



This means that the probability for the Sx + state to
be thrown into |SZ;±>, simply denoted as |±>, is 1/2
each; hence,

We can therefore construct the Sx + ket as follows:



The Sx- ket must be orthogonal to the Sx+ ket,
which the orthogonality requirement leads to
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A similar argument with Sx replaced by Sy leads to

How to determine δ1 and δ2?

Suppose we have a beam of spin ½ atoms moving
in the z-direction.



We can consider a sequential Stern-Gerlach
experiment with SGx followed by SGy.
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2
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We thus see that the matrix elements of Sx and Sy cannot all be
real.



If the Sx matrix elements are real, the Sy matrix
elements must be purely imaginary (and vice
versa).

Just from this extremely simple example, the
introduction of complex numbers is seen to be an
essential feature in quantum mechanics.

It is convenient to take the Sx matrix elements to be
real and set δ1= 0; if we were to choose δ1= π, the
positive x-axis would be oriented in the opposite
direction.

The second phase angle δ2 must then be -π/2 or π/2.



The fact that there is still an ambiguity of this kind
is not surprising.

Later we will discuss angular momentum as a
generator of rotations using the right-handed
coordinate system; it can then be shown that δ2= π/2
is the correct choice.

To summarize, we have:



Furthermore, the non-Hermitian S± operators can
now be written as

The operators Sx and Sy, together with Sz given
earlier, can be readily shown to satisfy the
commutation relations



and the anticommutation relations

where the commutator [ , ]
and the anticommutator { , }
are defined by
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We now define the S2 operator as follows:

2 2 2 2
x y zS S S S  

For spin ½ systems, the S2 operator is a multiple of
the identity operator

2 23
S
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As will be shown in Chapter 3, for spins higher than
1/2, S2 is no longer a multiple of the identity
operator; however, the following relation still holds.

2
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