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What IS the phys1cal s1gn1ﬁcance we can attach to K?
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J Schwmger lecturing on quantum mechanics, once | .
o remarked, ".. for fundamental properties we will

& borrow only names from class1ca1 physics.”
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. An 1nﬁn1tesnna1 translation 1n classu:al mechanics can |
| be regarded as a canonical transformation, ‘
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obtalnable from the generatmg functlon (Goldstem
1980 395 and 411).




Can the K operator be 1dent1ﬁed with theL
momentum operator itself?
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Unfortunately the dimension is all wrong; the *
» K operator has the dimension of 1/length ¢

because K.dx' must be dlmensmnless
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So far we have concerned ourselves with infinitesimal o
translations. -
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Let us consider a ﬁmte translatlon n the X- dlrectlon by &
an amount Ax":
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‘ T (Ax'X)x") = |x"+ Ax x)
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A fundamental property of translations 1s that L-'

successive translations in different directions, say in &
the x- and y—dlrectlons commute. ‘

Graphlcally, n
| shifting from A §,
,and B it does not |
l matter whether £
‘we go via C or

1 7 (Ax x)ﬂ'(Ay §) = Y(Ax %+ Ay’y)
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This point 1s not so trivial as it may appear; we will =

show 1n Chapter 3 that rotations about different axes do &
not commute. '
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_ Treating up to second order, we obtain
: A - Ly x =

- ; A / 2 A ,2 .:
,' [y(Aylf’),ﬂ-(Ax’i)]= (1__lpyhy __py(zh)z)) n ..), ‘
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. 1 & 1

sl }pX Py, and pz are mutually -
P,-, P; ~ eompatlble observables 3

& Ao S sowr

We can therefore conceive of
~a simultaneous eigenket of
My PX ,Py,Pz namely,

) We see that the momentum
eigenket remains the same
even though 1t suffers a '
* slight phase change, so |
unlike [x>, [p™> 1s an J

| =

of T(dx') 1s complex; we do not! cigenket of T(dx'), which

iNotiee, however, that the eigenvalue
‘expect a real eigenvalue here because [ We anficipated because
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T(dx') though unitary, 1s not g
» Hermitian.




The Canonical

Commutation Relations

. B

We summarize the commutator relations we !
1nferred [0)% studylng the propertles of translatlon ~

. They are called “fundamental quantum condltmns
or “canonical commutation relations”, or the.
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! Also in 1925, P. A. M. Dirac observed that the ;‘
various quantum mechanical relations can be®
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obtained from the corresponding classical relations
_|just by replacing classical Poisson brackets by £

» commutators, as follows: N
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In particular, the following relations can be proved 2
regardless of whether [ , ] is understood as a®
classical Poisson bracket or as a quantum- g

- mechanical commutator:
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[A A]=0 1 [4.B]=~[B, 4] K',;'
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[A c] = (c isjust a number)
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[A+B C]—[A C]+[B C]
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The last relatlon 1S known as the J acobl 1dent1ty ¥




'WAVE FUNCTIONS IN
POSITION AND
) MOMENTUM SPACE
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= xw) | (xx) = S(x"—x)

|a> f ix'1x'y(x ') [
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2 , the probabﬂlty for the particle to be £
<)C |a>| dx " found 1n a narrow interval dx‘ around x’. ;:
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- [ dx’ f dx” Y (x") (x| A|x" Y, (x”)
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| N.:)te that the f(x) onthe <B|x |a> fdx <B|x >x 2<x la>

. left-hand side 1s an =% —

, operator, while the f(x') f 5

8 on the right-hand side is § fdx IPE(X )x’ 4/ (x )
» not an operator :
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Ormoregenerally .,.. <B|f(x)|a> fdx Hbﬁ(X )f(x )IP (x ) ,
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Momentum Operator in the 3
POSItIOﬁ Basis

~ We now examine how the momentum operator may look in
=

- the x-basis.
{ Our startmg pomt is the definition of momentum as the |

‘ generator of 1nﬁn1te51mal translatlons s

.~
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(1—’pr )|a) Jdx T (Bx")x)(x" |a> _‘ -—fdx X ((x lay— Ax’ -————(x |a>)
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., ._fdx |x’ +Axﬁ)<x ‘la) p|a>’= fdx’|x’)(-ihgc-’-<x’|a))
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'-'4 fdx |xH{(x"— Ax |a> : (x'lpla>=“ih£_,<x’|“>

Thus for the matrix element p in the x- -__-':
s representation, we obtain
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(Blpla) = [ax’ (Bix'y| - in—2

._r',

{ . Y .
{'@ f ‘[x be(x )( dx’ )4/ (X) .

(Blp"|a) = fdx vi(x’ (—~—zh)
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Momentum Space

%,

p<X|p>-—-—1h'§<XIp>

I<p’|a>|2dp’ !

The probability that a measurement § ( ip /xr)

of p gives eigenvalue p' within a | (x’l p’) =N cXp 7
narrow 1nterval dp°.

()=, ( (x7y = [dp” (x'1p")(plx”)

ip’x’\ - 8(x'=x7) = IlefdP’exP[ ip’(x’h— x) J
| = 2mh|N|%(x"— x”)



(play = [dx{ px'y(x'|a)
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Gaussnan Wave Packets

It 1S 1nstruct1ve to look at a physwal example to
 1llustrate our basic formalism.
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We consider what 1s known as a Gaussian wave ¢
packet whose x-space wave function 1s given by
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(x'|a) = [ 1 ]exp[ikx’ a ] b -
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(x)= f_oooodx’<a|x’)x’(x’|a> = f_oooodx’Kx’la)lzx’—-— 0
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As an extreme example suppose we let d->o0. The pos1t10n—space wave |
" function then becomes a plane wave extending over all space; the
probability of finding the particle is just constant, independent of x'. In
contrast, the momentum-space wave function 1s o-function-like and 1s |
sharply peaked at hk. In the opposite extreme, by letting d -=> 0, we
* obtain a position-space wave function localized like the o-function, but |
the momentum—space wave function is just constant mdependent of p
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Generalization to Three
IimenSlons

57 (x —x") = 5(X x )5(y -y )8(2 —-z ")
k |a>=fd3x X7y (x|t |
@) = [dp |p><p|a>
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f d3x'|x'><x'|-—-1 ,

fdp|p><p| 1







