Quantum Dynamics
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So far we have not discussed how physical systems
change with time.

This chapter 1s devoted exclusively to the dynamic @
development of state kets and/or observables.

In other words, we are concerned here with the
quantum mechanical analogue of Newton's (or

Lagrange's or Hamilton's) equations of motion.
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TIMEE EVOLUTION AND TIRIE

SCHRODINGER EQUATION
The first impoftnt point we should keep in mind 1s
that time 1s just a parameter 1n quantum mechanics, not
an operator.

In particular, time 1s not an observable in the language ’

< of the previous chapter.

IIronically, in the historical development of wave
mechanics both L. de Broglie and E. Schrodinger were §

guided by a kind of covariant analogy between energy

and time on the one hand and momentum and position
(spatial coordinate) on the other.




Yet when we now look at quantum mechanics 1n its
finished form, there 1s no trace of a symmetrical
treatment between time and space.
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The relativistic quantum theory of fields does treat
the time and space coordinates on the same footing,
but 1t does so only at the expense of demoting

position 1

rom the status of being an observable to

that of being just a parameter.
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Time Eveolution Operator

Our basic concern 1n this section 1s, How does a state
ket change Wlth t1me‘7

Suppose we have a phys1ca1 system whose state ket at
t, 1s represented by |o>.
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At later times, we do not, in general, expect the system
to remain 1n the same state |o>.
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Let us denote the ket corresponding to the
state at some later time by

hm |a,t,;1) =

-1,



Our basic task 1s to study the time evolution of a state
ket:

time evolution

A |, to) |0‘> o, g5 1)

Put in another way, we are interested in asklng how the
state ket changes under a time dlsplacement ty > t.
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. As 1n the case of translation, the two kets are related [0)% Z
“Ea operator which we call the time-evolution operator

X AL, t):

What are some of the properties we would like to

ascribe to the time-evolution operator?
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The first important property 1s the unitary requirement
for @//(t, t,) that follows from probability conservation.
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Suppose that at t, the state ket 1s expanded in terms of
the eigenkets of some observable A:

{

individual expansion coefficient to remain the same:*
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*We later show, however, that if the Hamiltonian
- commutes with A, then they are indeed equal.




For instance, consider a spin 1/2 system with its spin
magnetic moment subjected to a uniform magnetic
field in the z- dlrectlon
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To “ae specific, suppose that at t, the spin 1s in the
positive x-direction; that 1s, the system 1s found 1n an
eigenstate of Sx with eigenvalue h/2.
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As time goes on, the spin precesses 1n the xy-plane, as g
“d will be quantitatively demonstrated later in this section.

IThis means that the probability for | §
observing Sx + 1s no longer unity

at t > t,; there 1s a finite probability
for observmg SX — as Well




Yet the sum of the probabilities for Sx+ and Sx-
remains unity at all times.

ry = T .

Despite the individual expansion coefficients are not
equal, generally we must have,.
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IStated another way, 1f the state ket 1s 1mtially

normalized to unity, 1t must remain normalized to
unity at all later times: #
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(a, tpla, tyy =1=(a,ty; tla, ty;t) =1
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As 1n the translation case, this property 1s guaranteed if
the time-evolution operator 1s taken to be unitary.

For this reason we take unitarity to be one of the
fundamental properties of the ¢//operator.
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It 1s no coincidence that many authors regard 1 ;
unitarity as being synonymous with
probability conservation.

UT(t, 1)U (t,t,) =1
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Another feature 1s the composition property:

g U(1,,1t) = 02/(’2,11)%(’1,’0) (1,>1,> 1) ( \
ITh1s equation says that 1f we are 1nterested in obtaining t1me’

evolution from ¢, to t,, then we can obtain the same result by 8
first considering time evolution from t, to t; then from t, to t,—a
reasonable requirement. Note that we read the equation from

l right to left! !




a, tos tg+dty=U(t,+dt,ty)la,t,)

lim % (1o+dt,t,) =1 .
dt— 0 -

We assert that all these requirements are satisfied by

U(ty+dt,t,)=1—iQdt
\Y |
S YNty +det)U(t,+dt, )= (1+iQ7dt)(1—-iQdt) =1 “

.
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U(ty+dty+dty, ty)=U(ty+dty+dty, ty+dt))U(ty+dt;,t,) =

(1-1Q(dt, +dt,)) = (1-iQdt, )(1-iQdt, ) = (1 -iQ(dt, + dtz‘y 1
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™

-



The operator € has the dimension of frequency or
Inverse time.

e = T

Is there any familiar observable with the dimension of
frequency‘7

We recall that in the old quantum theory,
angular frequency o is postulated to be | r=p
.related to energy by the Planck-Einstein - Wy

.relation /
ILet us now borrow from classical IF e

mechanics the 1dea that the Hamiltonian is "
the generator of time evolution (Goldstein | Q —

1980, 407-8). It is then natural to relate Q ==

" to the Hamiltonian operator H:
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To sum up, the mfinitesimal time-evolution operator is written as

iH dt
h

U(ty+dit,ty)=1—
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We are now 1n a position to derive the fundamental
differential equation for the time-evolution operator //(t, t,).

\ U(t+dt,ty)=U(t+dt,t)U(1,t,) = (1— ih;ldt )%(t, 1)
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w U(t+di,ty) — U(e, 1) = —z(—h~) drtu(t,t,) lhz%(t,t0)=Hﬁll(t,t0) p
3 This 1s the Schrodinger
ih-a-;”Z/(t,tO)la,t()) =H¥U(t,1,)|a,ty)

s equation for the time-
SIS S cvolution operator. |




d
ih-§|a,t0;t> = Hl|a, ty; t)

If we are given @/ (t, t,) and, in addition, know how
/(t, t,) acts on the initial state ket |a, t,>, it 1s not
necessary to bother with the Schrodmger equatlon

All we have to do 1s to apply @/(t, t,) to |a, t,>; 1n this
. manner we can obtain a state ket at any t. _

. Our first task 1s therefore to derive formal solutions to
Ithe Schrodinger equation for the time evolution
operator.

There are three cases to be treated separately

o




The Hamiltonian operator 1s independent of time.
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The Hamiltonian for a spin-magnetic moment
interacting with a time-independent magnetic field 1s
an example of this.
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The solution in such a case 1s given by p

ih%%(z,t0)=H”Z/(I,t0)
L WA

exp[ - iH(ht —1,) ] 1 iH(th— to)



The Hamiltonian operator H 1s time-dependent but the
H's lt different times commute.
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As an example, let us c0n31der the spin-magnetic moment
subjected to a magnetic field whose strength varies with
time but whose direction 1s always unchanged.

. The formal solutlon in this case 1s

This can be proved ina similar way. We simply replace
H(t-t,) by integral[dt'H(t")]%,.




Case 3. The H's at different times do not commute.

Continuing with the example mnvolving spin-magnetic moment, we
suppose, this time, that the magnetic field direction also changes with
time: at t=t; in the X- dlrectlon at t=t, in the y- d1rect10n and so forth.

Because Sx and Sy do not commute H(tl) and H(t2), which go like
S*B, do not commute either.

r

The formal solution 1n such a situation 1s given by

N ft"—ldtn H(tl)H(tz) - H(tn)

lo

which 1s sometimes known as the Dyson serles
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In elementary applications, only case 1 1s of practical =
interest. In the remaining part of this chapter we assume
that the H operator is time-independent. We will eneounter'

l time-dependent Hamiltonians in Chapter 5. ]



