Energy Eligenkets

.. 10 be able to evaluate the etfect of the time-
evolutlon operator on a general mitial ket jo> we .
- must first know how it acts on the base kets used in & i
expandmg \oc>

r?"“ This is partlcularly stralghtforw rd
= 1f the base kets used are eigenkets 4 ,
Of A such that
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then the elgenkets of A are also |
1 elgenkets of H, called energy
elgenkets whose eigenvalues are |
" denoted by E..
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Therefore the eXpansron eoefﬁerent ehanges W1th t1me as
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e, (1=0) = c (1) =c (1= O)exp( — Byt “ which it modulus
¢ unehanged.

Notrce that the relatlve phases among various components do Vary
w1th trme beeause the osc111at10n frequenc:les are dlfferent
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A special case of interest 1s where the 1nitial state happens
to be one of {|a’>} itself.
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SO 1f the system 1s 1nitially a s1mu1taneous elgenstate of Au-
‘and H it rema1ns S0 at all t1n1es |

P o o v - BE L “SCE LR e - e b SNTRRE e e R R e P Ly

?-"-q ' The most that can happen 1S the phase modulatlon eXp(
= 1E t/h)

. Itisn th1s sense that an observable eompatlble W1th H 1S a Z
constant of the motlon
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 We W111 eneounter this connectlon once agaln n a dlfferent
form When we dlSCllSS the He1senberg equatlon of motlon
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In summery: it

In the foregoing discussion the basic task in quantum
& dynamics 1s reduced to finding an observable that
commutes W1th H and evaluatmg 1ts elgenvalues
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Once that 1s done, we expand the initial ket in terms of the e
elgenkets of that observable and just apply the time-
Fg;’% evolutlon operator
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2 Th1s last step merely amounts t0 ehangmg the phase of .
eaeh expansmn coefﬁc1ent f




Even though we worked out the case where there 1s just
one observable A that commutes with H, our considerations
can easily be generalized when there are several mutually

(s : : :
. compatible observables all also commuting with H:
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£ It 1S therefore of fundamental 1mp0rtanee to ﬁnd a eomplete set of .
mutually eompatlble observables that also eommute w1th H *;;f:.;
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" Once such a set is found WE €Xpress the 1n1t1a1 ket as a superpos1t10n
7 of the 51multaneous elgenkets ofA, B, C,.. and H
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The ﬁnal step 1s just to apply the time- evolutlon operator In thls
~manner we can solve the most general initial-value problem with a
t1me 1ndependent H




Time Dependence of

Expeciation Values

It 1S 1nstruet1ve to study how the expeetatlon value of

“an observable changes as a funetlon of time.
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Suppose that at t = O the 1n1t1a1 state 1S one of the - "i
é?; elgenstates of an o oservable A that commutes w1th H. ,f
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- We now 1ook at the expectatlon Value of some other z ,;
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- observable B, which need not commute with A nor.,
Wlth H ;i"i




(B)y=((a’|%"(1,0))-B-(%(1,0)|a’))

Wh1eh 1S 1ndependent of t
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o So the expectation value of an observable taken wrth
. respect to an energy eigenstate does not change wrth
 time.
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L For thrs reason an energy elgenstate 1s often referred to
. as a stationary state.




The situation 1s more interesting when the expectation
value 1s taken with respect to a superposition of energy
elgenstates or a nonstatlonary state

. So this time the expectation value consists of 7
s oscillating terms whose angular frequencies are
~ determined by N. Bohr's frequency condition




Spin Precession

It 1S approprlate to treat an example here
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= We consider an extremely s1mple system Wthh
however illustrates the basic formalism we have i"’?ﬁ
developed =

el ﬁl’&

We start wrth a Hamrltoman of aspm 12 systern Wlth

FQ - magnetic moment eh/2m_c subjected to an external

magnetle ﬁeld B




Because Sz and H differ just by a multiplicative
constant, they obviously commute.

*% The Sz eigenstates are also energy eigenstates, and the
eorrespondmg energy elgenvalues are
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We apply th1s to the 1n1t1a1 state
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The base kets for expandmg the
o W nitial ket are obviously the S,
.. Suppose that at t = O e & _eigenkets, [+> and |->, which are
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system 1s eharaeterlzed by . also energy elgenkets
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Speelﬁcally, let us suppose that the itial ket |a>
represents the spin-up (or, more precisely, Sz +) state & a

|+ >, Wh1eh means that g
At a later trme 1t 1S st111 n the sprn up state whreh 1s
| 0o surprrse because th1s IS a statronary state ,-

i Next let us suppose that 1n1t1a11y the systern 1s 1n the SX + state




It 1s straightforward to work out the probabilities for the
system to be found 1n the Sx + state at some later time t:
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Even though the spin is initially in the positive x-direction, the -~
magnetic field in the z-direction causes it to rotate; as a result, we =
obtaln a ﬁnlte probablhty for finding Sx - at some later tlme '

S EE—— e

The sum of the two probabilities 1s seen to be umty at all

~ times, in agreement with the unitarity property of the time- -
evolutlon operator
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Or 1n another way you can also as an exercise
directly find the expectation value of S, at time t
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Anyway, we have:
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_' so this quantity oscillates with an angular frequency
eorrespondmg to the difference of the two energy eigenvalues ;.
d1V1ded by h

| ThlS 13 m agreement w1th our followmg general formula
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Similar exercises with S, and S, show that
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Correlation Amplitude anad the
_e[fynTnme Uncertainty Relation

We conclude this section by asking how state kets at .
dlfferent tlmes are correlated Wlth each other. '
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Suppose the 1n1t1a1 state ket at t = 0 of a Phys 1ca1
SYStem 1S glven by o> ,,,;..
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Wlth time 1t changes into |a, to = O t> Wthh we obtam >
by applylng the tlme evolutlon operator '
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at a later tlme t 1s similar to the state ket at t = ().
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We therefore construct the inner product between the
two state kets at different times:

Wthh 1S known as the correlatlon amplltude
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The modulus of C(t) prov1des a quant1tat1ve measure of the

resemblance between the state kets at drfferent t1mes
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As an extreme example cons1der the very spee1al case «?
Where the 1n1t1al ket o> 1 IS an ergenket of H we then have
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= so the modulus of the correlat1on
- amplitude is unity at all times— &
~ which is not surprising for a
e stationary state.

- E /t
C(t)=(a’|a’,t0=0;t>=exp( lh”)



In the more general situation where the imitial ket 1s
represented by a superposition of {|a™}, we have

C(t)=(ZC?(G’I)[;%"GXP( lf t)Ia >]

As WE sum over many terms Wrth oserllatmg t1rne

?ﬁ - dependence of different frequencies, a strong cancellatlon

= 1s possrble for moderately large Values of t.

We expect the correlatron amphtude that starts W1th
unrty at t =0 to decrease in magnrtude W1th trme




To estimate 1n a more concrete manner, let us suppose
that the state ket can be regarded as a superposition of
so many energy eigenkets with similar energies that we

f?w
~can regard them as exhibiting essentially a quasi-
eontmuous spectrum &
R = = i

e

It 18 then legltlmate to replace the sum by the 1ntegral
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In a realistic physical situation |g(E)|’p(E) may be
peaked around E = E, with width A.
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c(r) =exp(—‘—;fﬁf)[dElgw)ﬁp(E)exp[

We see that as t becomes large the 1ntegrand o-selllates
‘g%very rapidly unless the energy interval |[E — E| 1S
= small compared w1th h/t
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If the interval for wh1eh |E — Eo| ~ h/t holds 1S mueh Z
“narrower than AE—the width of |g(E)|*?p(E)—we get
essent1a11y no contribution to C(t) because of strong
eaneellat10ns




becoming appreciably different from 1 1s
glven by

The characteristic time at which the
modulus of the correlation amplitude starts
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Even though thls equatlon 1S obtamed for aﬁ
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superp0s1t10n state with a quasi-continuous energy
speetrum it also makes sense for a two-level system; in -
the spin-precession problem considered earlier, the
~state ket, which is initially |Sy + >, starts losing 1ts
1dent1ty after ~1/oo h/(E E_) as 1S eV1dent from
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To summarize, as a result of time evolution the state
ket of a physical system ceases to retain its original
form after a time interval of order h/AE
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In the literature this point 1s often sald to illustrate the ; %
t1me energy uneertalnty relatlon e
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However 1t is to be elearly understood that thrs trme— =
.. energy uncertainty relation is of a very different nature > -“
from the uneertarnty relatron between two 1ncompat1b1e
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;f" will come back to the above equatron in connection | g
Wlth tlme dependent perturbatron theory




