POTENTIALS AND GAUGE

TRANSFORMATIONS

Constant Potentials

In classical mechanics it is well known that the zero point of the
potential energy is of no physical significance. The time development of
dynamic variables such as x(¢) and L(#) is independent of whether we use
V(x) or V(x)+V, with ¥, constant both in space and time. The force that
appears in Newton’s second law depends only on the gradient of the
potential; an additive constant is clearly irrelevant. What is the analogous
situation in quantum mechanics?

We look at the time evolution of a Schrodinger-picture state ket
subject to some potential. Let |a, ¢y; ¢) be a state ket in the presence of

V(x), and |a, t,; t), the corresponding state ket appropriate for

V(x)=V(x)+V,
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In other words, the ket computed under the influence of ¥ has a time
dependence different only by a phase factor exp[—iV,(t —1¢y)/h]. For
stationary states, this means that if the time dependence computed with
V(x) 1s exp[ — iE(t — ty)/ h}, then the corresponding time dependence com-
puted with V(x)+V, is exp[— i(E + V,)(t — ty)/h]. In other words, the use
of V in place of V just amounts to the following change:

E—-E+V,

which the reader probably guessed immediately. Observable effects such as
the time evolution of expectation values of (x) and (S) always depend on
energy differences [see (2.1.47)]; the Bohr frequencies that characterize the
sinusoidal time dependence of expectation values are the same whether we
use V(x) or V(x)+V,. In general, there can be no difference in the expecta-
tion values of observables if every state ket in the world is multiplied by a
common factor exp[— iV (¢t — t,)/ h].

= exp




Trivial as it may seem, we see here the first example of a class of
transformations known as gauge transformations. The change in our conven-
tion for the zero-point energy of the potential

V(x) - V(x)+V,

must be accompanied by a change in the state ket

—iVy(t—1,) .
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Of course, this change implies the following change in the wave function:

(1) = exp| ~8=0) |y

Next we consider V,, that is spatially uniform but dependent on time. We
then easily see that the analogue of (2.6.5) is

,Vo(t’)
h

|a,t0;t>—+exp{—iftdt ]|a,t0;t>
To

Physically, the use of V(x)+V,(¢) in place of V(x) simply means that we
are choosing a new zero point of the energy scale at each instant of time.



Even though the choice of the absolute scale of the potential is
arbitrary, potential differences are of nontrivial physical significance and, in
fact, can be detected in a very striking way. To illustrate this point, let us
consider the arrangement shown in Figure 2.4. A beam of charged particles
1s split into two parts, each of which enters a metallic cage. If we so desire,
we can maintain a finite potential difference between the two cages by

turning on a switch, as shown. A particle in the beam can be visualized as a
wave na(‘ket whose dimension 1s much smaller than the dimension of the
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cage. Suppose we switch on the potential difference only after the wave
packets enter the cages and switch it off before the wave packets leave the
cages. The particle in the cage experiences no force because inside the cage
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us recombine the two beam components in such a way that they meet in the
interference region of Figure 2.4. Because of the existence of the potential,
each beam component suffers a phase change, as indicated by (2.6.7). As a
result, there 1s an observable interference term in the beam intensity in the
interference region, namely,

COS(Cf)l — (1)2), Sin(¢1 — ¢2)

PP, = ('}{)/;tfdt [V2(2)=Vi(0)]
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Interference
region

So despite the fact that the particle experiences no force, there i1s an
observable effect that depends on whether V,(#)—V,(t) has been applied.
Notice that this effect is purely quantum mechanical;, in the limit 2 — 0, the
interesting interference effect gets washed out because the oscillation of the
cosine becomes infinitely rapid.*



| Gravity in Quantum Mechanics

There 1s an experiment that exhibits in a striking manner how a
gravitational effect appears in quantum mechanics. Before describing it, we
first comment on the role of gravity in both classical and quantum mecha-
nics.

Consider the classical equation of motion for a purely falling body:

mX =—-—mvo, =—mgi

The mass term drops out; so in the absence of air resistance, a feather and a
stone would behave in the same way—a la Galileo—under the influence of
gravity. This is, of course, a direct consequence of the equality of the
gravitational and the inertial masses. Because the mass does not appear in
the equation of a particle trajectory, gravity in classical mechanics is often

said to be a purely geometric theory.



The situation is rather different in quantum mechanics. In the
wave-mechanical formulation, the analogue of (2.6.10) is

2
[—(L)V2+m®gravl\b=ih%—
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The mass no longer cancels; instead it appears in the combination # /m, so
in a problem where 4 appears, m 1s also expected to appear. We can see this
point also using the Feynman path-integral formulation of a falling body
based on
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Here again we see that m appears in the combination m /4. This is in sharp
contrast with Hamilton’s classical approach, based on

Bftzd (-—-—-—mgz) 0

where m can be eliminated in the very beginning.



Starting with the Schrodinger equation (2.6.11), we may derive the
Ehrenfest theorem

d2
—d*t—2<x> = — gi. (2.6.14)

However, & does not appear here, nor does m. To see a nontrivial quantum-
mechanical effect of gravity, we must study effects in which 4 appears
explicitly—and consequently where we expect the mass to appear—in
contrast with purely gravitational phenomena in classical mechanics.

Until 1975, there had been no direct experiment that established the
presence of the m®, ., term in (2.6.11). To be sure, a free fall of an
elementary particle had been observed, but the classical equation of motion
—or the Ehrenfest theorem (2.6.14), where A does not appear—sufficed to
account for this. The famous “weight of photon™ experiment of V. Pound
and collaborators did not test gravity in the quantum domain either because
they measured a frequency shift where 4 does not explicitly appear.



On the microscopic scale, gravitational forces are too weak to be
readily observable. To appreciate the difficulty involved in seeing gravity in
bound-state problems, let us consider the ground state of an electron and a
neutron bound by gravitational forces. This 1s the gravitational analogue of
the hydrogen atom, where an electron and a proton are bound by Coulomb
forces. At the same distance, the gravitational force between the electron
and the neutron is weaker than the Coulomb force between the electron and

the proton by a factor of ~ 2Xx10%°. The Bohr radius involved here can be
obtained simply:

2 2
o ,_h (2.6.15)
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where G, is Newton’s gravitational constant. If we substitute numbers in
the equation, the Bohr radius of this gravitationally bound system turns out

to be ~10°' cm, or ~10'° light years, which is larger than the estimated
radius of the universe by a few orders of magnitude!



We now discuss a remarkable phenomenon known as gravity-induced
quantum interference. A nearly monoenergetic beam of particles—in prac-
tice, thermal neutrons—is split into two parts and then brought together as
shown in Figure 2.5. In actual experiments the neutron beam is split and
bent by silicon crystals, but the details of this beautiful art of neutron
interferometry do not concern us here. Because the size of the wave packet
can be assumed to be much smaller than the macroscopic dimension of the
loop formed by the two alternate paths, we can apply the concept of a
classical trajectory. Let us first suppose that path 4 - B— D and path
A— C— D lie in a horizontal plane. Because the absolute zero of the
potential due to gravity 1s of no significance, we can set V=0 for any
phenomenon that takes place in this plane; in other words, it is legitimate to
ignore gravity altogether. The situation is very different if the plane formed
by the two alternate paths is rotated around segment AC by angle 8. This
time the potential at level BD is higher than that at level AC by mg/,siné,
which means that the state ket associated with path BD “rotates faster.”
This leads to a gravity-induced phase difference between the amplitudes for
the two wave packets arriving at D. Actually there is also a gravity-induced
phase change associated with AB and also with CD, but the effects cancel as
we compare the two alternate paths. The net result is that the wave packet



arriving at D via path ABD suffers a phase change

—im,gl,sind T
h

relative to that of the wave packet arriving at D via path ACD, where T is
the time spent for the wave packet to go from B to D (or from A to C) and
m,, the neutron mass. We can control this phase difference by rotating the
plane of Figure 2.5; & can change from 0 to #/2, or from 0 to — 7/2.
Expressing the time spent 7T, or /} /0,,.c packer» 10 terms of X, the de Broglie

wavelength of the neutron, we obtain the following expression for the phase
difference:

exp (2.6.16)

(m2gll,Xsiné)
P4pp ~ Pacp = lh} : (2.6.17)

In this manner we predict an observable interference effect that depends on
angle 4, which is reminiscent of fringes in Michelson-type interferometers in
optics.
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An alternative, more wave-mechanical way to understand (2.6.17)
follows. Because we are concerned with a time-independent potential, the
sum of the kinetic energy and the potential energy is constant:

2

P —

5, mgz E. (2.6.18)
The difference in height between level BD and level AC implies a slight
difference in p, or A. As a result, there is an accumulation of phase
differences due to the X difference. It is left as an exercise to show that this

wave-mechanical approach also leads to result (2.6.17).



What is interesting about expression (2.6.17) 1s that its magnitude is
neither too small nor too large; it is just right for this interesting effect to be
detected with thermal neutrons traveling through paths of “table-top”
dimensions. For A =1.42 A (comparable to interatomic spacing in silicon)
and /,/, =10 cm?, we obtain 55.6 for m2gl,l,A /h*. As we rotate the loop
plane gradually by 90°, we predict the intensity in the interference region to
exhibit a series of maxima and minima; quantitatively we should see
55.6 /27 =9 oscillations. It 1s extraordinary that such an effect has indeed
been observed experimentally; see Figure 2.6 taken from a 1975 experiment
of R. Colella, A. Overhauser, and S. A. Werner. The phase shift due to
gravity is seen to be verified to well within 1%.
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We emphasize that this effect is purely quantum mechanical because
as h — 0, the interference pattern gets washed out. The gravitational poten-
tial has been shown to enter into the Schrodinger equation just as expected.
This experiment also shows that gravity is not purely geometric at the
quantum level because the effect depends on (m / h)>.*



Gauge Transformations in
Electromagnetisim

Let us now turn to potentials that appear in electromagnetism. We
consider an electric and a magnetic field derivable from the time-indepen-
dent scalar and vector potential, ¢(x) and A(x):

E=—-vVo¢, B=v XA.

The Hamiltonian for a particle of electric charge e (e <0 for the electron)

subjected to the electromagnetic field is taken from classical physics to be
1 eA \?

H=5—|p—— ] teo.

2m\P~ ¢ ¢



In quantum mechanics ¢ and A are understood to be functions of the
position operator x of the charged particle. Because p and A do not
commute, some care 1s needed in interpreting (2.6.20). The safest procedure
1S to write

p— 2 2—>p"— = )(p-A+A-p)+(= A
p-) == () (£)

In this form the Hamiltonian is obviously Hermitian.

To study the dynamics of a charged particle subjected to ¢ and A, let
us first proceed in the Heisenberg picture. We can evaluate the time
derivative of x in a straightforward manner as

dx eA

HEmdt - P C

Even though we have

[P, p]=0



for canonical momentum, the analogous commutator does not vanish for
mechanical momentum. Instead we have

ihe
[H,, Hj] -_— (__c'_)EleBk,
as the reader may easily verify. Rewriting the Hamiltonian as
I12
H= m + e

and using the fundamental commutation relation, we can derive the
quantum-mechanical version of the Lorentz force, namely,

d’x dIl 1 (dx dx
Wldt2 = -—e[E+ 2C( 7 XB—BX —E—)]

This then 1s Ehrenfest’s theorem, written in the Heisenberg picture, for the
charged particle in the presence of E and B.



We now study Schrodinger’s wave equation with ¢ and A. Our first
task 1s to sandwich H between (x’| and |a, t,; ¢ ). The only term with which
we have to be careful is

eA(x) ]2|a, to: 1)

<X’I[p—

C

o eA(x’) <x’|[p—— eA(x) ]Ia, (s 1)
= ¢ - ¢
[ 7\ | /
= | —ihy’ — eA(cx ) '[—ihV’— eAEX )]<x’|a,t0;t>.

It 1s important to emphasize that the first ¥’ in the last line can differentiate
both (x’|a, ty;t) and A(x’). Combining everything, we have

1 _ihv,_eA(x)],[_mv,_eA(x)
2m c c
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From this expression we readily obtain the continuity equation

ap , .

Y +v’j=0,
where p is |¢|*> as before, with (x’|a,?,;?) written as ¢, but for the
probability flux j we have

i= (2 im(yrw ) - (5 Al

m
which 1s just what we expect from the substitution
ie
V' ->V’'— ( o )A.
hc

Writing the wave function of \/; exp(iS/h) [see (2.4.18)], we obtain an
alternative form for j, namely,



which is to be compared with (2.4.20). We will find this form to be
convenient in discussing superconductivity, flux quantization, and so on. We
also note that the space integral of j i1s the expectation value of kinematical
momentum (not canonical momentum) apart from 1/m:

fd3x’j= P—

eA/c) —(TIy/m.

m

We are now 1n a position to discuss the subject of gauge transforma-
tions in electromagnetism. First, consider

d—>¢d+A, A—A,

with A constant, that is, independent of x and ¢. Both E and B obviously
remain unchanged. This transformation just amounts to a change in the zero
point of the energy scale, a possibility treated in the beginning of this
section; we just replace ' by e¢. We have already discussed the accompany-

ing change needed for the state ket [see (2.6.5)], so we do not dwell on this
transformation any further.



Much more interesting is the transformation

¢ — ¢, A—-> A+ VA,

where A 1s a function of x. The static electromagnetic fields E and B are
unchanged under (2.6.36). Both (2.6.35) and (2.6.36) are special cases of

1 dA
® ¢ < a7 A—-> A+ VA,

which leave E and B, given by

E=—-V¢p———, B=vV XA,

unchanged, but in the following we do not consider time-dependent fields
and potentials. In the remaining part of this section the term gauge
transformation refers to (2.6.36).



In classical physics observable effects such as the trajectory of a
charged particle are independent of the gauge used, that is, of the particular

choice of A we happen to adopt. Consider a charged particle in a uniform
magnetic field in the z-direction

B = Bi.
This magnetic field may be derived from
— By Bx B
A = 5 A, = o A,=0

or also from



The second form 1s obtained from the first by

eav(B2)

which 1s indeed of the form of (2.6.36). Regardless of which A we may use,
the trajectory of the charged particle with a given set of initial conditions is
the same; it is just a helix—a uniform circular motion when projected in the
xy-plane, superposed with a uniform rectilinear motion in the z-direction.
Yet if we look at p, and p, the results are very different. For one thing, p,

is a constant of the motion when (2.6.41) is used but not when (2.6.40) is
used.



Recall Hamilton’s equations of motion:

dp,  OH dp,  9H

d ~ ox’ dt dy

In general, the canonical momentum p is not a gauge-invariant quantity; its
numerical value depends on the particular gauge used even when we are
referring to the same physical situation. In contrast, the kinematic momen-
tum II, or mdx/dt, that traces the trajectory of the particle is a gauge-
invariant quantity, as one may explicitly verify. Because p and mdx/dt are
related via (2.6.23), p must change to compensate for the change in A given

by (2.6.42).

We now return to quantum mechanics. We believe that it 1s reason-
able to demand that the expectation values in quantum mechanics behave 1n
a manner similar to the corresponding classical quantities under gauge
transformations, so (x) and (II) are not to change under gauge transfor-
mations, while {(p) is expected to change.



Let us denote by |a) the state ket in the presence of A; the state ket
for the same physical situation when

~~y

A=A+ YA

is used in place of A is denoted by |a&). Here A, as well as A, 1s a function of
the position operator x. Our basic requirements are

(aix|a) = (&x|d)
and )
(allp— 2 1o = Callp— =% 1.

In addition, we require, as usual, the norm of the state ket to be preserved:

(ala) = (ala).
We must construct an operator ¢ that relates |a) to |a):

&) =9la).



Invanance properties (2.6.45a) and (2.6.45b) are guaranteed if

GTxG = x
and
i _Eé__eVA) _ €A
g(p C C g=p C
We assert that
ieA(x)]
g-—exp{ e

will do the job. First, ¢ is unitary, so (2.6.46) 1s all right. Second, (2.6.48a) 1s

obviously satisfied because x commutes with any function of x. As for
(2.6.48b), just note that

exp( —ieA )pexp( zeA) _ exp( — ieA )[p exp( ie A )] p
he hc hc ’ \ hc
= —-exp( _leA)ihV exp( )]+p =p+
hc i p

C



The invariance of quantum mechanics under gauge transformations
can also be demonstrated by looking directly at the Schrodinger equation.
Let |a, t,; t) be a solution to the Schrodinger equation in the presence of A:

(p—eA/c)’ N |
" +ed|la,ty;t) =ih atla,to,t>.

The corresponding solution in the presence of A must satisfy

[ (p—eA/c— evA/c)2

S g

2m teo laat0§t>=ih5-t'|a,to;t>,
We see that if the new ket is taken to be
ieA
s 295 2) =exp(“h‘c—)|a, o 1)

in accordance with (2.6.49), then the new Schrodinger equation (2.6.52) will
be satisfied; all we have to note i1s that

— ieA eA eVA\° ie A eA \?
S L K b B (i B

c c
which follows from applying (2.6.50) twice.




Equation (2.6.53) also implies that the corresponding wave equations
are related via

J(x', 1) = exp[ ie’\,_z(cx') ]\p(x', t), (2.6.55)

where A(x’) is now a real function of the position vector eigenvalue x’.
This can, of course, be verified also by directly substituting (2.6.55) into
Schrodinger’s wave equation with A replaced by A+ VA. In terms of p and
S, we see that p is unchanged but S 1s modified as follows:

S—>S+=. (2.6.56)

This is highly satisfactory because we see that the probability flux given by
(2.6.33) 1s then gauge invariant.



To summarize, when vector potentials in different gauges are used
for the same physical situation, the corresponding state kets (or wave
functions) must necessarily be different. However, only a simple change is
needed; we can go from a gauge specified by A to another specified by
A+ VA by merely multiplying the old ket (the old wave function) by
explieA(x)/ hc] (explieA(x")/ hc]). The canonical momentum, defined as the
generator of translation, is manifestly gauge dependent in the sense that its
expectation value depends on the particular gauge chosen, while the kine-

matic momentum and the probability flux are gauge invariant.



The reader may wonder why invariance under (2.6.49) 1s called
gauge invariance. This word 1s the translation of the German Eichinvarianz,
where Eich means gauge. There is a historical anecdote that goes with the
origin of this term.

Consider some function of position at x: F(x). At a neighboring
point we obviously have

F(x+dx)=F(x)+(VF)-dx. (2.6.57)
But suppose we apply a scale change as we go from x to x+ dx as follows:
1], = [1+ 2(x)-dx]|

We must then rescale F(x) as follows:
F(Xx+dX)| eaieq = FX)+ [(V + Z) F]+dx (2.6.59)

instead of (2.6.57). The combination ¥ + Z is similar to the gauge-invariant
combination

(2.6.58)

at x atx+ dx*

le
v —(EZ)A (2.6.60)
encountered 1n (2.6.32) except for the absence of i. Historically, H. Weyl
unsuccessfully attempted to construct a geometric theory of electromag-

netism based on FEichinvarianz by identifying the scale function XZ(x) in



(2.6.58) and (2.6.59) with the vector potential A itself. With the birth of
quantum mechanics, V. Fock and F. London realized the importance of the
gauge-invariant combination (2.6.60), and they recalled Weyl’s earlier work
by comparing 2 with /i times A. We are stuck with the term gauge
invariance even though the quantum-mechanical analogue of (2.6.58)

e
A _— [1—(}1—2)A°dx]

would actually correspond to “phase change” rather than to “scale change.”

1 (2.6.61)

atx+ dx



Gauge Transformations

in Electromagnetism
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Significance of Electromagnetic Potentials in the Quantum Theory

Y. Auarowov anp D, Bonu
H. H, Wills Physics Laboratory, University of Bristol, Bristol, England

(Reccived May 28, 1959 ; revised manuscript received June 16, 1959)

In this paper, we discuss some interesting properties of the electromagnetic potentials in the quantum
domain, We shall show that, contrary Lo the conclusions of classical mechanics, there exist ellects of poten-
tials on charged particles, even in the region where all the ficlds (and therefore the forces on the particles)
vanish., We shall then discuss possible experiments to test these conclusions; and, finally, we shall suggest
further possible developments in the interpretation of the potentials,

Criit of
F ren
htﬁ!fﬁﬂn e Electron Beam

F1c. 1. Schematic experiment to demonstrate interference with

" : . time-dependent scalar potential. 4, B, C, D, E: suitable devices

Fic. 2. Schematic experiment to demonstrate interference (o separate and divert beams. Wy, Wa: wave packets, M1, My:
with time-independent vector potential. cylindrical metal tubes. F: interference region.
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VoLUME 5, NUMBER 1 PHYSICAL REVIEW LETTERS Jury 1, 1960

SHIFT OF AN ELECTRON INTERFERENCE PATTERN BY ENCLOSED MAGNETIC FLUX

R. GG. Chambers
H. H. Wills Physics Laboratory, University of Bristol, Bristol, England
(Received May 27, 1960)

FIG. 1. Schematic diagram of interferometer, with
source §, observing plane o, biprism e, f, and con-
fined and extended field regions @ and a’.



Magnetic Monopole

We conclude this section with one of the most
remarkable predictions of quantum physics,
which has yet to be verified experimentally.

An astute student of classical electrodynamics
may be struck by the fact that there is a strong
symmetry between E and B, yet a magnetic

charge—commonly referred to as a magnetic
monopole—analogous to electric charge 1s
peculiarly absent in Maxwell's equations.




The source of a magnetic field observed in
nature 1s either a moving electric charge or a

static magnetic dipole, never a static magnetic
charge.

Instead of - V'B=4mp,
v°E = 4

V.B actually vanishes in the usual way of

writing Maxwell's equations.




Quantum mechanics does not predict that a
magnetic monopole must exist.

However, 1t unambiguously requires that 1f a
magnetic monopole 1s ever found in nature,
the magnitude of magnetic charge must be
quantized 1n terms of e, h, and ¢, as we now
demonstrate.

Suppose there 1s a point magnetic monopole,
situated at the origin, of strength e,, analogous
to a point electric charge.




The static magnetic field 1s
then given by

At first sight 1t may appear that the above
magnetic field can be derived from

Az[eM(l—cosﬂ)]&)

rsinb

Recall the expression for curl 1n spherical coordinates:

1 9 . aAe} - 1 [ 1 94, o } [ aA]
= A 0) — - — - — - —
VXA=T r sin 6 40 (Aqsin 6) ob + 0 sin® ap  or (rds)| + ¢ (rAs) a0

But the above speculated vector potential A has one

difficulty--it 1s singular on the negative z-axis (60=mn).



In fact, 1t turns out to be 1mpossible to
construct a singularity-free potential valid
everywhere for this problem.

To see this we first [ B-do — de.,
nOte "GaUSS'S laW" | closed surface

for any surface boundary enclosing the origin
at which the magnetic monopole 1s located.

On the other hand, if A were
nonsingular, we would VAR FIELN
everywhere have




B-do=f V(v XA)d?x =0

volume inside

Hence

f

closed surface

in contradiction with:

f B-do =4me,,

closed surface

However, one might argue that because the
vector potential 1s just a device for obtaining

B, we need not insist on having a single
expression for A valid everywhere.




Suppose we construct a pair of potentials,

e, (1+cosf)
rsind

A(H)=—[ ]&), (6> ¢)
such that the potential A(I) can be
used everywhere except inside the

cone defined by 0=n-¢ around the
negative z-axis; likewise, the

potential A(II) can be used
everywhere except inside the cone
0=¢ around the positive z-axis; see §
the next Figure. |




Together they lead to the correct expression
for B everywhere.

Consider now what happens 1n the overlap
region €<0<m-¢, where we may use either A(I)

or A(ID).

Because the two potentials lead to the same
magnetic field, they must be related to each
other by a gauge transformation.




To find A appropriate for this problem we first
note that

Recalling the expression for gradient in
spherical coordinates,

A_A_Qf_\_+gl 3A+A 1 JdA
v ~ T or r 06 ¢rsin0 do

NI o the job




Next, we consider the wave .
function of an electrically it (-’j"f)r
charged particle of charge ¢

subjected to magnetic field of:

As we emphasized earlier, the particular form

of the wave function depends on the particular
gauge used.




In the overlap region where we may use either
A() or A(I), the corresponding wave
functions are, according to:

ie A (x’ )]\D(X N

P(x’, 1) = exp[

related to each other
by

Wave functions y and yI) must each be single-
valued because once we choose particular gauge,
the expansion of the state ket in terms of the
position eigenkets must be unique.

—2iee ¢
(II) — =M (D
$00 = exp| —2 )y




After all, as we have repeatedly emphasized,
the wave function 1s simply an expansion
coefficient for the state ket in terms of the
position eigenkets.

Let us now examine the behavior of wave

function ) on the equator 6=m/2 with some
definite radius r, which 1s a constant.

When we increase the azimuthal angle ¢ along the
equator and go around once, say from ¢ =0 to
=27, yI as well as y, must return to its
original value because each is single-valued.




this 1s possible
only 1f

The magnetic charges must be quantized 1n
units of




The smallest magnetic charge possible 1s
hc/2|e|, where e 1s the electronic charge.

It 1s amusing that once a magnetic monopole
1s assumed to exist, we can use the following
relation backward,

so to speak, to explain why the electric
charges are quantized, for example, why the
proton charge cannot be 0.999972 times |¢| .




We repeat once again that quantum mechanics
does not require magnetic monopoles to exist.
However, 1t unambiguously predicts that a
magnetic charge, 1if 1t 1s ever found in nature,
must be quantized in units of hc/2le|. The
quantization of magnetic charges in quantum

mechanics was first shown 1n 1931 by P. A.

M. Dirac. The derivation given here 1s due to
T. T. Wu and C. N. Yang.




