
SPIN 1/2 SYSTEMS AND FINITE ROTATIONS 

The lowest number, N, of dimensions in which the
angular-momentum commutation relations [Ji, Jj]
are realized, is N =2.

You have already
checked in Problem 8
of Chapter 1 that the
operators defined by

satisfy the commutation relations [Ji, Jj] with Jk
replaced by Sk.



It is not a priori obvious that nature takes advantage
of the lowest dimensional realization of [Ji, Jj], but
numerous experiments—from atomic spectroscopy
to nuclear magnetic resonance—suffice to convince
us that this is in fact the case.

Consider a rotation by a finite angle  about the z-
axis. If the ket of a spin ½ system before rotation is
given by |α>, the ket after rotation is given by



To see that this operator really rotates the physical
system, let us look at its effect on <Sx>. Under
rotation this expectation value changes as follows:

We must therefore compute

For pedagogical reasons we evaluate this in two
different ways.



Derivation 1: Here
we use the specific
form of Sx given by:

We then obtain for:



Derivation 2: Alternatively we may use the
following formula:

To
evaluate:



Notice that in derivation 2 we used only the
commutation relations for Si, so this method can be
generalized to rotations of systems with angular
momentum higher than ½.

For spin ½, both methods give

where the expectation value without subscripts is
understood to be taken with respect to the (old)
unrotated system.



Similarly,

As for the expectation value of Sz, there is no
change because Sz commutes withD z(ϕ):

Relations <Sx>, <Sy>, and <Sz> are quite
reasonable.

They show that rotation operator Dz(ϕ), when
applied to the state ket, does rotate the expectation
value of S around the z-axis by angle ϕ.



In other words, the expectation value of the spin operator
behaves as though it were a classical vector under rotation:

where Rkl are the elements of the 33 orthogonal matrix R
that specifies the rotation in question.

It should be clear from our derivation 2 that this property is
not restricted to the spin operator of spin ½ systems.

In general, we have

where Jk are the generators of rotations satisfying the
angular-momentum commutation relations.



Later we will show that relations of this kind can be
further generalized to any vector operator.

So far everything has been as expected.

But now, be prepared for a surprise!

We examine the effect of rotation operator Dz(ϕ) on
a general ket,

a little more
closely.



We see that

The appearance of the half-angle ϕ/2 here has an
extremely interesting consequence.

Let us consider a rotation by 2.

We then have



So the ket for the 360° rotated state differs from the
original ket by a minus sign.

We would need a 720° (ϕ=4) rotation to get back
to the same ket with a plus sign.

Notice that this minus sign disappears for the
expectation value of S because S is sandwiched by
|α> and < α|, both of which change sign.

Will this minus sign ever be observable?



We now treat the problem of spin precession,
already discussed in Section 2.1, from a new point
of view.

We recall that the basic Hamiltonian of the problem
is given by



The time-evolution operator based on this
Hamiltonian is given by

Comparing this equation with Dz(ϕ), we see that
the time-evolution operator here is precisely the
same as the rotation operator in Dz(ϕ) with ϕ set
equal to t.



Paraphrasing <Sx>, <Sy>, and <Sz>, we obtain

After t = 2/, the spin returns to its original
direction.





Let us now look at the time evolution of the state
ket itself.

Assuming that the initial (t = 0) ket is given by

we obtain after time



Expression Dz(ϕ) acquires a minus sign at t=2/,
and we must wait until t = 4/ to get back to the
original state ket with the same sign.

To sum up, the period for the state ket is twice as
long as the period for spin precession



A nearly monoenergetic beam of thermal neutrons
is split into two parts—path A and path B; see
Figure 3.2.



Path A always goes through a magnetic-field-free
region; in contrast, path B enters a small region
where a static magnetic field is present.



As a result, the neutron state ket going via path B
suffers a phase change , where T is the time
spent in the B 0 region and  is the spin-
precession frequency

for the neutron with a magnetic moment of
gne /2mpc, as we can see if we compare this with
 |e| /mec, which is appropriate for the electron
with magnetic moment e /2mec.



When path A and path B meet again in the
interference region of the Figure, the amplitude of
the neutron arriving via path B is

while the amplitude of the neutron arriving via path
A is cl independent of B.

So the intensity observable in the interference
region must exhibit a sinusoidal variation

where  is the phase
difference between
c1 and c2 (B = 0).



In practice, the time spent in the B 0 region, is
fixed but the precession frequency to is varied by
changing the strength of the magnetic field.

The intensity in the interference region as a
function of B is predicted to have a sinosoidal
variation.

If we call the difference in B needed to produce
successive maxima, we can easily show that

where is the path length.
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