|
|

The formalism of quantum mechanics ¢ developed SO
far makes statistical predictions on an ensemble,
that 1s, a collection, of 1dentically prepared physical

systems.

More precnsely, in such an ensemble all members
are supposed to be characterized by the same state
ket |o>.



A good example of this 1s a beam of silver atoms
coming out of an SG filtering apparatus.

>

Every atom in the beam has its spin pointing in the
same direction, namely, the direction determined by
the mmhomogeneity of the magnetic field of the

filtering apparatus.
F Pr -

We have not yet discussed how to describe quantum
mechanically an ensemble of physical systems for
which some, say 60%, are characterized by |o>, and |
the remaining 40% are characterized by some other|

ket |B>.
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To 1llustrate vividly the incompleteness of the
formalism developed so far, let us consider silver
atoms coming directly out of a hot oven, yet to be
subjected to a filtering apparatus of the Stern-
Gerlach type.

‘.

On symmetry grounds we expect that such atoms
have random spin orientations; in other words, there
should be no preferred direction associated with
such an ensemble of atoms.




| According to the formalism developed so far, the
most general state ket of a spin /2 system 1s given by

2 N jo)=c,|+)+c_|-

¥ @ =c )t o)
Is this equation capable of describing a collection of
atoms with random spin orientations?

e o

The answer 1s clearly no;

—

The above equation characterizes a state ket whose spin 1s pointing in |
some definite direction, namely, in the direction of 1, whose polar
and azimuthal angles, B and a, respectively, are obtained by solving

b1




To cope with a situation of this kind we introduce
the concept of fractional population, or probability
weight.

F

An ensemble of silver atoms with completely
random spin orientation can be viewed as a
collection of silver atoms in which 50% of the
members of the ensemble are characterized by [+>
and the remaining 50% by |->.

We specify such an ensemble by assigning




“

where w, and w_ are the fractional population for
Spin- up and -down, respectively.

Because there 1s no preferred direction for such a
beam, 1t 1s reasonable to expect that this same
ensemble can be regarded equally well as a 50-50
mixture of |[Sy;+>and |Sy;->

.y M e

The mathematical formalism needed to accomplish
this will appear shortly

It 1s very important to note that we are simply
introducing here two real numbers w., and w._.

. - N YRS &

There 1s no information on the relative phase
between the spin-up and the spin-down ket.




Quite often we refer to such a situation as an
incoherent mixture of spin-up and spin-down states.

L = T B E A LT . e T Y

What we are domng here i1s to be clearly
distinguished from what we did with a coherent
linear superposition, for example,

g

where the phase relat10n between \+> and |->
contains vital information on the spin orientation in
Y the xy-plane, 1n this case in the positive x-direction.

A

In general, we should not confuse w, and w_ with
c.|]? and |c_|°.




The probability concept associated with w, and w_
1s much closer to that encountered in classical
probability theory.

. A .
The situation encountered in dealing with silver atoms

directly from the hot oven may be compared with that
of a graduating class in which 50% of the graduating

seniors are male, the remaining 50% female.
B ThL AT AT % EEEn

When we pick a student at random, the probability

that the particular student 1s male (or female) 1s 0.5.

Whoever heard of a student referred to as aj
coherent linear superposition of male and female
with a particular phase relation?
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The beam of silver atoms coming directly out of the
oven 1S an example of a completely random g
ensemble; unpolarized because there 1s no
preferred direction for spin orientation.

N - LA OSSR F .
In contrast, the beam that has gone through a /
selective Stern-Gerlach-type measurement 1s an,
example of a pure ensemble; the beam 1s said to be
polarized because all members of the ensemble are
characterized by a single common ket that describes ™

a state with spin pointing in some definite direction.

>




® To appreciate the difference between a completely
random ensemble and a pure ensemble, let us!
consider a rotatable SG apparatus where we can
vary the direction of the inhomogeneous B just by
rotating the apparatus.

_«& FIFFVSYANS WA A ___L.IWERYTE A& " 7 _"EEAN Y .ff,A

When a completely unpolarized beam directly out &
of the oven is subjected to such an apparatus, we '
always obtain two emerging beams of equal
intensity no matter what the orientation of the
apparatus may be.

&
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In contrast, if a polarized beam 1s subjected to such
an apparatus, the relative intensities of the two
emerging beams vary as the apparatus 1is rotated.

For some particular orientation the ratio of the
intensities actually becomes one to zero.

In fact, the formalism we developed in Chapter 1
tells us that the relative intensities are simply
cos?(B/2) and sin?(B/2), where B is the angle
between the spin direction of the atoms and the
direction of the mmhomogeneous magnetic field in
the SG apparatus.

e o
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A complete random ensemble and a pure ensemble
can be regarded as the extremes of what 1s known
as a mixed ensemble.

| -—, -

In a mixed ensemble a certain fraction—for

example, 70%—of the members are characterized
by a state ket |a>, the remaining 30% by |B>. ‘
In such a case the beam 1s said to be partially

polarized.
3 el W 0000 L ol

Here |a> and |B> need not even be orthogonal; we
can, for example, have 70% with spin 1n the
positive x-direction and 30% with spin 1n the

negative z-direction.
=,



Ensemble Averages and
Density Operator

e THE

We now present the density operator formalism, |
pioneered by J. von Neumann i 1927, thatp
quantitatively describes physical situations with
mixed as well as pure ensembles.

. T Y LT

Our general discussion here 1s not restricted to spin
V2 systems, but for illustrative purposes we return"
repeatedly to spin 2 systems.

A pure ensemble by definition 1s a collection of
‘physical systems such that every member is‘
characterized by the same ket |o>.

.




" In contrast, in a mixed ensemble, a fraction of the
members with relative population w, are
characterized by |a()>, some other fraction with
relative population w,, by |a®>, and so on.

T -—

Roughly speaking, a mixed ensemble can be
viewed as a mixture of pure ensembles, just as the
name suggests

The fractional populatlons are constrained to satisty
the normalization COIldlthIl

L

Zw =1
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As we mentioned previously, |a> and |B> need not

be orthogonal. :
ar - g
Furthermore, the number of terms in the i sum of
Yiw; =1 need not coincide with the
dimensionality N of the ket space; it can easily
"exceed N;- R

| For example, for spin 72 systems with N = 2, we
may consider 40% with spin in the positive z-
direction, 30% with spin in the positive x-direction,
and the remaining 30% with spin in the negative y-
direction.
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© Suppose we make a measurement on a mixed [§
o

ensemble of some observable A.
1 < - f V 4 |

We may ask what 1s the average measured value of
A when a large number of measurements are carried
out.

j ! L AN AW e e

A

The answer 1s given by the ensemble average of A,
lWthh is deﬁned by

—

y) &

| where [a> 1s an

Al=) w(a|Ala'” :

4] \;’ (Ao eigenket of A.
= L Zwiala) —
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Recall that (a(i)‘A‘a(i)) 1s the wusual quantum
mechanical expectation value of A taken with
respect to state \a(‘)>_.

r .

 The last equation for [A] tells us that these
- expectation values must further be weighted by the
gr corresponding fractional populations w;.

Notice how probabilistic concepts enter twice; first

in ‘(a"a(i))‘z for the quantum-mechanical
probability for state |a(Y)> to be found in an A
eigenstate [a”™> second, in the probability factor w.
for finding 1n the ensemble a quantum-mechanical

state characterized by|a (V>
&



We can now rewrite ensemble average [A] using a
more general basis, {|b™}:

[A] =2 w2 2. (a6 )(b|A|b"){b"|a')
”

l b’

= £ X T (1) a1y |(b1415"
b b

[

i

The number of terms 1n the sum of the b' (b") 1s just
the dimensionality of the ket space, while the
number of terms 1n the sum of the i depends on
- how the mixed ensemble 1s viewed as a mixture of
pure ensembles.




Notice that in this form the basic property of the
= cnsemble which does not depend on the particular
observable A 1s factored out.

TS | | . I N r T

This motivates us to define the density operator p »
as follows:

(__

The elements of the corresponding density matrix
" have the following form: =

|

(b"1pIb"y = L w (b ®)(aV[b%)



The density operator contains all the physically
significant information we can possibly obtain |
about the ensemble 1n questlon

=

1
\Returmng to [ T
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we see that the ensemble average can be written as

[4]= Z Z(b”lplb’><b’IAlb”>

= tr(pA4).




Because the trace 1s independent of representations,
tr(pA) can be evaluated using any convenient basis.

-

) il

~ As a result, [A]Ztr(pA) 1s an extremely powerful
" relation.

A

~| There are two properties of the density operator

worth recording.
L N—— =

First, the density operator 1s Hermitian, as 1s
evident from p = ) Wi\a(‘))(a(l)\.




Second, the density operator satisfies the

4 normalization condition

tr(p) = 2 2w (b'la)(al|b")
I X

= Zw}(a(l)la(l)>
l

Because of the Hermiticity and the normalization
condition, for spin }2 systems with dimensionality 2
the density operator, or the corresponding density
matrix, 1s characterized by three independent real
parameters.




Four real numbers characterize a 2x2 Hermitian!

matrix.
— |

However, only three are independent because of the

normalization condition.
AT s AT

The three numbers needéd are [S;], [Sy], and [S,[;
the reader may verify that knowledge of these three
ensemble averages 1s sufficient to reconstruct the

density operator.
N 3 s v 000 ™ T

The manner in which a mixed ensemble 1s formed
can be rather involved.



J
We may mix pure ensembles characterized by all|
kinds of |a(¥)>'s with appropriate w.’s; yet for spin
V2 systems three real numbers completely
characterize the ensemble in question.

T

This strongly suggests that a mixed ensemble can
be decomposed into pure ensembles 1n many

© different ways.
e b -

A problem to 1llustrate this point appears at the end

of this chapter.

Ml '“__'_";?
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A pure ensemble is specified b W; =1 for some
jaW>—with i = n, for instance—and w, = 0 for all

other conceilvable state kets, so the corresponding
den51ty operator 1S wrltten as

o bl " .-‘- o B .'.- ""

‘*(i» p = "”><a‘")l

— - L]
i = '_!‘ = .'

L

—

.1-#_
N

Clearly, the den51ty olgerator for a pure ensemble is
1dempotent that 1s,
= ﬁ S ] e
2 Ore ulvalentl
p-=p B A p(p-1)=0

" )
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Thus, fof a pure ensemble only, in addition to tr )
= 1 we have

A

1

L \ > 7
uh ~f G

!’ The eigenvalues of the density operator for a pure
‘ensemble are zero or one, as can be seen by

inserting a complete set of base kets that
\ diagonalize the Hermitian operator p between p and

(p—1Dofp(p—1) =0.




When diagonalized, the density- matrix for a pure
ensemble must therefore look like

AN ML _Jr
[0 0 It can be shown
that tr(p?) is
*. maximal when
* the ensemble 1s

0

for a mixed ensemble tr(p?) is a positive number
less than one.

L,
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Given a density operator, let us see how we can

construct the corresponding density matrix in some
specified basis.

To this end we first recall that

ay(al = ZZ|b’><b ERC LM

this shows that we can form the square matrix
corresponding to \a(i))(a(i)\ by combining, in the
sense of outer product, the column matrix formed
by (b'|la’) with the row matrix formed by

_ (a(i) ‘b”), which, of course, is equal to (b”‘a(i))*.

.




*
The final step 1s to sum such square matrices with

weighting factors w;, as indicated 1n p
= % wila®){a]

The final form agrees with:

(b"1pIb"y = L w (b ®)(aV[b%)

as expected

It 1s instructive to study several examples, all
referring to spin 72 systems.



Example 1




F Example 2 -

- N

A completey polarized beam with Sx +.

=1 )¢S 1= = J(+) £ 1= 75 |+ (-
(1,1 B
. 2 T2
I L =
2 2 —

»
» i
G T

_

The ensembles of Examples 1 and 2 are both pure.

-

__




Example 3  An unpolarized beam.

This can be regarded as an incoherent mixture of a | :
spin-up ensemble and a spin-down ensemble with
equal weights (50% each):

p=(3)I+){(+[+(3)=){—|

\ ( )

which 1s just the 1dentity matrix divided by 2. J
- J y y g

\ s“ —

My =T



As we remarked earlier, the same ensemble can
also be regarded as an incoherent mixture of an
Sx+ ensemble and an Sx- ensemble with equal
weights.

It 1s gratifying that our formalism automatically
satisfies the expectation

where we see from Example 2 that the two terms g
% on the right-hand side are the density matrices for §

* pure ensemble with Sx+ and Sx-. ;u:é
M




lBecause p 1n this case 1s just the 1dentity operator

divided by 2 (the dimensionality), we have

tr(pS,) = tr(pS,) = tr(pS;) = 0

where we used the fact that S, 1s traceless.
- - NS U W oW o o

Thus for the ensemble average of S we have -

This 1s reasonable because there should be no
preferred spin direction in a completely random [
ensemble of spin 72 systems.




Example 4

As an example of a partially polarized beam, let us consider a 75-25
mixture of two pure ensembles, one with Sz+ and the other with Sx+:

w(S,+)=0.75, w(S +)=0.25

e

The correspondmg p can be represented by
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How does the density operator p change as a
function of time?

Let us suppose that at some time t, the density'
operator 18 g1ven [0)%

p (1) = zwua(>><a<>| 4

If the ensemble 1S to be | eft undlsturbed, we cannot
change the fractional population w..




So the change 1n p 1s governed solely by the time
evolution of state ket \a(i)):

A N : _— -
From the fact that |aD,ty;t) satisfies the
Schrodinger equation we obtain

2w, (Hla®, 105 1)(a®, 153 t]= |a”, 10; 1)¢a, 15; t|H) = — [ p, H]
,-

This looks like the Heisenberg equation of motion '
except that the sign is wrong! =
This 1s not disturbing because p 1s not a dynamic'
observable 1n the Heisenberg picture. |




L , A

It 1s amusing that ih 2P P = —|p, H| can be regaré.ed‘

as the quantum-mechanical analogue of Liouville's |
& theorem in classical statistical mechanics, J

apclassmal

—
.

8t [pclassmal ’ H ] classical e ‘[; : %

Ewhere Puincsics]  Stands — for the density of |
 representative pomts in phase space.

E;ﬁ Thus the name den51ty operator for the p appearing
h ai [p, H| is indeed appropriate.

o
= X . = ﬁfm



The classical analogue of [A] = tr(pA) for the
ensemble average of some observable A 1s given

by
fpclassicalA(q’ p) drq,p

average
f Pclassical dl q,p

A

where dI; ,, stands for a volume element in phase
space.
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Continuum Generalizations \

-

So far we have considered density operators in ket
. space where the base kets are labeled by the
discrete-eigenvalues of some observable.

A

oA NI N s
The concept of dens1ty matrix can be generalized |

to cases where the base kets used are labeled by
contmuous elgenvalues

- QS —— L |

' In partlcular let us con51der the ket space spanned
by the posmon elgenkets X">. ’

' »




The analogue of

A

[A]= 22 2 (b"Iplb")(b|4]6")

bl b”
= tr(pA4).

is given by “—”

[4]= [dx" [ d*x"(x"|plx") (x| A"



The density matrix here 1s actually a function of x'
and x", namely,

Pg-..

(xTpIx’) = (x| Zwlay(al) k)

= L (x) 93

where 1; 1s the wave function corresponding to the
state ket \a(‘)>.

5

Notice ‘that the diagonal element (that 1s, x' = x") "
of this 1s just the weighted sum of the probability ;‘
densities.




/? Once again, the term density matrix 1s i1ndeed
appropriate.

re = :
In continuum cases, too, it 1s important to keep 1n

mind that the same mixed ensemble can be

decomposed 1n different ways into pure ensembles.
T 42 AT 0 TGO

For 1nstance, it 1s possible to regard a "realistic" beam of particles
either as a mixture of plane-wave states (monoenergetic free- g
particle states) or as a mixture of wave-packet states.

1 Quantum Statistical Mechanics ‘/
r

We conclude this section with a brief discussion on|
the connection between the density operatork
~ formalism and statistical mechanics. o




—
Let us first record some properties of completely
random and of pure ensembles

l L -

The densﬂy matrix of a completely random
ensemble looks like

W TR

im any representation [see Example 3]: p

= (3) [+3+ + (G)|-2=1 =

.. O NP
NI, O




This follows from the fact that all states
corresponding to the base kets with respect to
which the density matrix 1s written are equally
populated.




1 . 0
The two diagonal matrices p = %( ) and
0 .- 1

0 - 0 _

P = ( 1 ) , both  satistying  the

A 0 - 0

. normalization requirement tr(p)=1, cannot look
more dlfferent

=, “# Fe ' -_,- . -. 1.

— el A L

It Would be ‘desirable if we could somehow :
-~ construct a quantity that characterizes this ¥
¢ dramatic difference.



Thus we define a quantity called ¢ by
o=—tr(plnp) |

The logarithm of the operator p may appear rather
formidable, but the meaning of 0 = —tr(pinp) is}
quite unambiguous 1f we use the basis in which p
1s diagonal:

Z p(dlag) In p(dlag)

dia :
Because each element p,ik 9 is a real number

between 0 and 1, o 1s necessarily positive
semidefinite.




completely random ensemble p

0
: |, we have
1 -

Y11
— kgl ﬁln(ﬁ) =In N

0

In contrast, for a pure ensemble p = ( :
0

o=0

3
(diag) — 0 or Inp,,.

for each termin o = — ), p,((klag)l p,((ilag).

' where we have used Prr (diag) _ 0




We now argue that physically ¢ can be regarded as
a quantitative measure of disorder.

B — »

A pure ensemble is an ensemble with a maximum
amount of order because all members are g
. . ’
characterized by the same quantum-mechanical
‘state ket; '

it may be likened to marching soldiers in a well-
regimented army.

B - 4 = Es a2 2 =

According to o = 0, a vanishes for such an
ensemble.

w7



On the other extreme, a completely random

ensemble, in which all quantum-mechanical states
o are equally likely, may be likened to drunken

soldiers wandering around 1n random directions.

According to 0 = — Z’,le % InN = [nN, o 1s large;

indeed, we will show later that InN 1s the
maximum possible value for a subject to the
normalization condition

In thermodynamics we learn that a quantity called
entropy measures disorder.




It turns out that our  1s related to the entropy per
constituent member, denoted by S, of the ensemble

via __
S=ko /

where k 1s a universal constant identifiable with
the Boltzmann constant.

In fact, S=ko may be taken as the definition of
entropy 1n quantum statistical mechanics.




We now show how the density operator p can be
obtained for an ensemble 1n thermal equilibrium.

.. - .
The basic assumption we make 1s that nature tends to

maximize a subject to the constraint that the ensemble
By average of the Hamiltonian has a certain prescribed

value.
-" IS h
To justify this assumption would involve us 1n a

delicate discussion of how equilibrium 1s established
as a result of interactions with the environment, which
1s beyond the scope of this book.

A ) . M
In any case, once thermal equilibrium 1s

0
established, we expect ai 0.

*



lBecause of ihg—i = —|p, H], this means that p and

H can be simultaneously diagonalized.
=Y | [ AN e

- So the kets used m  wrnting o _

S pkklag) . p(d ag)
energy eigenkets.

may be taken to be

With this choice p,, stands for the fractional
population for an energy eigenstate with energy
eigenvalue E, .

AR MRRAY T

Let us maximize ¢ by requiring that
Cr— '




However, we must take into account the constraint
that the ensemble average of H has a certain
prescribed value.

A FiE T " TN e Wittt . A" D Bl

« In the language of statistical mechanics, [H] is

identified with the internal energy per constituent
denoted by U: >




So our basic task 1s to require 06=0 subject to the
constraints

O(trp) = Z‘Spkk =0
K

- We can most 'readily accomplish this by ﬁsing
Lagrange mu1t1phers

- .-{- . ey WEE R el
L e RN
* -‘ ,. _- II. :h..-\_ _.I - ....‘\_‘_‘-::. ', b
We obtam ﬁlﬁg;, ..... AR

Zﬁpkk[(lnpkk +1)+ BE, + 'Y] =
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which for an arbitrary variation 1s possible only 1f

normalization condition )}, pxr = 1, and our final

result 1s
-

The constant y can be eliminated using the;




We recognize the denominator of Py

—BE . .
— sz:;p(ﬁ 'B"; S as the partition function
l —PLE]
N Yy L AR,

It 1s to be understood throughout that the sum 1s
over distinct energy eigenstates;

B Daath V sl e/ i
if there 1s degeneracy we must sum over states
with the same energy eigenvalue.

- - (=BEk)
The density matrix element .
g Pl = ST exp(—pED

appropriate for what 1s known 1n statistical

lmechanics as a canonical ensemble.

1S




Had we attempted to maximize ¢ without the internal-
energy constraint §|H| = )., 6 pxiEx = 0, we would
have obtained instead

(independent of k)

which 1s the density matrix element appropriate for
a completely random ensemble.

exp(=BEx) . _ 1 .
SN exp(—BED with pgj = - We infer

that a completely random ensemble can be regarded
as the f — 0 limit (physically the high-temperature
limit) of a canonical ensemble.

Comparing pyj =




We recognize the
denominator of Py

N
LI LTI 2= Y exp(- BE, )
k

YN exp(-BEY
partition  function 1n|
statistical mechanics:

Ty

It can also be written as

Knowing p,, given 1n the!
energy basis, we can write the
density operator as

This 1s the most basic equation
from which everything follows.



We can 1mmediately evaluate the ensemble
average of any observable A:

tr(e“B”A)

[4]=

§<A>kexp( — BE,)

Zexp( — BE,)




In particular, for the internal energy per constituent

we obtain

. ]
ZEkeXP( — BE,)
L 4

Z exp( — ﬁEk)

0
— 8B (an),

a formula well known to every student of

statistical mechanics.



The parameter 8 is related to the temperature 7 as follows:

1
B=Tr

where k 1s the Boltzmann constant. It is instructive to convince ourselves of
this identification by comparing the ensemble average [H] of simple
harmonic oscillators with the k7T expected for the internal energy in the
classical limit, which 1s left as an exercise. We have already commented that
in the high-temperature limit, a canonical ensemble becomes a completely
random ensemble in which all energy eigenstates are equally populated. In
the opposite low-temperature limit (8 — o0), (3.4.48) tells us that a canoni-
cal ensemble becomes a pure ensemble where only the ground state is
populated.

(3.4.55)



As a simple 1llustrative example, consider a
canonical ensemble made up of spin )2 systems,
ecach with a magnetic moment eh/2m,c subjected

to a uniform magnetic field in the z-direction.

( 0 eﬁhw/Z) 7 = e—Bhw/2 4+ eBhw/2

Partition function

component 1s just e/m.c times [S,]. The paramagnetic
susceptibility x may be computed from

The ensemble average of the magnetic moment (

50

m,.,c

In this way we arrive at Brillouin's formula X = ( |€|ﬁ )tanh (Bﬁw)
S 2mcB 2



'._EXERCISE: An ensemble of silver atoms (each with |
spin ') 1s prepared so that 60% of the atoms are 1n the |

S, = g eigenstate of S, and 40% of the atoms are 1n
the S, = —-g eigenstate of Sx (Sx and Sz are the x

and z components of the spin angular momentum

| operator), (a) Compute the density matrix at time t=0
in the basis of eigenstates of , S,. (b) Assume that the
silver atoms sit in a magnetic field, B = By, and
have a magnetic Hamiltonian, H = uSeB, where u 1s
the magnetic moment of a silver atom. Compute the
density matrix at time t (in the basis of eigenstates of
S.). (¢) Compute <S_(t)> at time t = 0 and at time t.




B EXERCISE 6.6. An ensemble of silver atoms (each with spin 1) is
prepared so that 60% of the atoms are in the §; = +2 eigenstate of S, and
40% of the atoms are in the S, = — % eigenstate of S, (S and S, are the x and
z components of the spin angular momentum operator). (a) Compute the
density matrix at time ¢ = 0 in the basis of eigenstates of S,. (b) Assume that
the silver atoms sit in a magnetic field, B = Byy, and have a magnetic
Hamiltonian, H = 4S8 - B, where 1 is the magnetic moment of a silver atom,
Compute the density matrix at time ¢ (in the basis of eigenstates of S 2). (€)
Compute (S,(¢)) at time ¢ = 0 and at time ¢.



(a) Let |iy) denote the eigenstates of Si(k = x,y,z) with eigenvalues
+(%/2) so (Sklk+) = +(%/2)|k+)). The density operator at time ¢ = 0
is the mixed state

p(0) = 2 fe)ee |+ m e | (1)

lﬂow note that the matrix represegtation of the components S‘x, S‘y, and
S, in the basis of eigenstates of S, are

h{i0 1 h(0 —i {1 0
Sx—-'i(l 0), Sy—i(l 0), and SZ_E(O _1)

(2)



The eigenstates of S'x and S , in the basis of eigenstates of S‘Z are

(E) -a(l) = (2 -(L). o

respectively. The eigenstates of SZ in the basis of eigenstates of S,

aré
()=o) = (C)=0) @

Using these results we find the initial density matrix in the |z.)

basis,
_1
p(0) = ( 5). (5)

| s
N |
n|—



(b) The Hamiltonian is H = LuhBo(ly+) v+ — ly=){y-|) (this is its
spectral decomposition). If we let py,, = (y(|p|y+), then the
Liouville equation for various matrix elements of the density matrix

in basis |y.) is given by
iapy++(t) —0 iapy+— (t)
Ot ’ Ot

.0py— (1
= uBopyi—(t), i pya:()

= —pBopy—4+(t) and iapyét‘(’) =0,

(6)




Now note that the initial density matrix in the basis |y.) is given by
p(0) = 3-2i 1 ) ' (7)
2

Using Eq. (7), we can solve Egs. (6) and write the density matrix at
time ¢ in the basis |y, ). We find

% 10 H g uBot
p(t) = 3-2i g TikBot 1 : (8)
10 2

We now can transform Eq. (8) to the basis |z.) to obtain

[ 3+3cos(uBot) +1sin(uBot)  2sin(uBot) - COS(uBot)
p(t) = )]

2sin(uBot) —Lcos(uBot)  3—3 cos(uBot) —1sin(uBot

9)



(¢) The average z-component of spin angular momentum at time, t = 0

1S
) 1 0 —~1
(Sz(O))=TrSzﬁ(0)=gTr (0 _1)(_ _1_5) 130% (10)
5

The average z component of spin angular momentum at time ¢ is

Wiy

1
5

(S,(t)) = —3—hcos(p,Bot) é—hsin(pBot). (11)



