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Having studied the theory of rotation in detail, we
are 1n a position to discuss, in more general terms,
the connection between symmetries, degeneracies,
and conservation laws.

We have deliberately postponed this very important
topic until now so that we can discuss it using the
rotation symmetry of Chapter 3 as an example.




.

ical Physies

We begin with an eclementary review of the
concepts of symmetry and conservation law 1n
classical physics.

In the Lagrangian formulation of classicalF
mechanics, we start with the Lagrangian L, which |
1s a function of a generalized coordinate q; and the
corresponding generalized velocity g;.




If L 1s unchanged under
displacement,

oL _ then we must have

then we have a conserved quantity, the canonical
momentum conjugate to q..



| Likewise, in the Hamiltonian formulation based on

H regarded as a function of g; and p, we have

dp, OH

__ 0H(qi, pi) )

B api
aH(qis pl)

85]:' J

pi = -—

So if the Hamiltonin does not explicily depend on q,,

« Which 1s another way of saying H has a symmetry[
" under qi-->q;t0q; we have a conserved quantity. -



Symmetry in Quantum Mechanics

In quantum mechanics we have learned to associate a
unitary operator, say .~ with an operation like

translation or rotation.

It has become customary to call . a symmetry

operator regardless of whether the physical system
itself possesses the symmetry corresponding to .5

Further, we have learned that for symmetry operations
that differ infinitesimally from the 1dentity
transformation, we can write

»—=1— 113 G where G 1s the Hermitian generator of
/A the symmetry operator in question.




Let us now suppose that H is invariant under .&
VRSN S THY = H.

But this 1s equivalent to IEreR;gEN] & =1~ -—G
Since TR =12

a6 _ By V1rtue of the Helsenberg
(7

‘;j[ =0; G is a constant of the motion.

For instance, if H 1s invariant under translation, then
momentum 1S a constant of the motion; if H 1s invariant
under rotation, then angular momentum 1s a constant of
the motion.




It 1s nstructive to look at the connection between
|[H,G]=0 and conservation of G from the point of view
of an eigenket of G when G commutes with H.

Suppose at t, the system 1s in an eigenstate of G.

Then the ket at a later time obtained by applying the
time-evolution operator

Ig’a tO; t> =U(ta t0)|g,>

1s also an eigenket of G with the same eigenvalue g'.

In other words, once a ket 1s a G eigenket, 1t 1s always
a G eigenket with the same eigenvalue.




The proof of this 1s extremely simple once we realize

that [G, H]=0 and dG/dt=0 also imply that G commutes
with the time-evolution operator, namely,

GlU(1,1,) 18] =U(1,10)Glg"y = g’[U(1, 1,)18"].




Let us now turn to the concept of degeneracies.

Even though degeneracies may be discussed at the
level of classical mechanics—for mstance in discussing
closed (nonprecessing) orbits in the Kepler problem
(Goldstein 1980)—this concept plays a far more
important role in quantum mechanics.

Let us suppose that RZEEA KN for

symmetry

and also suppose that [n> is an | OPCrator.

energy eigenket with eigenvalue
E

n.




Then .“In> 1s also an energy eigenket with the same
energy, because

H(&|n)) = ¥H|n) = E,(&|n))
Suppose |n> and .~| n> represent different states.

Then these are two states with the same
energy, that 1s, they are degenerate.

Quite often .~is characterized by continuous | Ve

: : consider
parameters, say A, in which case all states of .
rotation

the form .“(A)n> have the same energy. specifically.

Suppose the Hamiltonian 1s
rotationally invariant, so

N R e R A IRl [J, H]=0, [J* H]=0

[2(R), H] =0




We can then form simultaneous eigenkets of H, J?, and
J , denoted by |n; j, m>.

The argument just given implies that all states of the
form

D(R)|n; j, m)

have the same energy.

We saw 1n Chapter 3 that under rotation different m-
values get mixed up.

In general, £/ (R)|n; j, m> 1s a linear combination of
21+1 independent states. Explicitly,

B(R)|n; j,m)y = > |n; j,m"DL,(R),

m'




and by changing the continuous parameter that
characterizes the rotation operator £ (R), we can get

different linear combinations of |n; j,m".

If all states of form £/ (R)|n; j,m> with arbitrary £/(R)
are to have the same energy, i1t 1s then essential that
each of [n; j, m> with different m must have the same
energy.

So the degeneracy here 1s (27 + 1)-fold, just equal to the
number of possible m-values.

This point 1s also evident from the fact that all states
obtained by successively applying J., which commutes
with H, to |n; j,m> have the same energy.




As an application, consider an atomic electron whose
potential 1s written as V(r)+V  ((r)LeS.

Because r and L.S are both rotationally invariant, we
expect a (2)+1)-fold degeneracy for each atomic level.

On the other hand, suppose there 1s an external electric
or magnetic field, say in the z-direction.

The rotational symmetry 1s now manifestly broken; as
a result, the (2j+l)-fold degeneracy 1s no longer
expected and states characterized by different m-values
no longer have the same energy.

We will examine how this splitting arises in Chapter 5.




P, ",'?

So far we have considered continuous symmetry
operators—that 1s, operations that can be obtained by
applying  successively  infinitesimal  symmetry
operations. '

- 1

All symmetry operations useful in quantum mechanics
are not necessarily of this form.

In this chapter we consider three symmetry operations
that can be considered to be discrete, as opposed to
continuous —parity, lattice translation, and time
reversal.




The first operation we consider 1s parity, or space
Inversion.

The parity operation, as applied to transformation on
the coordinate system, changes a right-handed (RH)
system into a left-handed (LH) system, as shown 1n
Figure 4.1.




However, 1n this book we consider a transformation on
state kets rather than on the coordinate system.

Given |o>, we consider a space-

inverted state, assumed to be
~ obtained by applying a unitary
operator m known as the parity
loperator, as follows:

We require the expectation value
of x taken with respect to the =
space-inverted state to be opposite

1n sign.

~a very reasonable
requirement.




This 1S
accomplished 1f

where we have used the fact that &t 1s unitary.

In other words, x and ® must anticommute.

T T R W bER .- I )

How does an eigenket of the position

operator transform under parity? | where € is a

We claim that phase factor (o
1s real).

To prove this

EECUINCIIRINE  x7|x) = — 7x[x’) = (—x') 7[x’).
note that

This equation says that mt|x"™ is an eigenket of x with eigenvalue -x', so it
must be the same as a position eigenket |-x™ up to a phase factor.




It is customary to take e°=1 by convention.

Substituting this in wx™> = e°]-x>, we have
’[x">=[x">; hence, w>=1—that is, we come back to

the same state by applying & twice.
WIS Ay - =~ i 2

We easily see from z|x"™> = e'9|-x"> that 1 is now not
only unitary but also Hermitian:

“ . ‘-\'-._““ 3 i;--... . s

T,

LAY

Its eigenvalue can be only +1 or -1 :

T T T

! What about the momentum operator?



—_—

The momentum p 1s like mdx/dt, so it 1s natural to
expect 1t to be odd under parity, like x.

N A N . BT S S
A more satisfactory argument considers the

momentum operator as the generator of translation.
- PR "IN » OIS

Since translation followed by parity 1s equivalent to
parity followed by translation 1n the opposite
direction, as can be seen from Figure 4.2, then




from which follows

f.a

A

{m,p} =0 or afpm=—p.

We can now discuss the behavior of J under parity.

[y
; = i ali
. w2 = el
& - - —
4 -
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First, for orbital angular momentum we clearly have

e 4
‘and both x ' {
iHowever, to show that this property

because g
TR

¥ parity.

and p are
/
also holds for spin, it 1s best to use the //

odd under
fact that J 1s the generator of rotation. Y. e

For 3x3 orthogonal matrices, we have  explicitly

R (parity) R (rotation) __ R (rotation) R (parity)

that 1s, the parity and rotation operations commute.



‘L r ﬂ

.lIn quantum mechanics, 1t 1s natural to postulate the
corresponding relation for the unitary operators, so =

~(R) = 1-1Jene/h..

s - rk‘i %

(R) T 1t followé that

[7,J]=0 or w*Jw=J.
| . b i. i‘
This together W1th [r, L]=0 means that the spin
operator (given by J = L + S) also transforms in
the same way as L.

#




Under rotations, x and J transform 1n the same way,
so they are both vectors, or spherical tensors, of
rank 1.

However, x (or p) 1s odd under parity [see {m,x}=0
and {m,p}=0, while J 1s even under parity [see
|7, J |=0.

Vectors that are odd under parity are called polar
vectors, while vectors that are even under parity
are called axial vectors, or pseudovectors.

' . o /o
wb ol 9 S U//J:J.J;/

http://myweb.lmu.edu/jphillips/pseudo.pdt




A loop of wire (black), carrying a
current, creates a magnetic field (blue).
If the position and current of the wire
are reflected across the dotted line, the
magnetic field it generates would not be
reflected: Instead, 1t would be reflected
and reversed. The position of the wire
and 1ts current are vectors, but the
magnetic field 1s a pseudovector.

In physics and mathematics, a pseudovector (or axial
vector) 1s a quantity that transforms like a vector under a
proper rotation, but gains an additional sign flip under an
improper rotation such as a reflection. Geometrically 1t 1s
the opposite, of equal magnitude but i the opposite
direction, of 1ts mirror image. This 1s as opposed to a true
or polar vector (more formally, a contravariant vector),
which on reflection matches 1ts mirror image.
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Let us now consider operators like Sex. !

F - 5

Under rotations they transform like ordinary
scalars, such as SeL or xep.

Yet under space mversion we have —

il

7 1Sex7 = —S-Xx,

e - J ¥ " il

while for ordinary scalars we have

4

7 LS7=L-*S

v' = ’ W
and so on. [

The operator Sex 1s an example of a pseudoscalar.




Wave Functions Under Parity

Let us now look at the parity property of wave

functions.
¥ e s SR - =

First, let y be the wave function of a spinless
particle whose state ket is |a):

w i - -
L il 3 d -

The wave function of the space-inverted state,
represented by the state ket m|a), 1s

\ (Xlmlay = (~xlay = Y (—x’)
_ e



Suppose \0() 1S an elgenket of panty :

|'.

" We have already seen that the elgenvalue of parity
must be +1, so

Tla) =+ |a)

Let us look at its correspondmg wave functlon *

.-f"‘l*

§ (xiria) = £ o)

B e



so the state |a) 1s even or odd under parity
depending on whether the corresponding wave ’
function satisfies

even parity,
odd parity.

1l/(—x’)=:.ttl/()u:’){

fl:lot all wave functions of physical interest have
definite parities in the sense of Y(—x')

= 4 (x) ;even parity

| odd parity




A C0n51der for instance, the momentum eigenket.
» D [ L. .Y

The momentum operator anticommutes with the
parity operator, so the momentum eigenket 1s not

expected to be a parity eigenket.
\ 7T ' RENES- fF » _

Indeed, 1t 1s easy to see that the plane wave, which
‘is the wave function for a momentum eigenket,
‘even parity

does not satisfy Y(—x') = +y(x") <L odd parity

v\l T s
An eigenket of orbital angular momentum 1s
expected to be a parity eigenket because L and 7
commute |7, L]=0.




To see how an eigenket of L? and L, behaves under
parity, let us examine the properties of its wave
function under space mversion,




Using . the

e n_ gy [@EDE=m) -
explicit form of Yi=1(=1) \/T—T), P (cos B)e

for positiVe m, with
Ym0, 9) = (—1)™[Y™(6, )], where

[—|m|
d
. _ \m' - 21
S1n 6 SIn“ 0
(d(cosﬂ) 1

(=™ (I +|m])!
21 (- |m))!

P/ (cos 8) =

We can easily show that
Y= 0,0+ 1) = (D6, 9)]

Therefore, we can conclude that
la, lm) = (=1)|a, Im)




- LT\ 255

W It is actually not necessary to look at ¥;"*; An easier -

way to obtain the same result 1s to work with m =0
and note that LL|{[,m=0)(@r=01,..,10) must ™

have the same par1ty because m and (L )r commute.

—": \ / \'L-\

Let us now look at the parity properties of energy’
eigenstates.

' / J I\-: \ / g :-:.._""

- We begin by stating a very important theorem.







Proof:

We prove this theorem by first noting that %(1

~ + m)|n) is a parity eigenket with eigenvalues +1.

. i

< Just use 2 = 1 HOW? '

— --‘5‘_

i 1
ﬂz(l + m)|n) —E(ﬂiﬂ )|n)

—E(ﬂ_ )|n) =

. 1+
(1 £ m) )




But% (1 +m)|n)is also an energy ecigenket with

-

eigenvalues E,, .

HE(1 +m)n) (H + Hr)ln)

2 —
=~ (H£7H)n) [ =5 +mHn)

e ——

g — En§(1 + m)|n)
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Furthermore |n) and %(1 + 1) |n) must represent

the same state, otherwise there would be two states "
with the same energy— a contradiction of our
nondegenerate assumption.

- —
-
il -

It follows that |n), which is the same as %(1

+ ) |n) up to a multiplicative constant, must be a
parity eigenket with parity +1. =




As an example, let us looi< at the simple harmonic
oscillator (SHO).

The ground state |0) has even parity because its wave

function, being Gaussian, is even under x' —» —x'.
RN

The first excited state, ‘1) = A = aJr‘O), must have

an odd parity because a is linear in x and p, which
are both odd:

In general, the parity of the nth excited state of the
simple harmonic operator is given by (—1)".




s _ \

It 1s 1mportant to note that the nondegenerate
assumption 1s essential here.

For instance, consider the hydrogen atom in
nonrelativistic quantum mechanics.

As 1s well known, the energy eigenvalues depend
only on the principal quantum number n (for
example, 2p and 2s states are degenerate) —the
Coulomb potential 1s obviously invariant under
parity—yet an energy eigenket ¢, |2p) + cg|2s) is
obviously not a parity eigenket.




As another example, consider a momentum eigenket. Momentum
anticommutes with parity, so—even though free-particle Hamiltonian H is
invariant under parity—the momentum eigenket (though obviously an
energy eigenket) 1s not a parity eigenket. Our theorem remains intact
because we have here a degeneracy between [p’) and |—p’), which have the
same energy. In fact, we can easily construct linear combinations
(1/V2)(Jp’) + |—p')), which are parity eigenkets with eigenvalues +1. In
terms of wave-function language, e’ */” does not have a definite parity,
but cosp’>x’/h and sinp™x’/h do.



