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* Time-Reversal Operator

Consider
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l where O|a) is the time-reversed state.

. _~aa

= More al—o-prop.riately, O|a) should be called the
motion-reversed state.

—

If |@) is a momentum eigenstate |p’), we expect
Ola) to be | — p’) up to a possible phase.

Likewise, J 1s to be reversed under time reversal.




Momentum
before reversal

Momentum \
Momentum before reversal
after reversal \

at t=+6t

Momentum
after reversal

(1—- f—f—a:)@m) - @(1— fg(— 8t))|a>

_ iH@D — ®iH|> where the blank ket |

> represents any ket.



We now argue that © cannot be unitary.

Suppose © were unitary. “,/"\
It would then be legitimate to cancel the i's in

— [HO| >=0iH| >, and we would have the
operator equation

HO®|n)=—-0OH|n)=(—- E, )O|n)

e

This equation says that ©@|n) is an eigenket of the
Hamiltonian with energy eigenvalues —E,,.
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But this 1s nonsensical even 1n the very elementaryl

! case of a free particle.



% We know that the energy spectrum of the free
particle 1s positive semidefinite—trom 0 to +oo.

VAN A

We expect p to change sign but not p%; yet —HEO
= OH would imply that




- __________________________________________________________________________________________________________ ______________________
All these arguments strongly suggest that we are

not allowed to cancel the i's in —iHO| >= OiH| >;
hence, had O better be antiunitary.

* In this casé: OiH| > = —iOH| >.

~ Now at last we can cancel the i's in —iHO| >
4= @lH\ > = —[0H| >. Thus H = HO.
NE

quation OH = H® expresses the fundamental
property of the Hamiltonian under time reversal.

With @H = — H 0O the difficulties mentioned earlier
[see —H@ OH, HP|n) = —OH|n) = —(E,)0O|n)
p°

and O~ 1 = ———] are absent, and we obtain

physically sen51ble results.
s




It 1s best to avoid an antiunitary operator acting on

¥ bras from the right.

Nevertheless, we may use ik
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which 1s always to be understood as '
and never as ."“’
.!: N\ T "

In fact, we do not even attempt to define (0.




We start with an important identity, namely,

5 <B|®|a> (&0eT071|B)
= .
where ® is a linear operator. ‘@ \B

This 1dent1ty follows solely from the antiunitary
nature of 0. _
|
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To prove this let us define | B

N ) - o'15) g

By dual correspondence DC |
£ we have vy © (BI® = (7| @



(B|®|a) = (yla) = (aly)

- (@10®'8) = (11080 10|8) |
= (&0®'0|3),
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_ <
I which proves the identity. e q
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In particular, for Hermitian observables A we get
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We say that observables are even or odd under time

reversal according to whether we have the upper or
lower sign in OAO~1 = +A.




_
Note that ®AO®~! = +A equation, together with

- (B|Ala) = (&‘@A@_l‘ﬁ), gives a phase restriction
on the matrix elements of A taken with respect to
time reversed states as follows:

b (Bldle) = £ (Bl4la)* |

L~

If |B) is identical to|a), so that we are talking about ®
expectation values, we have

(al Aoy = + (@ 4]0

where (@|A|&@) 1s the expectation value taken with
respect to the time-reversed state.

A




As an example, let us look at the expectation value
of p.

It 1s reasonable to expect that the expectation value
of p taken with respect to the time-reversed state be
of opposite sign.

Thus | (alp|a) = — (alp|a)

so we take p to
be an odd

operator, namely, pOp’) = —OpO - 1@|p’>
This implies that . — ( _ pr) Op).

1.?!



Equation pO|p’) = —(p')O|p’) agrees with our
earlier assertion that @|p’) is a momentum eigenket
with eigenvalue —p’.

It can be identified W1th |—p ’) 1tse1f with a sultable

choice of phase.
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Likewise, we obtain & i

Ox0 l=x
O)x’) = x") (up to a phase)

— ‘- N .ol 4 :
from the (eminently i |~
. B (alx|a) = (ax|a)
reasonable) requirement




We can now check the 1nvariance of the
fundamental commutation relation

[x,, p]l)=

where the blank ket \> stands for any ket.

| Applying O to both sides of the above equation, we
have

@[x,,pj](*) 1@|) ®’h8u|>

which leads to, after passmg ® through Lh

[xi. (= p)]®1) = ih8, 0] )




Note that the fundamental commutation relation
_ [xl-,pj] = tho;j 18 preserved by virtue of the fact
that ® 1s antiunitary. |
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ThlS can be given as yet another reason for takmg ]
to be antiunitary; otherwise, we will be forced to
abandon either OpO®~! = —p or Ox0~! = x!
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Similarly, to preserve []i, Ji j] = iheg;ji /i the angular-
momentum operator must be odd under time
reversal, that 1s,




This 1s consistent for spinless system where J 1s just

X X P. .
RS
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Alternatively, we could have deduced this relation
by noting that the rotational operator and the time-
reversal operator commute (note the extra i!).




