


Approximation Methods 

TIME-INDEPENDENT 
PERTURBATION THEORY: 
NONDEGENERATE CASE 

Few problems in quantum mechanics—with either
time-independent or time-dependent Hamiltonians
—can be solved exactly.

Inevitably we are forced to resort to some form of
approximation methods.



One may argue that with the advent of high-speed
computers it is always possible to obtain the desired
solution numerically to the requisite degree of
accuracy;

nevertheless, it remains important to understand the
basic physics of the approximate solutions even
before we embark on ambitious computer
calculations.

This chapter is devoted to a fairly systematic
discussion of approximate solutions to bound-state
problems.



We assume that we have found the eigenvalues and
the the complete set of eigenfunctions for a
Hamiltonian H0,

(0)
0 n n nH E  

Eigenfunctions in x space will be denoted by
n(r)=<r|n> but at this stage we use a general
formulation (without indicating a specific space).

Now we ask for the eigenvalues and eigenfunctions
for the Hamiltonian:
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Now we want to solve
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In general we can take Hamiltonian H as a matrix.

We can write
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In finite space, that is if the matrix dimension is
finite, diagonalization of the matrix is identical to
solving a set of N allegorical equation.



However, in general matrixes are infinite and so we
use perturbation theory.

We will express the desired quantities as power
series in .

The question of convergence of the series will not
be discussed.

Frequently one can show that the series cannot be
convergent, and yet the first few terms, when  is
small, do properly describe the physical system.

We will assume that as 0, EnEn
(0) and

|n>|n>.



Since the |n> form a complete set, we may expand
|n> in a series involving |n>.

We write:
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Therefore N() is there to allow us to normalize the
|n>.

We have the freedom to choose the phase of |n>,
and we choose it such that the coefficient of |n> in
the expansion is real and positive.



Since we require that |n>|n>
when 0, we have nkN(0) 1, C (0) 0   
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The Schrodinger equation then reads
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Note that the normalization factor N() does not
appear in this linear equation.



Identifying powers of  yields a series of equations.
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The first one is:
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(1)
n n 1 nE H   This is a very important formula.

It states that the first order energy shift for a given
state is just the expectation value of the perturbing
potential in that state.



If the change in the potential is of a definite sign,
the energy shift will have the same sign.

The explicit form of
En

(1)
(1) 3 *
n n 1 nE d r ( )H ( ) ( )   r r r

Shows that for the shift to be significant, both the
potential change and the probability density |n(r)|2

must be large.

If we take the scalar product of the following
equation with m, for mn, then:
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The numerators is the
matrix element of H1 in the
basis of states in which H0

is diagonal.

This formulas is used in the next equation, which comes
from the identification of terms proportional to 2.
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Taking the scalar product with n Yields
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The last line follows from the hermiticity of H1.



This, too, is a very important formula, especially
since the first order shift frequently vanishes on the
ground of the symmetry.

We may interpret the formula as follows:

The second order energy shift is the sum of terms,
whose strength is given by the square of the matrix
element connecting the given state n to all other
states by perturbing potential, weighted by the
reciprocal of the energy difference between the
states.

We can draw several conclusions from the formula:



(a) If |n> is the ground state, that is, the state of
lowest energy, then the denominator in the sum is
always negative, and hence
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Is always negative.

(b) All other things being equal, that is, if all the
matrix elements of H1 are of roughly the same order
of magnitude (which is the kind of guess one would
make without more specific knowledge), then
nearby levels have a bigger effect on the second
order energy shift than distant ones have.



(c) If an important level “k”—important in the
sense of lying , or of <k |H1|k> being large– lies
above the given level “n”, then the second order
shift is downwards; if it lies below, the shift is
upward. We speak of this as a tendency of levels to
repel each other.

An expression for Cnk
(2) may be obtained from

(2) (1) (0) (2) (1) (1) (2)
0 nk k 1 nk k n nk k n nk k n

k n k n k n k n

H C H C E C ( ) E C E
   

          

By taking the scalar product of the with m, for
mn, then, but we shall not require this formula.



Also N() can be determined from

n n nk k
k n

N( ) C ( ) 


 
     

 


2 2
n n nk

k n

N ( ) 1 C ( ) ...  


 
     

 


N() is therefore 1 to first order in .

Hence, to first order in , we may write
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a formula that is sometimes useful.



Example: calculate the energy shift up to first
order in q of a charged particle for which their
Hamiltonian:

2
2 2

0
P 1

H m x
2m 2

 

is perturbed by an electric field 1H q x

We must to first order calculate: q n | x | n  

We can easily show that n | x | n 0 

One way is to use the
previous formula as follows:
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n | x | n 0 0 0   

Another way is this that the
matrix element contains integral
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And since |n(x)|2 is always an even variable of x
therefore the integral of an odd integrand (x |n|2)
becomes zero.

Expression in second order contains
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Only k=n-1 and k=n+1 terms are nonzero in the
above expression and thus
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does not
depend on n.



Since the total potential energy is equal to
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The obtained expression is correct.

Thus the perturbation shifts the center of the
potential with the magnitude of q/(m2) and
downwards the energy with the magnitude of
q22/(2m2) that is consistent with the result of the
second order perturbation.
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ඟ໋ی ا਩ࣥوਿیঃ୓ ه و૛শگاه یک پار ശণم با دক جا ଘ و جاॴ،د৯ ر ਦی ग़قدا کان ࠫم࢘ࢂඟ ॓ࢡشدا  ࡉتূ  م
گاه  ඗঺ھ૳ن ඵදر حاॻࢌ یک ശণࣂࡣت؟ د౽

 دارای آड़وষیاک م࢘ࢆول ಻نپاඔ  و بالا حا඘ॻھای از را॥ت و ऀپ ੾आی ඗ඇ౶ୃھای آیا
඗঺ھඅൡند؟ آیا ංඌ঒ند؟ ا୆ژی یک دਲ਼ࣣقا

ඟ໋ھای ا඘ॻوق حاर ن૳ھ඗঺ ندতباষ تلاف اما঩ژی ا୆ھا ا৩آ  যیارീ وچکঈ ،د॰ع آیا  باपو৔  ৤مدار 
ر  ೢه ୁرگ؟ یا با॰د ঈوچک الන෫ریਔی دوਞ੺ऩی ग़قدا

 ૚هঘ ห  ঺ජ໑یدروژن اৠم پاଢ حاॻࢌ الන෫ریਔی دوਞ੺ऩی آیا
ا॥ت؟ બࡶජ ا঩تلال دوم
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This explanation is not quite correct.

The reason is that the lowest-lying states are never
quite degenerate.

Consider, for example, a molecule like ammonia,
NH3:



Its structure is
tetrahedral, with the
three H nuclei forming
an equilateral triangle.

The N can be at a
position (determined
by the condition that
the energy is
minimum) either
“above” or “below”
the triangle.



The even and odd linear combinations of these two
states do not have quite the same energy, though the
energy difference is very tiny (-10-4eV) because of
the large barrier between the “above” and “below”
locations.

Thus, strictly speaking, the ground state is
nondegenerate.

However (as we shall see soon), if εd, where

* 3 * 3
above below below aboved e z d r e z d r       

is much larger than the tiny splitting, then the energy shift
will be linear in the electric field, and the molecule will
behave as if it had an electric dipole moment.



Let us look at the second term.

It reads 2
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The matrix element in this expression is
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n m 100 n m m 100 00z d rR (r)Y ( , )r cos R (r)Y ( , )l l l        

Where we have replaced z by the more convenient
rcosθ.

The angular part of the integration
can be carried out, since 10

4
cos Y

3

 



It is therefore

*
m 0 1 m 0

1 1
d Y ( , ) Y ( , )

3 3
l l l      

by the orthonormality of the Ylm.

The fact that the m-value must be the same for the
two states is our first example of a selection rule,
which can be stated in the form Δm=0



It follows from the fact that

z[L , z] 0

that is, the perturbation commute with Lz.

One has to evaluate the radial integral to obtain the
answer:

2
n10 1000

R r drR (r)rR (r)


 

Practice: evaluate the above integral using the radial
functions of hydrogen atom.



If you do the practice, you will find the final result
as follows:
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which we write as f(n)a0
2.
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For the second order
shift, this gives
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On the face of it, the sum can only be evaluated
term by term.

The n=2 term contributes 0.74 to the series, and the
n=3 term contributes 0.1.

The convergence is not spectacularly rapid, and the
sum actually adds up to 1.125.

The first term is the series does, however, give us
an estimate of the order of the magnitude of the
effect.

The dependence on a0
3 is, of coarse, automatic, on

purely dimensional ground.



The factor must be multiplied by something is a
(length)3, and the only natural length is the Bohr
radius.

If we speak of a hydrogen like atom, rather than
hydrogen, we must make the substitution a0a0/Z.

If we differentiate the energy shift with respect to
the electric field, we get an expression for the
dipole moment:
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This is proportional to the electric field strength,
that is, the dipole moment is induced.



The polarizibility, defined by d
 


can thus be calculated.
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In making estimates of sums of the sort that occur
in
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one may sometimes find useful upper bounds.



For example
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However, because of the
completeness of the states,
we may replace
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The relation 2 2
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is called a sum rule, and is an example of relations
that are useful in making estimates.



To illustrate degenerate perturbation theory, we
calculate the first order (linear in ε) stark effect for
the n=2 states of the hydrogen atom.

For the unperturbed system there are really four
n=2 states that have the same energy.

These are
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The l=0 state has even parity, and the l=1 states
have odd parity.

We want to solve an equation like

( j) (i ) (1)
i n 1 n j n

i

H E   

and on the face of it, four equations are involved.



If we note, however, that

(a) the perturbation potential (that is, z) commutes
with Lz so that it only connects states with the same
m-value, and

(b) parity forces us to consider only terms in which
the perturbation potential must connect l=1 to l=0
terms, that is

2,1, 1 2,1, 1z 0   



then the matrix in ( j) (i ) (1)
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is only a 22 matrix.

The equation reads
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The diagonal elements are zero, because of parity,
and off-diagonal elements are equal, since they are
complex conjugate of each other, and each may be
chosen to be real.



We have
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The eigenvalues
of this are
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and the corresponding eigenstates, when properly
normalized are, ewspectively
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Thus the linear stark effect for the n=2 states yields
a splitting of degenerate levels as shown below:
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