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Relativistic Kinetic Energy Effect
The relation of relativistic kenetic energy of the
electron of hydrogen-like atoms is as follows
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We may consider the magnitude of this perturbation
on the energy levels:
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SPIN-ORBIT COUPLING 

The existence of the electron spin gives rise to
another correction that is of the same order of
magnitude.

It may be qualitatively understood as follows:

If the electron were at rest relative to the proton (we
are discussing this on a classical level), it would
only see an electric field due to the proton charge.

This is the Coulomb potential term that appears in
H0.



Because the electron is moving, there are additional
effects.

In the electron rest frame, the proton is moving, so
there is a current present, and the electron sees a
magnetic field.

If the relativistic motion were rectilinear, the
magnetic filed, as seen by the electron, would be

.

This magnetic field interacts with the spin of the
electron, or more precisely, with the magnetic
moment of the electron.



We might expect an interaction of the form:
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where ϕ(r) is the potential due to the nuclear charge.

Actually this is not correct.



It turns out that relativistic effects associated with
the fact that the electron does not move in a straight
line (the Thomas precession effect) reduce the
above by a factor of 2.
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Let us now use first order-perturbation theory to
calculate the effects of H1 and H2 on the spectrum
of hydrogen-like atoms.

We may rewrite H1 in the form
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The spin of the electron does not enter into this
energy shift, since H1 does not depend on the spin.

H2 does depend on the spin, and for our
unperturbed wave functions we must take two-
component wave functions, since what we want to
calculate is the expectation value of
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Here, again we have an example of degenerate
perturbation theory.



For a given n and , there are degenerate
eigenstates of H0 with the additional factor of 2
coming from the two spin states.

Thus the calculation of the energy shift involves a
diagonalization of a submatrix, as in

equation we can

save a great deal of labor by noting that
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Thus if we combine the degenerate eigenfunctions
into linear combinations that are eigenfunctions of

(they already are eigenfunctions of
), then these linear combinations will

diagonalize .

The appropriate linear combinations can be
obtained as follows:
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Let us consider the linear combination
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It is, by construction, an eigenfunction of Jz with
eigenvalue (m+1/2)ћ:
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We now determine  and  such that it is also an
eigenstate of J2.
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We must of course combine the effect of H1 and H2.

When this is done, we obtain after some algebra
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The result is
also correct
within the
relativistic
Dirac equation
for .



ଷ/ଶ
ଶ ;

ଵ/ଶ
ଶ

ଵ/ଶ
ଶ

Spin-Orbit

Spin-Orbit +
Relativistic

Although the for are different, they are

degenerate, since they have identical .



A more careful discussion, using the relativistic
Dirac equation, does not alter this result.

However, in 1974, a very delicate microwave
adsorption experiment carried out by Lamb and
Retherford showed that there was, indeed, a tiny
splitting of the two levels.

The magnitude of the splitting, of order
, could be explained by the

additional interaction of the electron with its own
electromagnetic field, that is, as a self-energy effect.

These matters are outside of the scope of this
course.



Let us now turn to the discussion of the behavior of
hydrogenlike atoms in an external magnetic field,
that is, to the anomalous Zeeman effect.

There is, of coarse, nothing anomalous about the
effect; it is just that the Zeeman effect that could be
explained classically was exhibited only by atoms
in states in which the total electronic spin was zero.

For the other states, for which there was no
classical explanation (since that involves spin), the
Zeeman splitting pattern was different, and
therefore “anomalous”.



For the unperturbed Hamiltonian we take the usual
H0 together with the spin-orbit term.

The reason for doing this is that the external
perturbation may be small compared with the effect
of what we called H2.





12 6

U(R ) 4
R R

 
         
     

Lennard-Jones 6-12 Potential

12 6

A B
U(R )

R R
 



12 6

U(R ) 4
R R

 
         
     

 

6

B

R


Sir John Edward Lennard-Jones





X

تا॰  ॥ده ا৆جاد ಩࣪و৯د اما

( ) 0E X

ඓࣂࡣت ඟوی໊  واपعا الන෫رو਩ی ا৔ ୀوز৒ع



1 0P

1P E 2P 2P

1P2P

1 2
3

.

r

P P

1
3r


P

E 1
2 3r
 

P
P E

2
1 1 1

6 6

.

r r


P P P

1 0P2
1 0P

2
1
6

U 0
r

 
P



6

B
U(R )

R
 





Kr

2x

Kr

1x

R

1 2R x , x



2 2 2 2
0 1 1 2 2

1 1 1 1
H P Cx P Cx

2m 2 2m 2
   


0

C

m
  2

0C m



1 2R x , x

0 1H H H 

1
1 2 1 2

(e)(e) ( e)( e) (e)( e) ( e)(e)
H

R R x x R x R x

   
   

   



2 2 2 2

1
1 2 1 2

e e e e
H

R R x x R x R x
   

   

2
1 2

1
| x |, | x | R; 1 x x ... | x | 1

1 x
            



2
1 2

1 3

2e x x
H

R




2
2 2 2 2 1 2

0 1 1 1 2 2 3

2e x x1 1 1 1
H H H P Cx P Cx

2m 2 2m 2 R
      

s 1 2
1

x (x x )
2

 

a 1 2
1

x (x x )
2

 

1 s a
1

x (x x )
2

 

2 s a
1

x (x x )
2

 



1 s a
1

x (x x )
2

 

2 s a
1

x (x x )
2

 

1 s a
1

p (p p )
2

 

2 s a
1

p (p p )
2

 

2 22 2
2 2s a
s a3 3

P P1 2e 1 2e
H C x C x

2m 2 2m 2R R

      
           
         

2
2
13

2e
C m

R
 

2
2
23

2e
C m

R
 

1/2
2 2

2
3 3

2e C 2e
C / m

mR mR


  
     
   

2
2
0 3

2e

mR
 



2

0 3 2
0

2e
1

mR
 


 

2

0 3

2e
1

CR
 

22 2

0 3 3

1 1
1

1 2e 2e2 2
1 ...

2 1 2CR CR


                      
    

  

22 2

0 3 3

1 2e 1 2e
1

2 8CR CR
 

    
      
     

(T=0)
1/2ћ 

 s aU 1 / 2      

s s 0    

a a 0    



22 2

s 0 3 3

1 2e 1 2e
1

2 8CR CR
 

    
      
     

22 2

a 0 3 3

1 2e 1 2e
1

2 8CR CR
 

    
      
     

22 2

s 0 0 03 3

1 2e 1 2e

2 8CR CR
   

   
     

   

22 2

a 0 0 03 3

1 2e 1 2e

2 8CR CR
   

   
      

   
22

s a 0 3

1 2e
2

8 CR
  

 
       

 

 s aU 1 / 2      

22

0 3

1 2e
U

8 CR


 
    

 


6

B
U

R
  



22

0 6

1 e 1
U

2 C R


 
    

 


ћ∆U
B

22
2

0 0
1 e 1

B
2 C 2

  
 

  
 

 

0ћ  







6

B
U(R ) repulsive term

R
   

12 6

U(R ) 4
R R

 
         
     



12 6

A B
U(R )

R R
 

12RA/
AB

exp( R / ) 





1s  1s  

Total energy = -59.38 eV

1s  1s  

Total energy = -78.98 eV



19.6 eV

 

0r
12 6

A B
U(r)

r r
 



s 



0r




12 6

A B
U(r)

r r
 

0r

0r

0r
0r

0

13 7
r r

dU(r) 12A 6B
F 0

r r r 

    6
0

2A
B

r


12 6

U(r) 4
r r

 
         
     

12A 4
6B 4

1/6
0r 2 



1/6

12 6

1/6 1/6r 2
U(r) 4

2 2
 
 

         
     

r=U(r)=0

1/6r 2

1 1
U(r) 4

4 2  


      



2

2 3
nRT n n

P 1 B (T) B (T) ...
V V V

       
   

0

1
n

B (T)
V

 
 
 

1B (T) 1  3 U (r ) /kT
2 0

1
B (T) d r e 1

2

   

6

U(r) 4
r

     
 



 
6

0

0

4
r 2 2 kT r

2 0 r

1
B (T) 4 r dr 0 1 4 r dr e 1

2

 

 
 
   

  
            
 

3

2
2 4

B (T) 1
3 kT

    
 

3nRT n 2 4
P 1 1

V V 3 kT

       
  

n 1

V v


V
v

n


 2

a
p v b RT

v

    
 

3
02 v

a
3k




32
b

3





