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The relation of relativistic kenetic energy of the
electron of hydrogen-like atoms 1s as follows

( p202 A
| K= \/pc +m”c’ —mc* | \/1+ -1

The perturbed term that
we would consider 1s:




We may consider the magnitude of this perturbation
on the energy levels:




'SPIN :

-ORBIT COUPLs

The ex1stence of the electron spin gives rise to
* another correction that is of the same order of

. magnitude
: 7. A

It may be quahtatlvely understood as follows
T .

- If the electron were at rest relative to the proton (we
are discussing this on a classical level), 1t would

only see an electric field due to the proton charge.
AARVES. iy T =

This 1s the Coulomb potential term that appears in
H,.
#




*
Because the electron 1s moving, there are additional .

eftects.
DR e

. In the electron rest frame, the proton 1s moving, so
- there 1s a current present, and the electron sees a

_ magnetic field.
B "SR e PPt A

If the relativistic motion were rectilinear, the
magnetic filed, as seen by the electron, would be

vXE/c.
This magnetic field interacts with the spin of the
electron, or more precisely, with the magnetic

moment of the electron.

S



We might expect an interaction of the form:

7

—M.B:—(— )SB——SB g=72
2mc mc

1 dO ld(eCD)
SSPpXr——— §=— :
m°c’ r dr mZc? r dr <

¥ -

lﬂ' | i f":r'.

where ¢(r) 1s the potentlal due to the nuclear charge.

Actually this 1s not correct. (4 ] =9 ”’mi

-



It turns out that relativistic effects associated with
the fact that the electron does not move 1n a straight
lime (the Thomas precession effect) reduce the
above b / a factr of 2

http //www mathpages com/rr/rrtoc htm

Thus correct perturbatlon 1S E i‘




q
Let us now use first order-perturbation theory to
calculate the effects of H, and H, on the spectrum
of hydrogen like atoms.

~We may rewrlte H n the form
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q
The spin of the electron does not enter into this
energy shift, since H; does not depend on the spin.

~ H, does depend on the spin, and for our
~ unperturbed wave functions we must take two-
- component wave functions, since what we want to
4 calculate 1s the expectation value of

8

Fi

2
H,—— 1 gplded)__ze s.Li3 |

2
r dr Im2c? I

Here, again we have an example of degenerate
perturbation theory.
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For a given n and [, there are 2(2[ + 1) degenerate _
eigenstates of H, with the additional factor of 2
coming from the two s*ain states.

F T Ml O SemTwr

" Thus the calculation of the energy shift involves a
- diagonalization of a submatrix, as In

?Z a; <¢(])‘/1H1 (l)> = AE,gl)aj equation we can

save a great deal of labor by notmg that

implies that 'S* +2S.L+ L2 = J* that 1S

T L P G
s J2:L2+82+2LZSZ+L+S_+L_S+
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Thus 1f we combine the degenerate eigenfunctions

into linear combinations that are eigenfunctions of
J? (they already are eigenfunctions of J, =L,
- +S, ), then these linear combinations will
~ diagonalize H,.

ol

gl = = p N

2 The appropriate linear combinations can be

¥ obtained as follows:
. RN




[ et us consider the linear combination

i l+s=[+1/2

— i .

i=l+s=1+1/2 &

L s L

m, =m,+m, =m-+1/2 mtot =m, +m,
1:, ' —m+1-1/2=m+1/2

Yoo

l,m+—
: 2

| ” |

J,m+—
. 2



It 1s, by construction, an eigenfunctioh of J, with
eigenvalue (m+1/2)h:
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We now determine o and 3 such that it 1s also an

eigenstate of J?.

L.Y,, =hJl(l+1)-m(m+1)Y,,., .

N ETTNIET A

. L+Ylm:h l(l+1)_m(m_1)Ylm—l e

=h(l-m+1)(/+m)Y,, |
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Provided that:
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a l(l+1)+%+m +,B\/ m)(/+m+1)=aj(j+1)
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In order to be orthogonal to the J—l+1/2 solutlon




with these linear combinations we have
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For a given [ value there are [2 (l + %) + 1] + [2 (l

- %) + 1] = 2(21 + 1) states.

£ 2 T

- If we call the linear combination ¢ jm;is then

s Jp-u L & e
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We must of course combme the effect of H, and H :
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o When thls 1S done we obtam after some algebra
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251/2J 2P1/2

Spin-Orbit

Spin-Orbit +
Relativistic

Although the [ for °S,; /2 and °P, pare different, they are

degenerate, since they have identical j and n (j = % ;n = 2).




q
A more careful discussion, using the relativistic
Dirac equatlon does not alter thls result.

- However, in 1974, a very dehcate microwave
- adsorption experiment carried out by Lamb and
- Retherford showed that there was, indeed, a tiny
4 splitting of the two levels.

- The magnitude of the splitting, of order
mc*(Za)*a loga , could be explained by the
additional interaction of the electron with 1ts own
electromagnetic field, that 1s, as a self-energy effect.

F B T e

These matters are outside of the scope of this

COurse.
&



Let us now turn to the discussion of the behavior of _

hydrogenlike atoms in an external magnetic field,
that 1s, to the anomalous Zeeman effect.

r . S TREN R ey

~ There is, of coarse, nothing anomalous about the
- effect; 1t 1s just that the Zeeman effect that could be
gexplained classically was exhibited only by atoms

in states in which the total electronic spin was zero.
e R e . 9 A e “

For the other states, for which there was no
classical explanation (since that involves spin), the
Zeeman splitting pattern was different, and
therefore “anomalous™.

_ “! e




q
For the unperturbed Hamiltonian we take the usual

H, together w1th the spm -orbit term.

o R AT

~ The reason for doing this 1s that the external
- perturbation may be small compared with the effect
- of what we called H,.
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