Identical Particles

Consider N identical particles confined in a hard box.

Two different
paths, (a) and
(b), of a two-
electron system,
in  which we

cannot assert
even in principle
through which of

the paths the
electrons pass.




In quantum mechanics the particles constituting the given
system are not only identical but also indistinguishable.

accordingly, it is unphysical to label them as No. 1, No. 2,
No. 3, etc., and to speak of their being individually in the
various single-particle states ¢..



All we can sensibly speak of is their distribution over the
states ¢, by numbers, e.g. n, particles being in the state ¢,,
n, in the state ¢,, and so on.

(Zj [Z]



Thus, the correct way of specifying a microstate of the
system is through the distribution numbers {n.}, and not

through the statement as to "which particle is in which
state".



To elaborate the point, we may say that if we consider two
microstates which differ from one another merely in an

interchange of two particles in different energy states,

then according to our original mode of counting we would
regard these microstates as distinct; in view of the
indistinguishability of the particles, however, these
microstates are not distinct (for, physically, there exists no
way of distinguishing between them).
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Systems composed of mdistinguishable particles

We shall now formulate the quantum-mechanical description of a system of N
identical particles. To fix ideas, we consider a gas of non-interacting particles; the
findings of this study will be of considerable relevance to other systems as well.

HLPE(Q]:Q29'"DQN) :ELPE(qbQZDNWQN)

N
Yie(q1:925-595) = HUgl- (q;)
i=1

HU, (¢;) = U, (¢;)

ZnizN Znigl.zE

i



N
Ye(q1:92,-59y) = HUgi (¢,)
i=l
m-—+ny n+nyp+njy

—HU(m)HU(m) H Us(m)...

i=ny+1 i=ny+ny+1

We would like to be all the electrons in quantum mechanics
indistinguishable.

How can we do it?



)
J
P> P’
H=-"1+—24+V(x,x,)
2m  2m

H(1,2)= H(2,1)
H(1,2)¥,(1,2) = E¥ .(1,2)
HQ,DY,(2,1)=EY¥ . (2,1)

PY . (1,2)=Y¥,(2,])

H(L,2)W - (2,1)= E¥ -(2,1)

H(1,2)PY¥ . (1,2) = EPY . (1,2)

H(1,2)P¥ . (1,2) = PEY ;(1,2)
(1,2)P¥ (1,2) = PHY . (1,2)

HP=PH = |H,P|=0

Permutation is conserved



|H,P]=0
P and H have common eigenstates

PY¥(1,2) = A¥(1,2)
P*¥(1,2) = AP¥(1,2)

¥(1,2)=A"P(1,2)

/Bosons
==1
\ Fermions

A



Always we can separate a wavefunction into symmetric and asymmetric parts

For two particles we have

¥(1,2) = %(\P(l, 2)+ ¥ (2, 1))+%(\P(1,2)—‘P(2,1))

w(1,2) = %\/5\11(5)(1, 2)+ %ﬁW) (1,2)

¥(1,2) = g{qf@” (1,2)+ ¥ (1,2)}

For three particles we can write

P (1,2,3) = 1 ¥(1,2,3)+¥(2,1,3)+¥(2,3,1)+¥(3,2,D)+¥(3,1,2) + P(,3,2)
J6

¢ (1,2,3) = %[‘P(I,ZJ) ~W(2,1,3)+ P(2,3,) - ¥ (3,2, 1)+ ¥(3,1,2) - ¥(1,3,2)]



For non-interacting particles

PO 1,2)=—=[ ¥, ¥, )=, ¥, ()]

J2

PO (1,2)=—=[W, (W, 2)+¥, %, ()]

J2

v, () P, (2) .. P, (W)

w1, Ny=| e Fal e Ha ()

JN!

ROV JRC) R JCY%



¢ A,2,...,N) __ 1

JN!

1
JN!

L O )
LN ORE PN )

v, () W, (2)

v, (2 ¥, ()
v, (2) Y, )

v, (2) ¥, (1)

¥, (N)
¥, (N)

¥, (N)

¥, (N)
Y, (V)

¥, (N)

NxN

NxN

Antisymmetric property is satisfied.



Y, ) Y, (2)
1 (Y, Y, (2)

v, () ¥, (2)
v, () ¥, (2)
v, () W, (2)

v, () ¥, (2)

T, (V)
Y., (V)

¥, (N)

¥, (V)
T, (V)

¥, (V)

Pauli’s exclusion principle 1s also satisfied.

NxN

NxN

Regardless of spin in each state only one electron can be found



The state ket for the two particles can be written 1n

product form,
|kl>|kl/> J_ Ik/l>|k/>
H‘k’)‘k”) =E‘k’>‘k,’>

H|k")|k') = E|k")|k’)
H(cylk")K') + |k ")k = Eeqlk™)k' + calle)ie'))

This 1s known as exchange degeneracy.

P12|k1>|k//> — Ik/l>|k/>

P,,=P, and Pj=1



Prove that P, must change the particle labels of

observables:

Ajla’)|a”) = a’la")|a”)
A2|0’>|a”> — anla/>|an>

-P12A1P1_21P12|a’)|a”) = a’Pp,la’)|a”)
= P4, P5la"]a’y = a’la”)]a’)

P12A1P1_il =4,



Let us now consider the Hamiltonian of a system of two i1dentical
particles. The observables, such as momentum and position operators, must
necessarily appear symmetrically in the Hamiltonian—for example,

Pi , P
H= 5+ o+ Vo (K = X5+ Ve (X)) H Ve (x2) . (6.1.9)
Here we have separated the mutual interaction between the two particles
from their interaction with some other external potential. Clearly, we have

P,HP;'=H (6.1.10)

for H made up of observables for two identical particles. Because P;,
commutes with H, we can say that P, is a constant of the motion. The
eigenvalues of P, allowed are +1 and —1 because of (6.1.5). It therefore
follows that if the two-particle state ket 1s symmetric (antisymmetric) to
start with, 1t remains so at all times.



k") = <= (M) + 1) 1k)

k)= = (k) = k)l

S "12-(1+P12) A12

%(1" P12)

S12 N N1,
{A }[Cﬂk YNk )+ e lk” )|k >]

=1(c1lEDk"Y + eyl kK™Y £ 2 er|k Mk + cylk k™))

S
= —S—(lk")Ik") £ |k")|k"))




Pk )Nk - RO e e e
= |KYIK) - (KD e k)
P:=1

[P, Py]#0

j’

1
k/k”kl” = kf k!/ klﬂ :t kﬂ kl k”f
| N ‘/g{| MK Y + k7Y kY k™)

+ k”>|k’”>|k’>:F kn;>|ku>|k1>
+ k”’>|k,>|k”>j_‘_ k’>|k”,>|k”>}.

These are both simultaneous eigenkets of P,,, P,;

and P;.



Pyys (1)K k™)) = 1k )k HIk")

Note that P,,; = P,,P,; because
P12P13(|k’>|k”>|k”’ >) — Plz(lkur >|k”>'ki>) _ Ik”>|k”’>|k’>

1

V3

.. NNV N
Normalization factor \/ : 2N' nno= ‘/2! /3!

where N is the total number of particles and N, the number of times |k®)
OCCUTS.

|k'kk”y = —= (k)K" Yk )+ 1k )k") k") + k") k") k"))




SYMMETRIZATION

POSTULATE

So far we have not discussed whether nature takes advantage of totally
symmetrical or totally antisymmetrical states. It turns out that systems
containing N 1dentical particles are either totally symmetrical under the
interchange of any pair, in which case the particles are said to satisfy
Bose-Einstein (B-E) statistics, hence known as bosons, or totally antisym-
metrical, in which case the particles are said to satisfy Fermi-Dirac (F-D)
statistics, hence known as fermions. Thus

P, .| N 1dentical bosons) = + |N 1dentical bosons)

P, |N 1dentical fermions) = — |N 1dentical fermions)

Half-integer spin particles are fermions;

Integer spin particles are bosons.



To 1illustrate the dramatic differences between fermions and bosons,
let us consider two particles, each of which can occupy only two states,
characterized by &’ and k£”. For a system of two fermions, we have no
choice; there is only one possibility:

1 ’ AN 17 ’
7—2—(|k k)= k") k"))
For bosons there are three states possible:
1
k/ kl . kll k!/ . kl klf + kll k’
KOs kDI, = (DK + K7 1K7))

In contrast, for "classical" particles satisfying
Maxwell-Boltzmann (M-B) statistics with no

restriction on symmetry, we have altogether four
independent states:

L3110 N (A1 N L 1L D S LI L




We see that in the fermion case it 1s impossible for both particles to
occupy the same state. In the boson case, for two out of the three allowed
kets, both particles occupy the same state. In the classical (M-B) statistics
case, both particles occupy the same state for two out of the four allowed
kets. In this sense fermions are the least sociable; they avoid each other to
make sure that they are not in the same state; in contrast, bosons are the
most sociable, they really love to be in the same state, even more so than
classical particles obeying M-B statistics.

The difference between fermions and bosons show up most dramati-
cally at low temperatures; a system made up of bosons, such as liquid *He,
exhibits a tendency for all particles to get down to the same ground state at
extremely low temperatures. This is known as Bose-Einstein condensation, a
feature not shared by a system made up of fermions.
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TWO-ELECTRON SYSTEM

Let us now consider specifically a two-electron system. The eigenvalue of
the permutation operator is necessarily — 1. Suppose the base kets we use
may be specified by x,, x,, m, and m_,, where m_; and m_, stand for the
spin-magnetic quantum numbers of electron 1 and electron 2, respectively.

We can express the wave function for a two-electron system as a
linear combination of the state ket with eigenbras of x,, x,, m_, and m,
as follows:

Y = Z Z C(mg, my)(xy, my; Xy, mgla)

g Mgy



If the Hamiltonian commutes with S2

[Stot» ] =

then the energy eigenfunction is expected to be an eigenfunction of S2,, and
if ¢ 1s written as

¥ =¢(x,,X,)X,
then the spin function x is expected to be one of the following:
(X ++ \
L (x._+x_.) > triplet (symmetrical)

V2

X(msl’ms2)=<x__ )

singlet (antisymmetrical),

“/—(x+_—x )

where x,_ corresponds to x(m =3, m_,= —3). Notice that the triplet
spin functions are all symmetrical; this is reasonable because the ladder
operator S, _ + S,_ commutes with P,, and the |+ )|+ ) state 1s even under

P,.



We note
(X1, M3 Xo, mo|Pplay =(X,, myiX, mgla).
Fermi-Dirac statistics thus requires
(X1, M3 Xy, Mgla) = —(X,, Mg, Xy, mgla).
Clearly, P;, can be written as
p12 — p(Space) p(Spm)

where P{P© just interchanges the position coordinate, while PSP™ just
mterchanges the spin states. It 1s amusing that we can express P(SP‘“)

_ 1 4 S8, =38 -8} —8)
Pl(gpln)zi(l+ﬁsl.sz)’ =§(8(5+1)—3/4—3/4)
i 2
which follows because _ h—(s(s t1-3/2)

o h2 _ hz 2 hz

” (triplet) =5 (2-3/2)=7=  for s=1
81'82 - < 2 2

—3h° , h -3n°

T2 (singlet) = —(0 3/2)= 7 for s=0



If the space part of the wave function 1s symmetrical
(antisymmetrical) the spin  part must be
antisymmetrical (symmetrical).

As a result, the spin triplet state has to be combined
with an antisymmetrical space function and the spin
singlet state has to be combined with a space
symmetrical function.

The space part of the wave function ¢(x,,X,) provides the usual
probabilistic interpretation. The probability for finding electron 1 in a
volume element d°x, centered around x, and electron 2 in a volume
element d3x, is

|q5(x1,x2)|2d3x1d3x2



To see the meaning of this more closely, let us consider the specific case
where the mutual interaction between the two electrons [for example,
Voair (X1 —X,)),S;-S,] can be ignored. If there 1s no spin dependence, the
wave equation for the energy eigenfunction ¢ [see (6.1.9)],

— hz h?.
2m V12._§-n—1-v22+Vext(X1)+th(x2) Y = Ey, (6.3.13)

1s now separable. We have a solution of the form w ,(x;)wgz(x,) times the
spin function. With no spin dependence S, necessarily (and trivially)
commutes with H, so the spin part must be a triplet or a singlet, which have
definite symmetry properties under PSP, The space part must then be

written as a symmetrical and antisymmetrical combination of w ,(x;)wg(Xx;)

and w,(X,)wp(X;):

1

o(x,,x,) = ¥ [wA(xl)wB(xz)i W 4 (x2)wB(x1)] (6.3.14)

where the upper sign is for a spin singlet and the lower 1s for a spin triplet.



The probability of observing electron 1 in d°x, around x, and electron 2 in
d’x, around x, is given by

Hlwa(x)) Plog(x)|? + o (x5) Plwg(x,) |
+2Re[w,(x)) 0p(x;) @i (xy) 0f (x))] } dx,d%x,.  (6.3.15)

The last term in the curly bracket is known as the exchange density.

We immediately see that when the electrons are in a spin-triplet
state, the probability of finding the second electron at the same point in
space vanishes. Put another way, the electrons tend to avoid each other
when their spins are in a triplet state. In contrast, when their spins are in a
singlet state, there is enhanced probability of finding them at the same point
in space because of the presence of the exchange density.



Clearly, the question of identity is important only when the exchange
density i1s nonnegligible or when there is substantial overlap between
function w, and function wgz. To see this point clearly, let us take the
extreme case where |w,(x)|? (where x may refer to x, or x,) is big only in
region A and |wz(x)|? is big only in region B such that the two regions are
widely separated. Now choose d°x, in region A and d°x, in region B; see
Figure 6.2. The only important term then is just the first term in (6.3.15),

|“’A(x1)|2|w3(x2)|29 (6-3-16)

which 1s nothing more than the joint probability density expected for
classical particles. In this connection, recall that classical particles are
necessarily well localized and the question of identity simply does not arise.
Thus the exchange-density term 1s unimportant if regions A and B do not
overlap. There is no need to antisymmetrize if the electrons are far apart
and the overlap i1s negligible. This is quite gratifying. We never have to
worry about the question of antisymmetrization with 10 billion electrons,
nor is it necessary to take into account the antisymmetrization requirement
between an electron in Los Angeles and an electron in Beijing.



3
d3X1 d X2

FIGURE 6.2. Two widely separated regions A and B; |w,(x)|* is large in region A while
lwg(x)|?* is large in region B.



THE HELIUM ATOM

Electron 1 g~ s
Ny

- Electron 2
2 2
=5 -+5 + — .

H

Nucleus of charge + 2lel

The space part of the wave function for the important

case where one of the electrons 1s 1n the ground state and
the other 1n an excited state characterized by (nlm) 1s

]
d(x1,x;) = 2 [‘Ploo(xl)ﬁbnlm(xz)i ‘J’loo(xz)‘[’nlm(xl)]

where the upper (lower) sign 1s for the spin singlet

(triplet).



For the ground state, we need a special treatment. Here the con-
figuration is characterized by (1s)?, that is, both electrons in n=1, /=0.

The space function must then necessarily be symmetric and only the spin
singlet function is allowed. So we have
Z3

¢100(x1)4’100(x2)xsmg1et = ;;'ge-z(rlﬂz)/aox (6.4.3)
0

with Z = 2. Not surprisingly, this “unperturbed” wave function gives
2

E=2x4(—ﬁ-—) (6.4.4)

2a,

for the ground-state energy, which is about 30% bigger than the experimen-
tal value.



This is just the starting point of our investigation because 1n obtain-
ing the above form (6.4.3), we have completely ignored the last term 1n
(6.4.1) that describes the interaction between the two electrons. One way to
approach the problem of obtaining a better energy value is to apply
first-order perturbation theory using (6.4.3) as the unperturbed wave func-
tion and e*/r, as the perturbation We obtain

2
€
A , = _ff —22(r1+r2)/a0 d X d X (645)
(1s) PO dx,. (6.4.
S 12 [ 402 m aO 12

To carry out the indicated integration we first note

1 1 °°
= Z

r 2 2

(6.4.6)

where r_ (r_) is the larger (smaller) of r, and r, and vy is the angle between
x, and x,. The angular integration is easily performed by expressing

P,(cosy) in terms of Y,"(8,, ¢,) and Y,”*(0,, ¢,) using the addition theorem
of spherical harmonics:

dqr

PI(COSY)_" 2l+1 Z Ym (019¢1)Ym(029¢2) (647)
-1




The angular integration is now trivial:
1

Y,"(0.,¢,)d0 = —

f [ ( i ¢ ) m—

The radial integration is elementary (but involves tedious algebra!); it leads
to

e nl c©]
/(; {L _e (2Z/a0)(rl+r2)r22 dr2 + f .;;e (2Z/a0)(rl+r2)r22 dr2 r12 drl
n

(47)6,,8, . (6.4.8)

ry

5
5 ag

T 128 75

(6.4.9)



Combining everything, we have (for Z = 2)

Ay = (26 2)47;(\/4_.,;) (128 )( a’ )

7°a$ A
5\( e?
_ (5)(5—‘1;) (6.4.10)
Adding this energy shift to (6.4.4), we have
E =(—8+§)—e—3— ~—748 eV (6.4.11)
cal N 2a: | = 8eV. 4.

Compare this with the experimental value,

E.,=-788¢€V. (6.4.12)

€X



This is not bad, but we can do better! We propose to use the
variational method with Z, which we call Z_, as a variational parameter.
The physical reason for this choice is that the effective Z seen by one of the
electrons is smaller than 2 because the positive charge of 2 units at the
origin (see Figure 6.3) is “screened” by the negatively charged cloud of
the other electron; in other words, the other electron tends to neutralize the
positive charge due to the helium nucleus at the center. For the normalized
trial function we use

. Z3
<X1,X2|0>= __e_%f_ e_zcﬂ'(rl+r2)/aO. (6413)
mag
From this we obtain
_ N 2 2 . . 2 2 . . 2 .
=02+ P l5) _ /6|22 + 2200\ + [0l |5
2m  2m r, r, ri,

Zs 5 i
=(2 S --2zchf+-8-zeﬁ)(—). (6.4.14)



We easily see that the minimization of H is at

Zeff = 2""' 'i'%=l.6875. (6.4.15)
This is smaller than 2, as anticipated. Using this value for Z s we get

Ecal = —=7T7.5 eV, (6416)

which 1s already very close considering the crudeness of the trial wave
function.



Let us briefly consider excited states. This is more interesting from
the point of view of illustrating quantum-mechanical effects due to 1dentity.
We consider just (1s)(n/). We write the energy of this state as

E=E,+E, +AE. (6.4.17)

In first-order perturbation theory, AFE is obtained by evaluating the expec-
tation value of e?/r,,. We can write

2

<e—> =1+, (6.4.18)

ri2

2

e
I= [dx [dxalio0(60) i (%2) 1P~

2
J= fd3x1fd3x2\bloo(x1)‘l/n/m(xz);l;‘”oo(xz)lf/:zm(xl)

J Singlet
I J Triplet

E1 00 + Enlm



2
S \=1z%J
12

The upper (lower) sign goes with the spin singlet (triplet) state. Obviously, 1
is positive; we can also show that J is positive. So the net result is such that

for the same configuration, the spin singlet state lies higher, as shown in
Figure 6.4.

J Singlet
J Triplet

Eioo + Enm



The physical interpretation for this is as follows: In the singlet case
the space function is symmetric and the electrons have a tendency to come
close to each other. Therefore, the effect of the electrostatic repulsion is
more serious; hence, a higher energy results. In the triplet case, the space
function is antisymmetric and the electrons tend to avoid each other.
Helium in spin-singlet states is known as parahelium, while helium in
spin-triplet states is known as orthohelium. Each configuration splits into

the para state and the ortho state, the para state lying higher. For the
ground state only parahelium i1s possible. See Figure 6.5 for a schematic
energy level diagram of the helium atom.

(15)(2p) para P
ortho 3P2,1,o
1
(15)(2s) para ‘So

ortho 331

(1s)° 'So _
Spin singlet, necessarily “para”



It 1s very important to recall that the original Hamiltonian 1is
spin-independent because the potential is made up of just three Coulomb
terms. There was no S,+S,-term whatsoever. Yet there is a spin-dependent
effect—the electrons with parallel spins have a lower energy—that arises
from Fermi-Dirac statistics.

This explanation of the apparent spin dependence of the helium
atom energy levels is due to Heisenberg. The physical origin of ferromag-
netism—alignment of the electron spins extended over microscopic dis-
tances—is also believed to be essentially the same, but the properties of

ferromagnets are much harder to calculate quantitatively from first princi-
ples.
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What is a difference between them?




/Hll
\H,,

Why?

/Hll 0 )
Non-Magnetic systems
HIZ\ (Hll 0 \
H22) \ 0  Hy y

Magnetic systems
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