7.3 The Born approximation

Equation (7.33) is not particularly useful, as it stands, because the quantity
f(k',k) depends on the unknown ket \p). Recall that {(r) = (rhp) is the solu-
tion of the integral equation

m exp(ikr)
2mh* T
where ¢(r) is the wave-function of the incident state. According to the above
equation the total wave-function is a superposition of the incident wave-function

and lots of spherical-waves emitted from the scattering region. The strength of

the spherical-wave emitted at a given point is proportional to the local value of
the scattering potential, V, as well as the local value of the wave-function, 1.
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Suppose that the scattering is not particularly strong. In this case, it is reason-
able to suppose that the total wave-function, 1 (r), does not differ substantially
from the incident wave-function, ¢(r). Thus, we can obtain an expression for
f(k’, k) by making the substitution

exp(ik-r)

W(r) — ¢(r) = P (7.35)
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This is called the Born approximation. ) = ﬂF]Lz mJexp[[zﬁl]g/zr Vi) i)
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The Born approximation yields = ——7— (KHil).
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scattering amplitude

Thus, f(k’,k) is proportional to the Fourier transform of the scattering potential
V(r) with respect to the wave-vector g = k — k'.
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For a spherically symmetric potential,

I k) =— i 5 JJJ exp(iqr’cos®’) V(r')r"2dr’ sin@’ do’ d¢’, (7.37)
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Note that f(k’, k) is just a function of q for a spherically symmetric potential. It is
easily demonstrated that

q=k—k'| =2k sin(6/2), 7.3%)

where 0 is the angle subtended between the vectors k and k’. In other words, 6

is the angle of scattering. Recall that the vectors k and k' have the same length
by energy conservation.
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Consider scattering by a Yukawa potential

Vi) — 0 SEPL—RT), (7.40)
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where V, is a constant and 1/u measures the “range” of the potential. It follows
from Eq. (7.38) that
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since

exp(—ur’) sin(gr’)dr’ = . (7.42)
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Thus, in the Born approximation, the differential cross-section for scattering by a
Yukawa potential is

do  [2mV,)’ 1
E_( R* ) 2k% (1 —cos0) + p??’ L48)
given that
q? = 4K2 sin(0/2) = 2K2 (1 — cos @). (7.44)
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The Yukawa potential reduces to the familiar Coulomb potential as 1 — 0,
provided that Vo/u — ZZ'e*/4mey. In this limit the Born differential cross-

section becomes

oy 2
do 2mZ 7 e* 1
— : 7.45
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Recall that h k is equivalent to |p|, so the above equation can be rewritten
do (z2zZ'e\* 1
— , 7.46
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where E = p?/2 m is the kinetic energy of the incident particles. Equation (7.46)
is the classical Rutherford scattering cross-section formula.

do_(2mV, Y 1 O oo _ 22
- dO u ) |2k*(1—cos @)+ u” [ U 47zgoh2
r 2 2
do [ 2m ZZ'e 1

nk’ 2 n*k*
2

E* = (i)2 = (
2m m’~  (2m)

dO | 72 dze,h® ) |4K2sin? 0L



The Born approximation is valid provided that {(r) is not too different from
¢(r) in the scattering region. It follows, from Eq. (7.17), that the condition for
P(r) ~ ¢(r) in the vicinity of r = 0 is

m Jexp( i k)
27t R

Consider the special case of the Yukawa potential. At low energies, (i.e., k < )
we can replace exp( ik r’) by unity, giving
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as the condition for the validity of the Born approximation. The condition for the
Yukawa potential to develop a bound state is

%Wi 527 (7.49)
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where V, is negative. Thus, if the potential is strong enough to form a bound
state then the Born approximation is likely to break down. In the high-k limit,

Eq. (7.47) yields

V() dr| < 1. (7.47)
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This inequality becomes progressively easier to satisfy as k increases, implying
that the Born approximation is more accurate at high incident particle energies.

< 1. (7.50)

o2



7.4 Partial waves AL Joo r'V(r')sin(qr’) dr’. (7.38)

f(k', k) ~ ——
hzq 0

We can assume, without loss of generality, that the incident wave-function is
characterized by a wave-vector k which is aligned parallel to the z-axis. The
scattered wave-function is characterized by a wave-vector k” which has the same
magnitude as k, but, in general, points in a different direction. The direction of k'
is specified by the polar angle @ (i.e., the angle subtended between the two wave-
vectors), and an azimuthal angle ¢ about the z-axis. Equation (7.38) strongly
suggests that for a spherically symmetric scattering potential [i.e., V(r) = V(1]
the scattering amplitude is a function of 8 only:

(6, ¢) =1(8). (7.51)
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It follows that neither the incident wave-function,
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nor the total Wave-function, q=k-k'|=(2k> -2k k")"? = (2k? - 2k k")"? = (2k? - 2k> c0s 0)? = k(2(1 - cos 0))"?> = 2k sin§ /2
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$(r) = 577 [exp(ikrcos®) + : (7.53)

depend on the azimuthal angle ¢.



Outside the range of the scattering potential, both ¢(r) and (r) satisfy the
free space Schrodinger equation

(V2 + k) = 0. (7.54)

What is the most general solution to this equation in spherical polar coordinates
which does not depend on the azimuthal angle ¢? Separation of variables yields

P(r,0) ZRL ) Pi(cos©), [F.55)

since the Legendre functions P{(cos 08) form a complete set in 6-space. The Leg-
endre functions are related to the spherical harmonics introduced in Sect. 5 via

41t 0
Pi(cosB) = T Y7 (0, ). (7.56)
Equations (7.54) and (7.55) can be combined to give
2
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d*R dR
2—— 4+ 27—+ K2 —1(1+ )Ry =0. (7.57)
dr dr
The two independent solutions to this equation are called a spherical Bessel func-
tion, ji(kr), and a Neumann function, ni(k r). It is easily demonstrated that
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Note that spherical Bessel functions are well-behaved in the limity — 0, whereas
Neumann functions become singular. The asymptotic behaviour of these func-

tions in the limit y — oo is
sin(y — L7t/2)
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We can write

exp(ikrcos9) :Za1i1(kr]P1{c039], (7.62)
1

where the a; are constants. Note there are no Neumann functions in this expan-
sion, because they are not well-behaved as r — 0. The Legendre functions are
orthonormal,

'l o
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so we can invert the above expansion to give

1
ayiy(kr) = (1+ 1/2}J exp(ikr ) Py(w) di. (7.64)
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It is well-known that
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where 1 = 0,1,2, - [see Abramowitz and Stegun (Dover, New York NY, 1965),
Eq. 10.1.14]. Thus,

a =i (21+1), (7.66)
giving
exp(ikrcos0) = Zil (21+ 1) j1(k7)Pi(cosO). (7.67)
1

The above expression tells us how to decompose a plane-wave into a series of

spherical-waves (or “partial waves”).
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The most general solution for the total wave-function outside the scattering
region is

]
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P(r) = Z [Avji(kt) 4+ Bimu(k )] Py(cos ), 68
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where the A; and B, are constants. Note that the Neumann functions are allowed
to appear in this expansion, because its region of validity does not include the

origin. In the large-r limit, the total wave-function reduces to

Z 5111 r—lﬂt/?_l cos(kr—1m/2)

— By o Pi(cos®), (7.69)
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where use has been made of Eqs. (7.60)-(7.61). The above expression can also
be written

Z C, sin(fkr—L7t/2 + &) P.(cos 8). (7.70)

P(r) ~ o
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where the sine and cosine functions have been combined to give a sine function
which is phase-shifted by ;.



sin(kr — ln/z + &)
Equation (7.70) yields i 271 (2m)3/2 Z G P(cos 8), (7.70)
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which contains both incoming and outgoing spherical-waves. What is the source
of the incoming waves? Obviously, they must be part of the large-r asymptotic

expansion of the incident wave-function. In fact, it is easily seen that
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in the large-r limit. Now, Eqs. (7.52) and (7.53) give
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(2m)32[(x) — P(r)] = exp‘: *7) @), (7.73)

Note that the right-hand side consists only of an outgoing spherical wave. This
implies that the coefficients of the incoming spherical waves in the large-r ex-
pansions of \(r) and ¢(r) must be equal. It follows from Eqgs. (7.71) and (7.72)
that

Cr= (21 +1) exp[i (6 + L7/2). (7.74)
Thus, Egs. (7.71)—-(7.73) yield
f(8) =Y (21+1) DU o 5P s B, (7.75)
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Clearly, determining the scattering amplitude f(0) via a decomposition into par-
tial waves (i.e., spherical-waves) is equivalent to determining the phase-shifts 0,.
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Optical Theorem

kotot
Imf(0=0)= yp (7.3.1)
where
f(0=0)=f(kk), (7.3.2)
the setting of k’= Kk imposes scattering in the forward direction, and
0, = f—-——-— Q. (7.3.3)
_ i(zw 1) eXpLif") sin 5, Py(cos ). (7.75)

The differential scattering cross-section do/d() is simply the modulus squared of
the scattering amplitude f(0). The total cross-section is given by
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where 1 = cos 8. It follows that f#0)= > (214 1) ZRUB) 6 b (cos). (7.75)
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Imf(6)=> (21+1)
1

Imf(0)=> (21+1)
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where use has been made of Eq. (7.63). A comparison of this result with Eq. (7.75)

yields

1 - 4
[ Put Pt = =222 B Gl = — Im [£(0)], (7.78)
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since Py(1) = 1. This result is known as the optical theorem. It is a reflection
of the fact that the very existence of scattering requires scattering in the forward
(0 = 0) direction in order to interfere with the incident wave, and thereby reduce
the probability current in this direction.

It is usual to write

Ototal = ) _ 01, (7.79)
1=0
where 4
i = k—f (21+1) sin? & (7.80)

is the lth partial cross-section: i.e., the contribution to the total cross-section from
the lth partial wave. Note that the maximum value for the lth partial cross-section
occurs when the phase-shift §; takes the value /2.



