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Tunneling can occur easier for those electrons in the red level than the others.
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Wannier Functions [338,759, 763] awc orthononmal Tocalized funclions that span the samz

have heen given by Wannier [338], Blount |75¢], and Mencin [339]. Here we consider

The eigenstates of elecrons in a crystal are extended throughout the crystal with eech

pu pprox; . 3 3
with the translations operations 7y, in (4.23). Thas eigenstates of hamiltonion & arc also

which here is taken to be voumaliced in one cell. Since the overall phase of cach cigenstate

PRy = PR — M)

which leaves unchanged all physically meaningful quantities.'

‘Wannier funcrions sre. Foorier transforms of the Rloch cigenstates. For one band 1 the
function assoctated wih the cell labeled by the lattice point T,,, is
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as shown schemalically in Fig, 21.1. The function w, associnted with o different cell T, is
the same function, excepl it is tanslared by T,y — T,,. Convercely, Eqg. (21.3) lezds 1o

#E = 3 e e T 214
5

Skt 3o e hotemt e e g 1T The transforrration (21.3) assumes that the Bloch functions #5(r) are peticdic in reciprocal

spuce, i.e. the “periodis gauge” where
EA LS ) 1215

for all seciproval lutice vevlors G. This is clearly obeyed by the Bloch tuncticns given ky
(21.4).




5/11/2008

#

The Wannier functions are a complete set
of orthogonal functions used in solid-state
physics. They were introduced by Gregory
Wannier."]

“

[1The structure of electronic excitation
levels in insulating crystals," G. H.
Wannier, Phys. Rev. 52, 191 (1937)

The Wannier functions for different lattice
sites in a crystal are orthogonal, allowing a
convenient basis for the expansion of
electron states in certain regimes. Wannier
functions have found widespread use, for
example, in the analysis of binding forces
acting on electrons; they have proven to be
in general localized, at least for insulators,
in 200611 Specifically, these functions are
also used in the analysis of excitons and A
condensed Rydberg matter.
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Although Wannier functions can be chosen in many different ways, %! the original,l'!
simplest, and most common definition in solid-state physics is as follows. Choose a
single band in a perfect crystal, and denote its Bloch states by

where u(r)has the same periodicity as the crystal. Then the Wannier functions are
defined by

l VN

R is any lattice vector (i.e., there is one Wannier function for each Bravais
lattice vector);

Nis the number of primitive cells in the crystal;

The sum on k ncludes all the values of k in the Brillouin zone (or any other
primitive cell of the reciprocal lattice) that are consistent with periodic boundary
conditions on the crystal. This includes N different values of k, spread out uniformly
through the Brillouin zone. Since N is usually very large, the sum can be written as
an integral according to the replacement rule:

Where

where "BZ" denotes the Brillouin zone,
which has volume Q.

On the basis of this definition, the following properties can be proven to hold:
For any lattice vector R',

¢r(r) = orir(r + R')

In other words, a Wannier function only depends on the quantity (r-R). As a result,
these functions are often written in the alternative notation

@(r —R) == ¢n(r)

The Bloch functions can be written in terms of Wannier functions as follows:

where the sum is over each lattice vector R in the crystal.

The set of wavefunctions @g is an orthonormal basis for the band in question.

It is generally assumed that the function ¢g is localized around the point R, and
rapidly goes to zero away from that point. However, quantifying and proving this
assertion can be difficult, and is the subject of ongoing research.?)
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