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Thus UK is also real
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g gU U U−= = 2g 2g 3g 3gU U U U ... 0− −= = = = =

k( )C(k) UC(k g) UC(k g) 0λ ε− + + + − =

k g( )C(k g) UC(k 2g) UC(k) 0λ ε+ − + + + + =

k g( )C(k g) UC(k) UC(k 2g) 0λ ε− − − + + − = u(r)

☺☺☺☺

General Remarks about Bloch’s Theorem

For free electrons we have:

Which is no longer valid for Bloch electrons:

The wave function of a free electron can be written as:

The momentum operator is:

=p k�

≠p k�
i .eψ = k r

k

ˆ -i= ∇p �

i .ˆ i eψ = − ∇ k r
kp �

i .ˆ eψ = k r
kp k�

i .ˆ eψ = k r
kp p

ˆψ ψ=k kp p ☺☺☺☺

m= =p k v�

m
=

k
v
�

nkkψ≠ �

Free electron Bloch electron

����

If the periodic potential is not a function 

of r, then the Bloch wave function is also 

an eigenvector of the momentum 

operator (like free electron):
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k

ε yk

xk

′k

G

k

i .( ) e u ( )ψ
′

′
′ =

k

k r
k r r

′→ −k k G

i( ).( ) e u ( )ψ
′

+
′ =

k

k G r
k r r

{ }i . i .( ) e e u ( )ψ
′′ =

k

k r G r
k r r

i .
( ) e u ( )ψ ′ = k r

k kr r

i .u ( ) u ( )e
′

=
k k

G rr r

�
i . i .

1
u ( )

u ( ) e e u ( )
′

′

+ = +
k k

k

G R G r

r

r R r R
�����

i .u ( ) e u ( )
′

+ =
k k

G rr R r

u ( ) u ( )+ =
k k

r R r

( ) ( )ψ ψ′ =k kr r☺☺☺☺

Therefore it is established that the wave function out side of the first 

Brillouin zone is equal to the wave function inside the Brillouin zone.

i i i iHψ ε ψ=

The index i refers to the number of electrons. The number of electrons 

is large. Bloch’s theorem transform index i to two n,k indexes: 

( )i .

i n, n,C eψ ψ
+

+→ =∑ k G r

k k G

G

Bloch’s theorem transforms bands to first Brillouin zone

Then we can do k-point sampling around each selected k, where we 

assume that the wave functions around this k-point are nearly the same:

k

ε
k-point sampling

Number of bands is small

k still is a large number

k

ε

Electron velocity inside a crystal

( ) ( )ψ →k r v k

For Fermi electron: m= =p k v�
m m

= =
p k

v
�

yk

xk

k

v

Constant energy surface:

2 2

const.
2m

ε = =
k�

1

m

ε∂
= =

∂
k k

v
k

�

�
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For the case of Bloch’s electrons one can also derive the velocity of the 

Bloch electron (see appendix E):

yk

xk

v

( ) const.ε =k

Ferrmi Surface

Fε

k

ε

Fε

For the case of one dimensional problem:

Phys. Rev. Lett. 21, 22 - 25 (1968)
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NaCl

Let N be total  number of lattice points 

of NaCl. Total number of valence 
electrons in each unit cell is: 1+7=8

Therefore total number oif valence 
electrons is 8N.

The total 8N electrons should be distributed over the valence bands.

2N

2N

2N

2N

A semimetal is a material with a small overlap in 

the energy of the conduction band and valence 
bands.

A) a semiconductor with a direct gap (like e.g. 

CuInSe2),

B) a semiconductor with an indirect gap (like 

Si) and

C) a semimetal (like Sn or graphite).

Nature 402, 251-253(18 November 1999) 

Structure of energy spectrum in a semimetal 
(left) and in an excitonic insulator (right).

2N

2N

2N

2N
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Visitors are studying the Fermi surfaces of their interests using stereo glasses. 

Date : 3/22/00 

Place : Minneapolis Convention Center 

APS March meeting to explain how to generate Fermi surfaces interactively

http://www.phys.ufl.edu/fermisurface/

http://www.physik.tu-dresden.de/~fermisur/

Density of States (DOS)
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The density of states g(E) for a typical three-dimensional solid showing van Hove 
singularities indicated by black arrows. The function g(E) tends to have square-root 

singularities since   and since for a spherical Fermi surface so 

that   . 
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