We shall now attempt to evaluate the number ().
In this evaluation we shall explicitly assume the particles to be

distinguishable, so that if a particle in state i gets interchanged with a
particle in state j the resulting microstate is counted as distinct.

Consequently, the number Q(N, V,E), or better Q(E*) is equal to the
number of positive-integral lattice points lying on the surface of a 3N-
dimensional sphere of radius VE*.

Clearly, this number will be an extremely irregular
function of E*, in that for two given values of E*
which may be very close to one another the values
of this number could be very different.

In contrast, the number X (E*), which denotes the number of
positive-integral lattice points lying on or within the surface
of a 3N-dimensional sphere of radius VE*, will be much less
irregular. In terms of our physical problem, this would
correspond to the number, (N, V, E), of microstates of the
given system consistent with all macrostates characterized by
the specified values of the parameters N and V but having
energy less than or equal to E, i.e.

S(N,V,E)= Z Q(N, V,E)
E'<E
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Of course, the number £ will also be somewhat irreguiar: however. we expect
that its asymptotic behavior, as E* =5 60 would be a lot smoother than that of $2.
We shall see in the sequel that the (hermodyhamics of the system follows equally
well from the number X' as from Q.

To appreciate the point made here, let us digress a
little to examine the behavior of the numbers Q,(e*)
and Z,(¢*), which correspond to the case of a single
particle confined to the given volume V.

The exact values of these numbers, for €* < 10000, can
be extracted from a table compiled by Gupta (947).
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The wild irregularities of the number Q,(¢*) can hardly
be missed. The number X,(¢*), on the other hand,
exhibits a much smoother asymptotic behavior. From
the geometry of the problem, we note that,
asymptotically, Z,(¢*) should be equal to the volume of
an octant of a three-dimensional sphere of radius Ve*,
ie.

A more detailed analysis shows (see Pathria, 1966)
that, to the next approximation,

0%?-8*

T
T(e*) ~ e -

™ arises from the fact that the volume of an octant somewhat
overestintates the number of desired lattice points, for it includes, partly though,
some points with one or more coordinates equal to zero. Figure 1.2 shows a
histogram of the actual values of X(¢*) for ¢* lying between 200 and 300; the
theoretical estimate (15) is also shown. In the figure, we have also included a
histogram of the actual values of the corresponding number of microstates, X} (¢*),
when the quantum numbers n,, n y and n; can assume the value zero as well. In
the latter case, the volume of an octant somewhat underestimates the number of
desired lattice points; we now have

the correction term arises from the fact that the volume of an octant somewhat
overestimates the number of desired lattice points, for it includes, partly though,
some points with one or more coordinates equal to zero. Figure 1.2 shows a
histogram of the actual values of X;(¢*) for ¢* lying between 200 and 300; the
theoretical estimate (15) is also shown. In the figure, we have also included a
histogram of the actual values of the corresponding number of microstates, X’ (¢*),
when the quantum numbers 7., n, and . can assume the value zero as well. In
the latter case, the volume of an octant somewhat underestimates the number of
desired lattice points we now have
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Returning to the N-particle problem, the number
2Z\(E*) should be asymptotically equal to the "volume"
of the ''positive compartment" of a 3N-dimensional
sphere of radius VE*,
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For deriving the thermodynamic propertics of the given system we must
somehow fix the precise value of, or limits for, the energy of the system. In view
of the extremely irregular nature of the function Q(N, V, E), the specification of a
precise value for the energy of the system cannot be justified on physical grounds,
for that would never yield well-behaved expressions for the thermodynamic
functions of the system. From a practical point of view, too, an absolutely isolated
system is too much of an idealization
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Now, for N >> 1, the first term in the curly bracket is negligible in comparison
with any of the terms outside this bracket, for Nlim (InN)/N = 0. Furthermore, for
—>00

any reasonable value of A/E, the same is true of the second term in this bracket.'®

Hence, for all practical purposes,
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Thus, we arrive at the baffiing resuit that, for all practical purposes, the actual
width of the range allowed for the energy of the system does not make much
difference; the energy could lie between (£ — ‘A} and (E + 1A) or equally well

between (0 and £. The reason underlying this situation is that the rate at which

The stage is now set for deriving the thermodynamics of our system. First of
all, we have
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