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The Canonic
Ensemble

IN THE preceding chapter we established the basis of ensemble theory and made
a somewhat detailed study of the microc: ica In that ble the
macrostate of the systems was defined through a fixed number of particles N,
a fixed volume V and a fixed energy £ [or, preferably, a fixed energy range
& ;A. o ;A)]. The basic problem then consisted in determining the number
Q(N,V,E), or (N, V,E;A), of distinct microstates accessible to the system.
From the asymptotic expressions of these numbers, complete thermodynamics
of the system could be derived in a straightforward manner. However, for most
physicai systems, the mathematicai probiem of determining these numbers is quite
formidable. For this reason alone, a search for an alternative approach within the
framework of the ensemble theory seems necessary.

QN,V,E) ——> H=E
T(N,V,E) ——> H<E
F(N, V,E) m===> (E-1/2A) <H < (E+1/2A)
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a somewhat detailed study of the microcanonical ensemble. In that ensemble the
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A far better alternative
appears to be to speak of a fixed temperature T of the system—a parameter which
is not only directly observable (by placing a “thermometer” in contact with the
system) but also controllable (by keeping the system in contact with an appropriate
“heat reservoir”). For most purposes, the precise nature of the reservoir is not very
relevant; all one needs is that it should have an infinitely large heat capacity, so
that, irrespective of energy exchange between the system and the reservoir, an
overall constant temperature can be maintained. Now, if the reservoir consists of
an infinitely large number of mental copies of the given system we have once
again an ensemble of systems—this time, however, it is an ensemble in which the
macrostate of the systems is defined through the parameters N, V and T. Such an
ensemble is referred to as a canonical ensemble.

Physically, too, the concept of a fixed energy (or even an energy range) for a
system belonging to the real world does not appear satisfactory. For one thing,
the total energy E of a system is hardly ever measured; for another, it is hardly
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In the canonical ensemble, the energy E of a system is variable; in principle, it
ake vall N ¢ Ganpe "

We denote this probability

y the symbol P,. Clearly, there are two ways in which the dependence of P,
on E, can be determined. One consists in regarding the system as in equilibrium
with a heat reservoir at a common temperature T and studying the statistics of the
energy exchange between the two. The other consists in regarding the system as a
member of a canonical ensemble (N, V, T), in which an energy & is being shared
by . I” identical systems constituting the ensemble, and studying the statistics of
this sharing process. We expect that in the thermodynamic limit the final result in
either case would be the same. Once P, is determined, the rest follows without
difficulty.
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In the canonical ensemble, the energy E of a system is variable; in principle, it
can take values anywhere between zero and infinity. The question then arises: what
is the probability that, at any time 7, a system in the ensemble is found to be in one

of the states characterized by the energy value E,?' We denote this probability
by the symbol P,. Clearly, there are two ways in which the dependence of P,

We expect that in the thermodynamic limit the final result in
cither case would be the same. Once P, is determined, the rest follows without
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