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A B S T R A C T

Recently, CeRhIn5 and CeCoIn5 with very different behaviors at ambient pressure were experimentally measured
to exhibit comparable properties after applying pressure or doping impurity. Here, we study the electron charge
densities (ECDs) of these compounds from topological point of view for the first time using the combination of
DFT and quantum theory of atoms in molecules (DFT + QTAIM). We also investigate the electronic structures of
these compounds including DOSs, band structures and electron charge densities (ECDs). The effects of applying
pressure and degree of 4f-Ce electrons localization on properties of these compounds are also investigated, here.
The DFT + QTAIM results in accordance with experiments reveal that at zero pressure these compounds have
different TECD features and the features of CeRhIn5 can become similar to those of CeCoIn5, if in addition to
applying pressure on CeRhIn5 the degree of 4f-electron localization is also properly reduced. Our results also
confirm that chemical pressure by Sn doping in CeRhIn5 can make the features of its TECD somewhat similar to
the pure CeCoIn5.

1. Introduction

Isostructural CeMIn5 compounds, where M is a transition metal
have attracted considerable attentions recently due to showing a variety
of interesting phenomena such as heavy-fermions [1–3], anti-
ferromagnetism [4], and unconventional superconductivity [5–8],
taking the roles of their quasi-2-dimensionality [9] in these phenomena
into account in some cases. These attractive evidences have been found
sensitive to and variable by the M-atoms [10–15]. At ambient pressure,
for M = Co & Ir the case is an unconventional superconductor [10,11],
while for M = Rh the case is an antiferromagnetic compound [13,16].
Electronic structures including densities of states (DOSs), band struc-
tures, electron charge densities (ECDs), and Fermi surfaces [17–23],
along with magnetic [4,16,19,24,25], structural [26–28], and optical
[14,15] properties as well as hyperfine interactions [29,19,30,31] have
been theoretically and experimentally studied for these compounds. In
this work, we perform topological analysis of electron charge density
(TECD) for CeRhIn5 and CeCoIn5 as a first time and successfully extract
consistent results with experiments. Although the TECD has been suc-
cessfully used for a variety of materials to quantitatively study the
nature of their bonds [32–34], it has not been applied on these tech-
nologically and fundamentally important materials yet. Our calcula-
tions were performed using a combination of DFT and Bader’s topolo-
gical theory of molecular structure, i.e., quantum theory of atoms in
molecules (QTAIM) [35,36]. We also investigate the structural

properties as well as DOSs, band structures and ECDs of these com-
pounds. Comparison of experimental and DFT-based theoretical hy-
perfine interaction results in previous studies [29,19] reveals the high
ability and success of DFT in describing the ECDs of these compounds.
Previous theoretical calculations, in agreement with the experimental
observations [37,38], have revealed that the degrees of 4f-electrons
localizations are different in these compounds [39]. Thus, we perform
our calculations taking both high and low 4f-localization regimes into
account for these compounds. Based on our results, 4f-electrons are
more localized in CeRhIn5 than in CeCoIn5, in agreement with previous
studies [37–39].

In this theoretical study, we rely on the following two reliable and
interesting experimental observations. The first observation is that at
ambient pressure CeRhIn5 is an AFM compound, whereas CeCoIn5 is a
superconductor (SC) with the highest Tc 2.3 K and does not order
magnetically [13,11,10,12,14]. Mena and coworkers, consistent with
this observation [13,11,10,12] have shown that optical properties of
CeCoIn5 are different from those of CeRhIn5 [14]. The second ob-
servation [8,16,13] is that CeRhIn5 becomes superconductor and be-
haves like CeCoIn5 at critical pressure P 2.3c GPa with maximum
T 2.1c K which is close but not identical to the Tc of CeCoIn5 at am-
bient pressure. Shishido et al. [37,38], consistent with the latter ob-
servation [8,16,13], have experimentally verified that the 4f-electrons
are more localized in CeRhIn5 than in CeCoIn5 and the increase in
pressure applied on CeRhIn5 compound is accompanied by the
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reduction of 4f-electrons localization which forces CeRhIn5 to behave
like CeCoIn5. Our results show that the number and types of critical
points (CPs) of ECD of CeCoIn5 compound in the edges of (001)-plane
differ from those of CeRhIn5 compound at ambient pressure. Further-
more, the CPs features of CeRhIn5 substantially differ from those of
CeCoIn5 specifically in (001)-plane. For instance, the bond CP existing
in the (001)-plane of CeCoIn5 has higher , 2 , and stability with
respect to that of CeRhIn5. Thus, in accordance with the first experi-
mental observations, our results also confirm that CeRhIn5 and CeCoIn5

compounds have different ECDs at zero pressure due to the different
features of their TECDs. Regarding the second experimental observa-
tion, we investigate the changes of the TECD features in responding to
the applied hydrostatic and chemical pressures on these materials. In
accordance with experimental observations [8,16,13], our results also
corroborate that applying pressure on CeRhIn5 can cause the features of
its TECD to become very similar to those of the CeCoIn5 in (001)-plane
provided that the compression is accompanied simultaneously by the
reduction of the 4f-electron localization. For reducing the 4f-localiza-
tion, we have used the band-like local density approximation (LDA)
with the highest itinerant character among the other exchange-corre-
lation functionals, e.g., localized hybrid functionals. As our recent
calculations [40] show, only one exchange-correlation functional
cannot be used for strongly correlated sytems in all of the pressure
range, and in this case for each pressure range a suitable functional
should be selected.

Furthermore, recently it has been experimentally reported that
the Pc of CeRhIn5 and Tc of CeCoIn5 can be decreased by Sn doping
[8,41,17,16,42,43]. This motivated us to study the effects of Sn doping on
the electron density of these compounds, as well. In analogy to the hy-
drostatic pressure, our results show that chemical pressure by Sn doping
can also make the electron density of CeRhIn5 somewhat similar to that of
CeCoIn5 from topological point of view, but not as much as the hydrostatic
pressure accompanied by reducing the degree of 4f-electrons localization.
In agreement with experiments [8,41,17,16,42,43], it is shown that Sn
doping in these compounds can play a dual role depending on its hosts.

2. Computational details

In this paper, the electronic structure part of the calculations is
performed using the density functional theory (DFT) [44,45] employing
the full potential augmented plane waves plus local orbitals (FP-
APW + lo) method [46,47] as implemented in the WIEN2k code [48],
in the presence of spin-orbit coupling (SOC) and spin polarization as
well as orbital polarization. The CeRhIn5 compound is in the AFM phase
at zero pressure, while the CeCoIn5 does not order magnetically [14].
So we performed the calculations in the non magnetic (NM) phase for
CeCoIn5 and in the AFM phase for CeRhIn5. The k-space integration is
done utilizing 270 special k-points in the irreducible wedge of the first
Brillouin zone corresponding to 18 × 18 × 11 Monkhorst-Pack scheme
[49] for the Co case. A 1 × 2 × 1 supercell is used for CeRhIn5 case as
well as doping Sn impurity into the compounds, and the mesh is re-
duced to 18 × 9 × 11 for this supercell. The RMTKMAX is optimized to 8
for expanding the wave functions in terms of plane waves inside the
interstitial region, while inside the muffin-tin spheres the cutoff para-
meter l 10max = is used for the expansion of wave functions in terms of
lattice harmonics. The periodic charge density and potential are Fourier
expanded up to G 12max = . In addition to LDA and PBE-GGA, the hybrid
functional B3PW91 [50,51] and GGA + U [52] approach with
U 6eff = eV [20] are employed to treat the exchange–correlation term.
The general form of the hybrid functional is:

E E E E( ),xc xc x x
hybrid SL HF SL= + (1)

where Exc
hybrid and Exc

SL are exchange–correlation energies of the hybrid
and semilocal functionals, respectively. The parameter determines the
portion of Hartree-Fock (Ex

HF) and semilocal (Ex
SL) exchange energy.

The B3PW91 functional is:

E E E E
E E

(1 )
,

xc
B PW

xc x x

c c

3 91 LSDA HF B88

LSDA PW91
= + +

+ + (2)

where Ex
B88 is the Becke’s 1988 gradient correction to the exchange

functional [53] and Ec
PW91 is the Perdew-Wang gradient correction for

the correlation functional [54]. Becke optimized the coefficients to
0.2, 0.72= = and 0.81= [55]. However, we used several values

for the parameter to seek better optimization for our cases.
The CeMIn5 compounds crystallize in tetragonal HoCoGa5 structure

[26–28] (P4/mmm space group number 123) with four non-equivalent
atomic positions. These atomic positions are Ce: (0, 0, 0), M: (0, 0, 0.5),
In1: (0.5, 0.5, 0) and In2: (0, 0.5, z) as shown in Fig. 1. In the Sn doped
cases the non-equivalent atomic positions are increased to 7 as shown in
Fig. 2. The experimental lattice parameters reported in Table 1 are used
as input parameters [27,28]. Full-relaxation is applied to reduce the
total forces on all atoms to values smaller than 0.5 mRy/bohr. The
internal parameters (z) for these compounds along with experimental
results [27,28] are calculated and reported in Table 1. As shown in this
table, the calculated z’s are in good agreement with the experimental
results.

The topological analysis part of the work is carried out using the
CRITIC2 code [56,57] which is based on the quantum theory of atoms
in molecules (QTAIM) [35,36]. Electron charge density (ECD) dis-
tribution, r( ), is a physical quantity which is defined as a scalar field
over a three-dimensional space. Topological properties of this scalar

Fig. 1. CeMIn5 structure.

Fig. 2. A 1 × 2 × 1 supercell used for doping Sn impurity into the CeMIn5

structure as well as AFM calculations. For doping Sn impurity (AFM calcula-
tions) X = Sn (X = In1).
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field can be described by determination of number, kind and position of
its critical points (CPs). Gradient of r r( ), ( ), is zero in CPs. Hence,
these points determine the extrema positions of r( ). The kind of these
extrema, i.e., maxima, minima or saddle points, is determined by the
curvature of r( ) at these CPs. The r( ) curvature is determined by
using the Hessian matrix of r( ) which has nine components of the form

x x/ i j
2 , within an arbitrary axes system. By diagonalizing this ma-

trix, three eigenvalues ( , , )1 2 3 and three eigenvectors X X X( , , )1 2 3 are
obtained, where ,X X1 2

2

1
2

2

2
2= = , and X3

2

3
2= . The X X X( , , )1 2 3 co-

ordinate axes are defined as the principal axes of curvatures, where the
Hessian matrix of r( ) is diagonal there. Each critical point can be la-
beled by the two numbers ( , ), where determines the number of
none-zero eigenvalues of r( ) curvature, and is the algebraic sum of
the signs of the eigenvalues at a CP. For 3= , four possible ’s, i.e.,

3, 1, 1, 3= + + , can be existed. For the (3, 3) critical point
, , 01 2 3 < . This shows a local maximum in r( ) at this CP and is

called a nuclear critical point (NCP or simply n) [35]. The (3, 1)

[(3, 1)+ ] critical point has two negative [positive] and one positive
[negative] eigenvalues. At (3, 1) [(3, 1)+ ] point, the r( ) has a max-
imum [minimum] in the plane defined by the eigenvectors related to
two negative [positive] eigenvalues and a minimum [maximum] along
the third eigenvector. The (3, 1) point is founded between two nuclei
which are linked by the chemical bond [35]. Thus, it is defined as a
bond critical point (BCP or b) [35]. The (3, 1)+ is defined as a ring
critical point (RCP or r). For the (3, 3)+ critical point, we have

, , 01 2 3 > . This point shows a local minimum for r( ) and is called as
a cage critical point (CCP or c) [35].

3. Structural properties

In order to select an accurate scheme for describing the compounds
under study, we investigate the structural properties of heavy fermions
CeMIn5 (M = Co, Rh) within both low and high localized 4f-Ce elec-
trons regimes. To this end, the volumes and bulk moduli of the com-
pounds are calculated by various exchange-correlation functionals. In
order to obtain the structural properties, the total energies of the unit
cells are calculated as a function of their volumes and fitting the data
with the Birch-Murnaghan isothermal equation of state [59]. The re-
sults together with the available experimental data [27,28,58] for
comparison are tabulated in Table 1 and represented in Fig. 3. The
results show that neither LDA nor PBE-GGA functional is successful
enough for predicting structural properties of CeCoIn5 and CeRhIn5.
The volumes are predicted by LDA (PBE-GGA) functional to be smaller
(larger) than the experimental results for both CeRhIn5 and CeCoIn5

cases. Thus, from the latter statement one can conclude that the vo-
lumes predicted by PBE-GGA must be also larger than those predicted
by the low localized LDA results, as can be authenticated by the results
given in Table 1 and Fig. 3. However, the situation is completely re-
versed for the bulk moduli of the compounds; the bulk moduli are
predicted by LDA (PBE-GGA) functional to be larger (smaller) than the
experimental results [58]. Thus, in contrast to the volumes, the bulk
moduli are predicted by PBE-GGA to be lower than those predicted by
LDA for both cases, see Table 1. Although the PBE-GGA predicts the
volume of CeCoIn5 in good agreement with experiment, it predicts the
bulk modulus of this case very far from the experiment. The Table 1
shows that adding the U parameter to this functional makes the results
worse. The volumes (bulk moduli) are predicted by the GGA + U with
Ueff = 6 eV to be larger (lower) and as a result worse than those pre-
dicted by the standard PBE-GGA. Therefore, GGA + U also seems not to
be very suitable for our cases. In order to improve the results, we use
the hybrid functionals B3PW91- 0.05= , B3PW91- 0.10= , B3PW91-

Table 1
Calculated optimized volumes and bulk moduli (B0’s) of CeMIn5 (M = Co, Rh)
compounds within various exchange-correlation functionals along with the
experimental data (Exp.’s) for comparison. The calculations of CeRhIn5 and
CeCoIn5 are carried out in antiferromagnetic (AFM) and non magnetic (NM)
phases, respectively. The theoretical internal parameter of In2, i.e., z-In2, for
both cases along with corresponding experimental data are also presented.

CeRhIn5 CeCoIn5

Volopt B0 Volopt B0

LDA 154.48 92.90 149.36 90.55
PBE-GGA 168.71 71.73 162.78 67.55
GGA + U (Ueff =6 eV) 170.84 68.25 163.39 66.26
B3PW91- 0.05= 163.55 76.72 157.33 75.99
B3PW91- 0.10= 164.22 74.82 157.34 75.90
B3PW91- 0.20= 165.05 75.01 156.66 77.91
B3PW91- 0.30= 165.62 75.30 156.44 77.72

Exp. [27,28,58] 163.50 78.4 160.68 78.2

z-In2

CeRhIn5 CeCoIn5

B3PW91- 0.20= 0.3047
B3PW91- 0.05= 0.3109
Exp. [27,28] 0.3094 0.3059

Fig. 3. (a) Optimized volume in Å3, and (b) bulk modulus (B0) in GPa versus different exchange-correlation functionals for CeRhIn5 and CeCohIn5 compounds
including experimental data [27,28,58] for comparision.
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0.2= and B3PW91- 0.3= , as the other alternatives. The degree of
localization using these functionals is tuned by the value of para-
meter. Based on the recent studies [60–63,40], the success of hybrid
functionals depends on the value of parameter. The results show that
B3PW91- 0.05= functional predicts larger volume(smaller bulk mod-
ulus) compared to LDA for both cases and thereby improves the LDA
results. According to our results, volume and bulk modulus of CeRhIn5

are well predicted by B3PW91- 0.05= functional compared to the
other used functionals. Furthermore, the B3PW91- 0.05= functional
also predicts the internal parameter, i.e., z In2 of CeRhIn5 in good
agreement with experiments [27,28], see Table 1. To improve the
B3PW91- 0.05= results, we increase its parameter to 0.10, 0.20 and
0.30. As Table 1 reveals, the structural properties calculated by
B3PW91 with 0.20, 0.10 & 0.30= are made worse compared to the
experimental data than those of B3PW91- 0.05= . Therefore, among
the listed functionals in Table 1, B3PW91- 0.05= can be considered as
the best functional for describing the structural properties of CeRhIn5 in
agreement with the experimental data. For the Co case the B3PW91-

0.20= leads to the best result for the bulk modulus of Co case com-
pared the other considered functionls, however, this functional cannot
predict the volume of Co case better than the PBE-GGA, GGA + U with
U 6 eVeff = and B3PW91- 0.05, &0.10= . But, it seems that the
B3PW91- 0.20= leads to the best results for structural properties of
CeCoIn5 among the considered functionals, if we consider both volume
and bulk modulus, simultaneously.

4. Electronic structure

In this section, we calculate the electronic structures including
densities of states (DOSs), band structures, and electronic charge den-
sities (ECDs) at P 0= and 4.5 GPa. We also perform the electronic
structure calculations at high, intermediate, and low degrees of locali-
zation of the 4f-Ce electrons by employing the high localized B3PW91-

0.2= , moderate localized B3PW91- 0.05= and low localized LDA
exchange–correlation functionals, respectively. As we discussed in
Section 2, the calculations of CeRhIn5 (CeCoIn5) are done in AFM (NM)
phase.

4.1. Density of states (DOS)

We begin the discussion by analyzing the DOSs of CeCoIn5 and
CeRhIn5 compounds as calculated by the B3PW91- 0.20= at zero and
P = 4.5 GPa pressures. The DOSs at Fermi level, DOSs(EF), are re-
presented in Table 2. The results show that contributions of Ce atoms in
the total DOS(EF) are larger than the other atoms for both of the
compounds at both P = 0 and 4.5 GPa pressures using B3PW91-

0.20= , see Table 2. We also observe that all the DOSs(EF) except
those of In in Co case slightly decrease by imposing pressure for both
cases using B3PW91- 0.20= , see the first and second rows of Table 2.
The calculated total DOSs, as well as partial 4f-Ce and d-M (M = Co,
Rh) DOSs of the cases under study at zero (4.5 GPa) pressure using

B3PW91- 0.2= are displayed in Fig. 4(a )11 (Fig. 4(a )12 for CeCoIn5 and
in Fig. 4(b )11 (Fig. 4(b )12 for CeRhIn5. Our results show that the total
DOSs of both compounds can be predominantly characterized by the 4f-
Ce DOSs in the vicinity of their Fermi levels (EF ’s); the total DOSs are
mainly formed by the 4f-Ce DOSs nearby the EF ’s. The first row of Fig. 4
reveals that the 4f-Ce DOSs cross EF and most of them are located above
the EF using B3PW91- 0.20= functional at both zero and 4.5 GPa
pressures. Actually, the occupied 4f-Ce DOSs below the EF are shifted
towards higher unoccupied energies above the EF by applying the high
localized B3PW91- 0.20= functional compared to the other less lo-
calized functionals; compare the first row with the second or third row
of Fig. 4. Such a shift is in agreement with the results obtained from
LDA + U calculations performed by M. Gamża et al. for CeMIn5 [20].
Our results show that the total, d-M (M = Co, Rh), and 4f-Ce DOSs
cannot be drastically changed by applying pressure for both of the
compounds, compare the first column (ai1) with the corresponding
second column (ai2) of Fig. 4 and/or the third column (bi1) with the
corresponding fourth column (bi2) of Fig. 4, for every i 1 to 3= . This
result seems to be almost independent of the kind of our used exchange-
correlation functionals, because it is obtained by three different ex-
change-correlation functionals, i.e., B3PW91- 0.20= , and B3PW91-

0.05= , as well as LDA, as shown in the first, second and third rows of
Fig. 4. This shows that the pressure effects on DOSs of CeMIn5 (M = Co,
Rh) are theoretically predicted by DFT to be almost negligible, if only a
fixed functional is used for every pressure which is not always occurred
in nature or experimentally permitted. This result is similar to the re-
cent result reported for CeIn3 compound [40]. In contrast, the total and
4f-Ce DOSs can be drastically changed by changing the degree of 4f-Ce
localization for both of the compounds, compare the first (x j1 ), second
(x j2 ), and third (x j3 ) rows of Fig. 4 with each other correspondingly, for
every x= a, b, and j 1, 2= . The results reveal that decreasing the de-
gree of 4f-Ce localization causes the 4f-Ce DOS as well as total DOS to
pile up around the Fermi level, compare Fig. 4(a )11 with Fig. 4(a )31 or
more generally the first row with the corresponding second and third
rows of Fig. 4. This result is consistent with the recent observation [40]
for CeIn3. Our results in agreement with the results reported by M.
Gamża et al. show that decreasing the degree of 4f-Ce localization also
increases the Ce and total DOSs(EF) for both cases, see Table 2.

4.2. Band structure

Band structures of the compounds using B3PW91- 0.20= ,
B3PW91- 0.05= , and LDA at P = 0 & 4.5 GPa are displayed in
Figs. 5 x( )ij for both compounds, where x= a, b, i 1, 2, 3= , and j 1, 2= .
Note that the figure only shows those bands cross the Fermi level. In
this figure similar to Fig. 4, the symbol x stands for the kinds of the
compounds, i.e., x= a refers to CeCoIn5 and x= b refers to CeRhIn5.
Furthermore, the index i stands for the types of the exchange–correla-
tion functionals, i.e., i 1= refers to B3PW91- i0.20, 2= = refers to
B3PW91- 0.05= , and i 3= refers to LDA, while the index j stands for
the pressure values, i.e., j 1= and 2 refer to P = 0 and 4.5 GPa,

Table 2
Total DOSs at the Fermi level DOS(EF ) (States/eV) along with the atomic contributions within various exchange- correlation functionals at P = 0 and 4.5 GPa for
CeCoIn5 in non magnetic (NM) phase and CeRhIn5 in antiferromagnetic (AFM) phase.

CeCoIn5 CeRhIn5

XCF P (GPa) Total Ce Co In1 In2 Total Ce Rh In1 In2

B3PW91- 0.20= 0 3.2512 1.9097 0.3948 0.0418 0.1751 6.0127 1.4213 0.8476 0.3999 0.5684
4.5 3.1373 1.8166 0.3756 0.0428 0.1872 5.3574 1.3031 0.7222 0.3617 0.5307

B3PW91- 0.05= 0 4.6015 2.6176 0.5476 0.0825 0.2620 8.4616 3.9618 0.7984 0.3982 0.5146
4.5 4.5142 2.6078 0.5101 0.0856 0.2678 7.8506 3.7980 0.6876 0.3621 0.4869

LDA 0 5.1944 3.1404 0.5443 0.0899 0.2711 17.7962 11.4952 0.8522 0.5465 0.7095
4.5 4.8018 2.8602 0.5090 0.0901 0.2735 17.7675 10.6317 0.8178 0.5632 0.7384
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respectively. The partial 4f-Ce states are also displayed in the band
structure figures; the larger the thicknesses of the bands, the more
contributions the 4f-Ce states have in the vicinity of Fermi level.
Comparing Figs. 5 x( )i1 with Figs. 5 x( )i2 for x= a, b, and i 1 to 3= reveals
that the effects of pressure on the band structures are almost negligible
for both compounds using LDA, B3PW91- 0.05= , and B3PW91-

0.20= .
The Figs. 5 x( )j1 for x= a, b, and j 1, 2= calculated by B3PW91-
0.20= show that six (three) bands cross the Fermi level at zero and

4.5 GPa pressures in CeRhIn5 (CeCoIn5) compound. Thus, B3PW91-
0.20= predicts that the number of bands crossing the Fermi level is

not changed by applying this pressure. Let us explore more details
about the bands. To this end, some of the important characteristics of
these bands, including maximum energy (Emax), minimum energy
(Emin), band width (Width), and occupation number (Occup), are ta-
bulated in Table 3 at P = 0 and 4.5 GPa for both compounds using
LDA, B3PW91- 0.05= , and B3PW91- 0.20= . Note that the Emin and
Emax are measured in eV with respect to the Fermi energy so that a
negative (positive) energy lies below (above) the Fermi energy. This
table shows that the characteristics of the bands are not significantly
influenced and the number of bands crossing the Fermi level is not
changed by pressure. These results are independent of the compounds
and functionals used, see Table 3. In contrast, the characteristics of the
bands crossing the Fermi level are changed by the degree of 4f-Ce lo-
calization, i.e., by the functionals used. The latter result is independent
of the compounds under question and the pressures applied here, see
Table 3. For the CeRhIn5, the number of bands crossing the Fermi level
are also changed by the degree of 4f-Ce localization, while this is not
the case for CeCoIn5. To be more specific, decreasing the degree of 4f-
Ce localization from high degree (using B3PW91- 0.20= ) to inter-
mediate degree (using B3PW91- 0.05= ) and/or low degree (using
LDA) causes the 6, as one of the bands which crosses the Fermi level in

Rh case, to be located completely above the Fermi level. As Table 3
shows for CeRhIn5 at both P = 0 and 4.5 GPa the occupation number of

6 is less than one and its Emin (Emax) is negative (positive) using
B3PW91- 0.20 & 0.05= , while its occupation number is zero and its
Emin is positive using LDA. Hence, five bands cross the Fermi level using
LDA functional, whereas six bands cross the Fermi level using B3PW91-

0.20 & 0.05= in CeRhIn5 compound. Similar result is also reported for
CeIn3 compound [40]. For the Co case three bands cross the Fermi level
within three considered functionals at both P = 0 and 4.5 GPa pres-
sures. Thus, the number of the bands crossing the Fermi level are not
changed by the degree of 4f-Ce localization as well as pressure for Co
case.

4.3. Electron charge density (ECD)

The ECDs of these compounds calculated by B3PW91- 0.20= ,
B3PW91- 0.05= , and LDA at P = 0, and 4.5 GPa pressures are pre-
sented in Fig. 6 for (001)-plane and in Fig. 7 for (100)-plane. In these
figures, the definitions of a , bij ij, and their indices i and j are analogous
to those of Figs. 4 and 5 and thereby would not be repeated here.

The Figs. 6 and 7 reveal that the ECDs are mainly and almost
spherically distributed nearby the atomic positions in the unit cells of
the compounds and gradually decreased by increasing the distances
from the atomic positions so that only a small amount of ECDs can be
found outside these spheres-like charge distributions shown in these
figures. The Fig. 6 reveals that there are minima of ECDs (with light
blue color) in the middle regions between the Ce–Ce bonds compared to
the other regions, while this figure shows that there are higher ECDs
(with green color) in the middle regions between the Ce-In1 bonds in
the (001)-plane for both cases with all of the considered pressures and
functionals. The same result can be also observed for the Ce-Ce bonds in
the (100)-plane, as shown in Fig. 7; see the ECD minima (the light blue

Fig. 4. The calculated total and partial 4f-Ce, as well as d-M DOSs of CeMIn5 (M = Co, Rh) compounds at zero and P = 4.5 GPa pressures using B3PW91- 0.20= ,
B3PW91- 0.05= , and LDA. The calculations of CeRhIn5 and CeCoIn5 are carried out in antiferromagnetic (AFM) and non magnetic (NM) phases, respectively. Here,
the character x stands for the names of the compounds, i.e., x= a refers to CeCoIn5 and x= b refers to CeRhIn5. The index i stands for the types of the ex-
change–correlation functionals so that i 1= refers to B3PW91- i0.20, 2= = refers to B3PW91- 0.05= , and i 3= refers to LDA. The index j stands for the pressure
values so that j 1= refers to P = 0 and j 2= refers to P = 4.5 GPa. Fermi level is set to zero.
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color) between Ce-Ce bonds. The comparison of Figs. 6 and 7 shows
that the electronic charges are slightly more accumulated in the middle
regions between M (M = Co, Rh) and In2 atoms in (100)-plane than
the other regions in both (100)- and (001)-planes of the compounds;
see red color having higher scale between In2 and M atoms in (100)-
plane. This result is consistent with the previous result reported by
Gamza et al. [20] on the ECD analysis of CeMIn5. In other words, Fig. 7
shows some ECD maxima (with red color) in the middle regions be-
tween M-In2 bonds. This implies that the M-In2 bonds are even stronger
than Ce-In1 bonds; the scale of red color in Fig. 7 is larger than that of
green color in Fig. 6. It can be also clearly seen from Fig. 7 that M and
Ce atoms are weakly bonded to each other in (100)-plane for both
M=Co and Rh; see the light blue color having low scale in the regions
between Co–Ce and Rh-Ce bonds. Thus, we expect to see some minima
in the ECDs between Ce and M atoms in (100)-plane the same as Ce–Ce

in (001)-plane. Fig. 6 shows that Ce–In1 bonds are connected (by green
color) more strongly than Ce–Ce bonds (by blue color) in (001)-plane.
This can be considered as a surface that curves up in one direction,
while it curves down in the other different direction. In both directions,
the derivatives become zero without showing a local extremum
(minimum or maximum) on both directions, resembling a riding saddle
critical point in the domain of the ECDs shown in Fig. 6; saddle point
can be defined as a stationary point of a two-variables function where
the partial derivatives of its orthogonal components vanish without
having a local maximum or minimum on both orthogonal axes. The
same behavior can be seen in Fig. 7 which shows that M-In2 bonds are
connected (by red color) more strongly than Ce-Ce bonds (by blue
color) in (100)-plane. Therefore, we expect to observe a saddle critical
point in (100)-plane of these compounds, as well. We will system-
atically discuss the critical points of these compounds under various

Fig. 5. The calculated band structures of CeCoIn5 in non magnetic (NM) phase and CeRhIn5 in antiferromagnetic (AFM) phase compounds at zero and P = 4.5 GPa
pressures using B3PW91- 0.20= , B3PW91- 0.05= , and LDA. Here, the character x stands for the names of the compounds, i.e., x= a refers to CeCoIn5 and x=b
refers to CeRhIn5. The index i stands for the types of the exchange–correlation functionals so that i 1= refers to B3PW91- i0.20, 2= = refers to B3PW91- 0.05= ,
and i 3= refers to LDA. The index j stands for the pressure values so that j 1= refers to P = 0 and j 2= refers to P = 4.5 GPa. Fermi level is set to zero. Each band is
characterized by special color. The line width of bands reveals the 4f-Ce states portion in each band. In this figure only those bands crossing the Fermi level are
shown.
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circumstances in subsequent section. Thus, let us back to the main point
of this section. The ECDs are not remarkably affected by pressure or
decreasing the degree of 4f-Ce localization, see Figs. 6 and 7. Thus, we
aim to perform more elaborations by revisiting quantitatively the ECD
results. To this end, we eventually perform a systematic topological
analysis of ECDs in the following section.

Table 3
Maximum energy (Emax), minimum energy (Emin), band width (Width), and occupation number (Occup) of bands crossing the Fermi level in CeRhIn5 in AFM phase
and CeCoIn5 in NM phase calculated using various functionals at P = 0 and 4.5 GPa. Emax and Emin are measured with respect to the Fermi level so that positive
energies are located above the Fermi level while negative energies are located below the Fermi level.

Band Emin (eV) Emax (eV) Width (eV) Occup

P = 0 P = 4.5 GPa P = 0 P = 4.5 GPa P = 0 P = 4.5 GPa P = 0 P = 4.5 GPa

CeCoIn5 B3PW91- 0.2= 1 -0.9623 -1.0339 0.3794 0.3671 1.3417 1.4010 0.9718 0.9729
2 -0.8225 -0.8893 0.4066 0.4330 1.2291 1.3222 0.7753 0.7667
3 -0.7467 -0.8064 0.8087 0.7437 1.5555 1.5501 0.2529 0.2601

B3PW91- 0.05= 1 -0.9438 -1.0016 0.0998 0.0883 1.0436 1.0899 0.9913 0.9933
2 -0.8071 -0.8610 0.1421 0.1376 0.9493 0.9986 0.7285 0.7220
3 -0.7220 -0.7619 0.2645 0.2659 0.9865 1.0277 0.2803 0.2847

LDA 1 -0.9100 -0.9787 0.0608 0.0697 0.9709 1.0484 0.9959 0.9954
2 -0.7730 -0.8388 0.1107 0.1212 0.8837 0.9600 0.7207 0.7194
3 -0.6857 -0.7430 0.2308 0.2540 0.9166 0.9970 0.2834 0.2853

Band Emin (eV) Emax (eV) Width (eV) Occup

P = 0 P = 4.5 GPa P = 0 P = 4.5 GPa P = 0 P = 4.5 GPa P = 0 P = 4.5 GPa

CeRhIn5 B3PW91- 0.2= 1 -1.2719 -1.3374 0.2904 0.3085 1.5623 1.6458 0.9743 0.9716
2 -1.2273 -1.2359 0.3521 0.3572 1.5794 1.5931 0.9314 0.9138
3 -1.0049 -1.0839 0.5377 0.5608 1.5426 1.6447 0.6153 0.6173
4 -0.6730 -0.6879 0.5945 0.6809 1.2674 1.3688 0.4283 0.4452
5 -0.1881 -0.1947 0.8045 0.8344 0.9926 1.0290 0.0501 0.0514
6 -0.0448 -0.0415 0.8749 0.8945 0.9197 0.9360 0.0008 0.0007

B3PW91- 0.05= 1 -1.3077 -1.3705 0.1049 0.1512 1.4126 1.5217 0.9897 0.9885
2 -1.2551 -1.3491 0.1785 0.1783 1.4336 1.5274 0.9756 0.9772
3 -1.0392 -1.1230 0.2385 0.2317 1.2777 1.3547 0.9043 0.9075
4 -0.7879 -0.8373 0.3641 0.3477 1.1520 1.1851 0.6641 0.6801
5 -0.2967 -0.3015 0.4621 0.4452 0.7588 0.7467 0.4058 0.3960
6 -0.1755 -0.1732 0.5344 0.5072 0.7099 0.6804 0.0606 0.0507

LDA 1 -1.1938 -1.2813 0.0414 0.0507 1.2353 1.3321 0.9907 0.9893
2 -0.9662 -1.0477 0.0960 0.1095 1.0622 1.1572 0.9444 0.9354
3 -0.7510 -0.7991 0.1802 0.1844 0.9312 0.9835 0.7222 0.7251
4 -0.2378 -0.2660 0.2567 0.2573 0.4945 0.5233 0.3004 0.3063
5 -0.1399 -0.1582 0.2867 0.2906 0.4266 0.4488 0.0423 0.0446
6 0.1124 0.1347 0.3516 0.3524 0.2392 0.2177 0.0000 0.0000

Fig. 6. Electronic charge densities (ECDs) for spin up calculated by B3PW91-
0.20= , B3PW91- 0.05= , and LDA at zero and 4.5 GPa pressures in (001)-

plane for (aij) CeCoIn5 in NMand (bij) CeRhIn5 in AFM phase, where index i
varies from 1 to 3 and index j varies from 1 to 2. For the definitions and physical
meanings of these indices one would refer to the text or captions of Figs. 4 and
5.

Fig. 7. Electronic charge densities (ECDs) for spin up, calculated by B3PW91-
0.20= , B3PW91- 0.05= , and LDA at zero and 4.5 GPa pressures in (100)-

plane for (aij) CeCoIn5 in NM and (bij) CeRhIn5 in AFM phase, where index i
varies from 1 to 3 and index j varies from 1 to 2, as defined in the text and
captions of Figs. 4 and 5.
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5. Topological analysis

CPs are obtained by r( ) 0= for the compounds under questions,
and then the numbers of them are counted and their types, i.e, NCP,
BCP, CCP, and RCP, are accordingly determined by the sings of i Xi

2
2=

(for i 1= to 3), as tabulated in Table 4. From this table it can be seen
that the numbers of the CPs presented in this table satisfy the Morse
condition [57], viz., NCP BCP + RCP CCP = 0.

Furthermore, the numbers of non-equivalent and equivalent CPs in
CeRhIn5 are different from (more than) those of CeCoIn5 within
B3PW91- 0.20= . As the Table 4 shows the numbers of equivalent
NCPs and BCPs in CeRhIn5 are twice as many as CeCoIn5. This is be-
cause we use a 2 2 2× × supercell for Rh-case. However, this is not the
case for RCPs and CCPs; the numbers of RCPs and CCPs in CeRhIn5 are
not twice as many as CeCoIn5. The CPs of these compounds calculated
within B3PW91- 0.20= are displayed for (001)-plane in the left panel,
and for (100)-plane in the right panel of Fig. 8. From the left panel of
Fig. 8, we observe one non-equivalent BCP (b1) between In1 and Ce,
and one non-equivalent CCP (c1) between every two Ce atoms in the
(001)-plane of the compounds. These CPs are consistent with the ECD
results discussed in the previous section. For CeRhIn5, in addition to the
c1, there is also one RCP (r1) between the Ce atoms, see Fig. 8 f( )21 . For
CeCoIn5 (CeRhIn5), the c1 (r1) is positioned at the middle of the line
connecting the two Ce atoms and there is (are) one (two) equivalent c1
CCP(s). From the right panel of Fig. 8, except for the [100]-direction
between Ce atoms, we observe that both of the compounds have the
same number and types of CPs in (100)-plane; there are three non-
equivalent BCPs: 1) In2-Ce (b2), 2) In2-M (b3) for M = Co, Rh and 3)
In2-In2 (b5). In summery, the results presented in Table 4 and Fig. 8
have already shown that the number and types of CPs are predicted by
B3PW91- 0.20= scheme to be different in the (001)-plane of these
compounds at zero pressure. The fact that CeMIn5 compounds have the
same crystal structure but their lattice parameters are different raises a
question as to what happen to the number and types of the CPs if the
lattice parameters of the two compounds are also the same. To tackle
this question, we assumed that lattice parameters of the two compounds
were the same and equal to the experimental lattice parameters of
CeRhIn5 compound. By this hypothetical assumption, we observed that
under this assumption the number and types of CPs of CeCoIn5 re-
mained unchanged within B3PW91- 0.20= . This showed that the
different lattice constants could not be the source of the different types
and numbers of Co-case compared to Rh-case. Thus, more analysis is
needed to settle this issue, as discussed below step by step.

The BCP’s and their properties are tabulated in Table 5 for CeCoIn5

and CeRhIn5 at zero pressure as well as at pressure of about 4.5 GPa
(equivalent to the lattice parameters a c4.497 Å, 7.3612 Å= = for Ce-
CoIn5 and a 4.577= Å, c 7.4142= Å for CeRhIn5) within LDA,B3PW91-

0.05= , and B3PW91- 0.20= exchange-correlation functionals.
These values of pressure is calculated within B3PW91- 0.20=
( 0.05= ) functional for CeCoIn5 (CeRhIn5) compounds. In this table
MULT is the multiplicity of the BCPs in the unit cell, d1 is the distance
between BCP and ATOM1, d2 is the distance between BCP and ATOM2,
d1 b d2 is the angle between ATOM1, BCP, and ATOM2 in degree,

, and 2 are respectively the values of ECD and its Laplacian eval-
uated at BCPs. The values at BCPs locations are in agreement with
those shown in Figs. 6 and 7. A large value of and a large negative
value of 2 at a BCP may provide a covalent bond [64,65]. In contrast,
a small value of and a large positive value of 2 at a BCP may
provide an ionic bond [64,65]. However, our results show small values
for both of the and positive 2 at all BCPs of the considered cases.
This can be taken as an indication to the fact that the CeMIn5 may not
be considered as purely ionic or purely covalent compounds. Instead,
they may be composed of a mixture of ionic and covalent bonds such as
LiH and NaH compounds as previously reported by Lixian Zhang and
coworkers [64]. The results presented in Table 5 show that the values of

and 2 at BCP in (001)-plane, i.e, b1, in CeCoIn5 are more than
those in CeRhIn5 within B3PW91- 0.20= at zero pressure. Conversely,
the d

d
1
2

ratio at b1 in Co-case is lower than that in Rh-case within
B3PW91- 0.20= at zero pressure. The situation is entirely reversed at
b2, b3, and b4 compared to b1, however, again as increases 2 also
increases and d

d
1
2

decreases. Namely, at b2, b3, and b4 BCPs, and 2

in CeCoIn5 are less than those in CeRhIn5 and conversely the d
d

1
2

ratio in
Co-case is higher than that in Rh-case within B3PW91- 0.2= at zero
pressure. Hence, these results show that there would be a direct relation
between and 2 and an inverse relation between d

d
1
2

ratio and or

Table 4
Number and types of non-equivalent CPs for CeRhIn5 in antiferromagnetic
(AFM) phase and CeCoIn5 in nonmagnetic (NM) phase calculated within LDA
and B3PW91- 0.05= , B3PW91- 0.20= functionals at P = 0 and 4.5 GPa
pressures. The numbers in parentheses represent the number of equivalent CPs.

Pressure (GPa) NCP BCP RCP CCP

B3PW91- 0.20=
CeCoIn5 0 4(7) 5(30) 4(36) 4(13)

4.5 4(7) 5(30) 4(36) 4(13)
CeRhIn5 0 8(14) 16(60) 15(76) 9(30)

4.5 8(14) 16(60) 15(76) 9(30)

B3PW91- 0.05=
CeCoIn5 0 4(7) 5(30) 4(36) 4(13)

4.5 4(7) 5(30) 4(36) 4(13)
CeRhIn5 0 8(14) 16(60) 15(76) 9(30)

4.5 8(14) 16(60) 15(76) 9(30)

LDA
CeCoIn5 0 4(7) 5(30) 4(36) 4(13)

4.5 4(7) 5(30) 4(36) 4(13)
CeRhIn5 0 8(14) 16(60) 12(72) 8(26)

4.5 8(14) 16(60) 12(72) 8(26)

Fig. 8. CPs (blue c, b, r characters), and flux lines generated by r( ) (green
curves), as well as r( )2 (red curves) in the (001)-plane of (f11) CeCoIn5, (f21)
CeRhIn5, and in the (100)-plane of (f12) CeCoIn5, (f22) CeRhIn5 within B3PW91-

0.20= functional. The calculations of CeCoIn5 (CeRhIn5) are done in NM
(AFM) phase.
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Table 5
BCPs and their properties including MULT as multiplicity of the BCPs in the unit cell; d1 as the distance between BCP and ATOM1; d2 as the distance between BCP
and ATOM2; d1 b d2 as the angle between ATOM1, BCP, and ATOM2 in degree; , and 2 as the values of ECD and its Laplacian evaluated at BCPs for CeCoIn5

in non magnetic (NM) phase and CeRhIn5 in antiferromagnetic (AFM) phase at zero pressure as well as P = 4.5 GPa within B3PW91- 0.20= , B3PW91- 0.05= and
LDA functionals.

P(GPa) BCP MULT ATOM1 ATOM2 d1 (bohr) d2 (bohr) d1
d2

d1 b d2 10elec
bohr3

2× 102 elec
bohr3

2×

B3PW91- 0.20=

CeCoIn5 0 b1 4 In1 Ce 3.0305 3.0812 0.9835 179.9999 2.4499 3.7056
b2 8 Ce In2 3.1027 3.0667 1.0117 176.9619 2.3601 3.5845
b3 8 In2 Co 2.6491 2.4344 1.0882 177.4774 4.3824 3.9406
b4 8 In1 In2 3.0974 3.0976 0.9999 169.1438 2.3740 2.0636
b5 2 In2 In2 2.6746 2.6746 1.0000 179.9999 4.0344 5.6707

3 b1 4 In1 Ce 2.9688 3.0400 0.9766 179.9999 2.6650 4.2057
b2 8 In2 Ce 3.0042 3.0614 0.9813 176.9254 2.5742 4.0386
b3 8 In2 Co 2.6102 2.3879 1.0931 177.4075 4.7220 3.9510
b4 8 In1 In2 3.0452 3.0449 1.0001 169.2555 2.5700 2.3501
b5 2 In2 In2 2.6296 2.6296 1.0000 179.9999 4.3543 6.1783

CeRhIn5 0 b1 4 Ce In1 3.1201 3.1016 1.0060 179.9551 2.1978 3.4465
b2 8 In2 Ce 3.0477 3.1105 0.9798 177.1020 2.3167 3.7219
b3 8 Rh In2 2.6774 2.5481 1.0508 179.3521 4.6949 6.6997
b4 8 In2 In1 3.0846 3.0919 0.9976 170.7252 2.3840 2.0370
b5 2 In2 In2 2.8198 2.8198 1.0000 179.9999 3.1882 4.5613

3 b1 4 In1 Ce 3.0371 3.0790 0.9864 179.9005 2.3891 3.8934
b2 8 Ce In2 3.0788 3.0005 1.0261 176.9521 2.4789 4.0896
b3 8 Rh In2 2.6264 2.4912 1.0543 179.1213 5.1761 7.1629
b4 8 In2 In1 3.0444 3.0527 0.9973 170.7070 2.5394 2.2478
b5 2 In2 In2 2.7359 2.7359 1.0000 179.9999 3.6483 5.4642

B3PW91- 0.05=

CeCoIn5 0 b1 4 In1 Ce 3.0255 3.0862 0.9803 179.9999 2.4740 3.6459
b2 8 Ce In2 3.1000 3.0691 1.0100 177.2146 2.3572 3.5743
b3 8 Co In2 2.4350 2.6485 0.9194 177.5385 4.3790 3.9651
b4 8 In1 In2 3.0971 3.0991 0.9994 168.9187 2.3743 2.0628
b5 2 In2 In2 2.6746 2.6746 1.0000 179.9999 4.0299 5.6891

3 b1 4 In1 Ce 2.9650 3.0437 0.9741 179.9999 2.6756 4.1771
b2 8 Ce In2 3.0575 3.0078 1.0165 177.1550 2.5513 4.0757
b3 8 In2 Co 2.6094 2.3884 1.0925 177.5253 4.7184 3.9799
b4 8 In1 In2 3.0448 3.0460 0.9996 169.1373 2.5730 2.3401
b5 2 In2 In2 2.6296 2.6296 1.0000 179.9999 4.3463 6.2070

CeRhIn5 0 b1 4 Ce In1 3.1242 3.0974 1.0087 179.8220 2.2285 3.3540
b2 8 In2 Ce 3.0682 3.1157 0.9847 177.0779 2.3099 3.4987
b3 8 In2 Rh 2.5381 2.6677 0.9514 179.1238 4.7821 6.7826
b4 8 In1 In2 3.1051 3.0999 1.0017 170.1093 2.3411 1.9835
b5 2 In2 In2 2.7831 2.7831 1.0000 179.9999 3.3679 4.9116

3 b1 4 In1 Ce 3.0334 3.0827 0.9840 179.7461 2.4257 3.8215
b2 8 Ce In2 3.0723 3.0066 1.0219 177.1871 2.5186 3.9536
b3 8 In2 Rh 2.4916 2.6260 0.9488 179.1229 5.1784 7.1463
b4 8 In2 In1 3.0471 3.0523 0.9983 170.1956 2.5353 2.2643
b5 2 In2 In2 2.7359 2.7359 1.0000 179.9999 3.6489 5.4695

LDA

CeCoIn5 0 b1 4 In1 Ce 3.0250 3.0867 0.9800 179.9999 2.4595 3.7380
b2 8 Ce In2 3.0983 3.0706 1.0090 177.3358 2.3306 3.6814
b3 8 Co In2 2.4345 2.6487 0.9191 177.7871 4.3824 4.1410
b4 8 In1 In2 3.0955 3.0984 0.9991 169.3589 2.3625 2.1527
b5 2 In2 In2 2.6746 2.6746 1.0000 179.9999 4.0269 5.8875

3 b1 4 In1 Ce 2.9649 3.0439 0.9740 179.9999 2.6713 4.2536
b2 8 Ce In2 3.0569 3.0083 1.0161 177.2635 2.5404 4.1570
b3 8 In2 Co 2.6099 2.3878 1.0930 177.7255 4.7251 4.1584
b4 8 In1 In2 3.0436 3.0454 0.9994 169.4964 2.5595 2.4469
b5 2 In2 In2 2.6296 2.6296 1.0000 179.9999 4.3489 6.4160

CeRhIn5 0 b1 4 Ce In1 3.1315 3.0900 1.0134 179.9241 2.2493 3.3821
b2 8 In2 Ce 3.0773 3.1063 0.9907 177.2786 2.2943 3.5758
b3 8 In2 Rh 2.5407 2.6651 0.9533 179.1670 4.7991 6.9363
b4 8 In2 In1 3.1035 3.1014 1.0007 170.1261 2.3262 2.0831
b5 2 In2 In2 2.7831 2.7831 1.0000 179.9999 3.3653 5.0721

3 b1 4 Ce In1 3.0881 3.0280 1.0199 179.9508 2.4452 3.8569
b2 8 In2 Ce 3.0146 3.0642 0.9838 177.2553 2.5042 4.0420
b3 8 In2 Rh 2.4944 2.6232 0.9509 179.1526 5.1982 7.3137
b4 8 In2 In1 3.0504 3.0487 1.0006 170.2482 2.5215 2.3740
b5 2 In2 In2 2.7359 2.7359 1.0000 179.9999 3.6485 5.6468
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2 at these BCPs. The above discussion based on the results presented
in Table 5 not only supports our last discussion on the number and
types of the CPs concluded from Table 4, but also shows that (in ad-
dition to the number and types of CPs) , 2 , and d

d
1
2

of the compounds
under question also differ from each other at zero pressure. We below
present more topological evidences in this respect at zero pressure.

Stability of a bond can be quantified by the directionality which is
defined by two components: [66,34]

tan , tan ,= =
(3)

where and angles represent the extreme angles of the elliptic cone
constructed by the Hessian of charge density at the BCP and sur-
rounding the bond path. The is the positive eigenvalue of ECD Hes-
sian matrix at the given BCP and represents the principal curvature

along the bond path. The and ( ) are two negative ei-
genvalues of ECD Hessian matrix at the given BCP and represent the
principal curvatures perpendicular to the bond path. Larger values of
directionality means that the bond is further from the topological in-
stability. The directionality of bonds of CeMIn5 (M = Co, Rh) com-
pounds are tabulated in Table 6. In this table ellipticity ( ) of BCPs are
also represented. The ellipticity of a bond provides the measure of ex-
tent to which charge is accumulated in the plane constructed by the
eigenvectors with negative eigenvalues and is defined as: [35]

1; .= >
(4)

Bonds with 0= have cylindrical symmetry. Thus, this quantity shows
the deviation from the cylindrical symmetry. As Table 6 shows, tan
and tan of b1 in Co-case are slightly more than those of Rh-case at zero
pressure. This means that the b1 in CeCoIn5 is more stable than that in
CeRhIn5 at zero pressure. This result can be seen for the b3 and b5, as
well. Conversely, the b2 and b4 in CeRhIn5 are more stable than those
in CeCoIn5 at zero pressure. This table shows that the ellipticity values
of b1 and b2 for both cases are tiny and thereby negligible. But, more
precisely, one observes that the values at b1 and b2 in Co-case are
slightly more than that in Rh-case. This shows that the deviation from
cylindrical symmetry of b1 and b2 in Co-case are more than that in Rh-
case. This is similar to what we see for b3 and b4 BCPs; Co-case is more
deviated than Rh-case from the cylindrical symmetry. In the case of b5,
the values are very large for both of the compounds and it is almost 3
times larger for Rh-case than that for Co-case. This demonstrates that
both of the cases are highly deviated from the cylindrical symmetry at
b5 BCP and the deviation of the Rh-case is three times larger than that
of Co-case. The above discussion inspired from Table 6 again confirms
our last statements inferred from Fig. 8, Tables 4 and 5 that (in addition
to the number and types, , 2 , and d

d
1
2
) directionality, ellipticity, and

stability of the compounds are also different at zero pressure. Let us
below continue by shifting our focus on the effects of pressure.

As shown in Table 5, applying pressure on CeRhIn5 increases and
2 at all of the bonds. Thus, pressure makes the and 2 at b1, b2

and b5 (b3, b4) more similar to (different from) those of CeCoIn5.
Applying pressure also makes the d

d
1
2

ratio of b1 very similar to that of
CeCoIn5. More precisely, applying pressure on the Rh-case causes the d

d
1
2

at b3 CP to become more different from those of Co-case, which is not
the case at b2 and b4 CPs. The d

d
1
2

of b5 in two cases is similar and it is
equal to 1.000. Applying pressure on Rh-case does not change this ratio
and it remains equal to 1.000 in Rh-case under pressure. So, pressure
can make the BCP properties of Rh-case in (001)-plane more similar to
that of Co-case. However, pressure cannot still change the number and
types of CPs of CeRhIn5 within the localized B3PW91- 0.20= . Fur-
thermore, as shown in Table 6, the stability and ellipticity of CeRhIn5

bonds cannot be also changed by applying pressure within B3PW91-
0.20= functional.

Shishido and coworkers [37,38] using dHvA experiments have
shown that the degree of 4f-electron localization has been decreased by
imposing pressure on CeRhIn5. These interesting experimental evi-
dences motivated us to investigate the effects of 4f-electrons localiza-
tion degree on the TECD of CeMIn5 (M = Co, Rh), as well. Consequently
in addition to the highly localized B3PW91- 0.20= functional, we
considered B3PW91- 0.05= and LDA and recalculated the TECD of
these compounds using these lower localized functionals compered to
B3PW91- 0.20= to evaluate what happen to the TECD after reducing
the degree of 4f-electrons localization. The degree of 4f-electrons lo-
calization is considered to be much lower by LDA functional compared
to the hybrid B3PW91- 0.20= and B3PW91- 0.05= functionals. The
B3PW91- 0.05= and LDA calculations are performed at zero experi-
mental pressure by employing experimental lattice constants. As
Table 4 shows, the numbers and types of CPs within B3PW91- 0.05=
are the same as those of B3PW91- 0.20= for both cases under study.

Table 6
Directionality represented by tan and tan accompanied by ellipticity of
bonds of CeCoIn5 in nonmagnetic (NM) phase and CeRhIn5 in antiferromagnetic
(AFM) phase at zero pressure as well as P = 4.5 GPa calculated within B3PW91-

0.20= , B3PW91- 0.05= , and LDA functionals.

B3PW91- 0.20=

CeCoIn5 CeRhIn5

P (GPa) BCP tan tan BCP tan tan

0 b1 0.43 0.40 0.18 b1 0.41 0.38 0.17
b2 0.42 0.40 0.10 b2 0.42 0.41 0.04
b3 0.54 0.50 0.16 b3 0.49 0.47 0.09
b4 0.50 0.42 0.42 b4 0.51 0.43 0.36
b5 0.53 0.36 1.19 b5 0.53 0.24 4.00

4.5 b1 0.43 0.39 0.17 b1 0.41 0.38 0.16
b2 0.42 0.40 0.09 b2 0.42 0.41 0.04
b3 0.55 0.51 0.16 b3 0.53 0.27 2.95
b4 0.50 0.42 0.41 b4 0.5 0.43 0.36
b5 0.53 0.36 1.16 b5 0.53 0.27 2.95

B3PW91- 0.05=

CeCoIn5 CeRhIn5

P (GPa) BCP tan tan BCP tan tan

0 b1 0.43 0.41 0.11 b1 0.42 0.39 0.17
b2 0.42 0.41 0.04 b2 0.42 0.42 0.03
b3 0.54 0.50 0.16 b3 0.49 0.47 0.09
b4 0.50 0.42 0.40 b4 0.42 0.42 0.03
b5 0.53 0.36 1.19 b5 0.53 0.26 3.06

4.5 b1 0.43 0.41 0.10 b1 0.42 0.39 0.17
b2 0.41 0.41 0.03 b2 0.42 0.42 0.03
b3 0.55 0.51 0.16 b3 0.5 0.48 0.09
b4 0.49 0.42 0.38 b4 0.5 0.43 0.38
b5 0.53 0.36 1.16 b5 0.53 0.27 2.97

LDA

CeCoIn5 CeRhIn5

P (GPa) BCP tan tan BCP tan tan

0 b1 0.43 0.41 0.08 b1 0.42 0.4 0.13
b2 0.41 0.41 0.02 b2 0.42 0.41 0.02
b3 0.54 0.5 0.15 b3 0.49 0.47 0.09
b4 0.49 0.42 0.36 b4 0.5 0.43 0.36
b5 0.53 0.36 1.13 b5 0.53 0.27 2.85

4.5 b1 0.43 0.41 0.08 b1 0.42 0.39 0.13
b2 0.41 0.41 0.02 b2 0.42 0.41 0.03
b3 0.55 0.51 0.15 b3 0.49 0.47 0.09
b4 0.49 0.42 0.36 b4 0.49 0.42 0.36
b5 0.53 0.37 1.10 b5 0.53 0.27 2.76

M. Yazdani-Kachoei, et al. Computational Materials Science 164 (2019) 205–217

214



But the situation is completely different with the LDA functional. The
CPs of the compounds as calculated by LDA are shown for (001)-plane
in the left panel, and for (100)-plane in the right panel of Fig. 9. The
number and types of CeMIn5 (M = Co, Rh) CPs calculated within LDA
functional are reported in Table 4. As this table shows, the number and
types of CeCoIn5 CPs obtained by LDA are the same as those obtained
by B3PW91- 0.20= and B3PW91- 0.05= . This result can be also seen
by comparing Figs. 9(f )j1 with Figs. 8f j1 ) (j = 1,2) for both (001) and
(100) planes. On the contrary, the number and types of CeRhIn5 CPs
within LDA are different from those of B3PW91- 0.20= and B3PW91-

0.05= , see Table 4, which can be also seen by comparing Figs. 9(f )j2
with Figs. 8 (f j2 ) (j = 1,2) for both (001) and (100) planes. Similarity of
LDA and B3PW91- 0.20= results for the case of CeCoIn5 indicates that
4f-electrons in this case are itinerant and thereby can be well described
by the band-like LDA functional so that the hybrid functional is not
necessary to be used, i.e., B3PW91- 0.05= and B3PW91- 0.20= do
not improve the LDA results. On the contrary, 4f-electrons in the
CeRhIn5 are so localized that the itinerant LDA functional fails to well
describe them at zero pressure and thereby B3PW91- 0.20= is more
suitable for this purpose. These results are in agreement with previous
theoretical calculations [39]. Interestingly, we observe that the number
and types of equivalent CPs calculated by LDA for CeRhIn5 are now the
twice as many as those calculated by B3PW91 with 0.20= for Ce-
CoIn5. As Fig. 9(f )21 shows, the c1 in (001)-plane stays exactly on the
middle of the line connecting two Ce atoms within LDA for CeRhIn5,
which is the same as that we see within LDA or B3PW91- 0.20=
functionals for CeCoIn5. Therefore, in the (001)-plane of CeRhIn5

within the LDA approximation only one c1 is seen between Ce atoms,
see Fig. 9(f )21 . In other words, reducing the degree of 4f-electrons lo-
calization in CeRhIn5 makes the number and types of its CPs the same as
those of CeCoIn5 in the (001)-plane. Comparison of Fig. 9(f )22 with
Fig. 8(f )22 shows that the TECD of CeRhIn5 in (100)-plane within LDA is
the same as B3PW91- 0.20= . The properties of CeMIn5 BCPs within
LDA are represented in Table 5. As the latter table shows, the and 2

of BCPs within LDA are different from those of CeCoIn5. The direc-
tionalities of CeRhIn5 bonds within LDA are also very similar to that of
B3PW91- 0.20= and B3PW91- 0.05= . Thus, in summary we can say
that although reducing the 4f-electrons localization can make the
number and types of Rh-case CPs similar to those of Co-case, it alone
cannot force CeRhIn5 to behave as CeCoIn5 concerning the BCP prop-
erties.

Now time seems apt to put the effects of pressure together with the
effects of reducing 4f-electrons localization degree, as discussed above.
From the above discussions on the pressure and localization effects one
can anticipate that a combination of pressure and reduction of 4f-
electrons localization can be the key idea for solving the problem to
make the TECD of CeRhIn5 very similar to that of CeCoIn5 in (001)-
plane considering both BCPs properties and number and types of CPs.
Our results confirm this anticipation. As shown in Table 5, BCP prop-
erties of the CeRhIn5 at P 4.5 GPa within LDA are very similar to those
of CeCoIn5 within LDA and B3PW91- 0.20= . Furthermore, the
number and types of pressed Rh-case equivalent CPs within LDA are
twice as many as CeCoIn5 within LDA and B3PW91- 0.20= . These
results, in accordance with experiments [8,16,13], reveal that pressure
can cause the TECD features of CeRhIn5 to become very similar to those
of the CeCoIn5 in (001)-plane, if the degree of 4f-electrons localization
is also simultaneously reduced, e.g., simply by employing LDA func-
tional.

Recently, it is experimentally reported [8,41,17,16,42,43] that Sn
doping on CeRhIn5 and CeCoIn5 would decrease Pc of the former case
and Tc of the latter case. These important observations motivated us to
calculate the effects of Sn doping at In site on the TECD of CeRhIn5 and
CeCoIn5, as well. To this end, we calculated the TECDs of CeMIn4.5Sn0.5

for M = Co (Rh) in NM (AFM) phase within B3PW91- 0.20= . The
number and types of CPs in 1 2 1× × cell of these cases are reported in
Table 7. This table clearly demonstrates the fulfillment of the Morse
condition for the CPs of the Sn-doped cases.

The CPs of the doped compounds in the (001)-plane are shown in
Fig. 10. In this figure we label CPs of the doped cases with capital letter
to be distinguished from those of the pure cases. Comparison of
Fig. 10(f )11 with Figs. 8(f )i1 (i = 1,2) shows that the number and types of
Sn-doped of CeCoIn5 are similar to pure CeCoIn5. Namely, the same as
pure Co-case there are one CCP between Ce atoms in the Sn-doped of
the Co-case. However, comparison of Fig. 10(f )12 with Figs. 8(f )i1
(i = 1,2) shows that the number and types of Sn-doped of CeRhIn5 are
more similar to those of pure CeRhIn5 along the [001] (Fig. 8(f )21 ), and
more similar to pure CeCoIn5 along the [100] direction (Fig. 8(f )11 ).
These results show that Sn doping in CeRhIn5 can make the number and
types of CPs in (001)-plane some what similar to pure case of CeCoIn5.
According to these results, Sn doping decreases the degree of 4f-elec-
tron localization in CeRhIn5 case. This effect of Sn was reported for the
CeIn3 case too [67]. In contrast to hydrostatic pressure, our results also
show that Sn doping decreases at BCP between In1 and Ce, i.e., B1, as
well as its directionality in both Co- and Rh-cases. Similar result is
reached for the 2 of B1 in Rh-case. Hence, Sn doping causes the BCP
properties of Rh-case (Co-case) in (001)-plane to be far from (more
similar to) the pure case of CeCoIn5 (CeRhIn5). This shows that the
effects of Sn doping depends on its hosts so that it can play a dual role in
these compounds. Namely, the above results, consistent with the

Fig. 9. CPs (blue c, b, r charchters), and flux lines generated by r( ) (green
curves), as well as r( )2 (red curves) in the (001)-plane of (f11) CeCoIn5, (f21)
CeRhIn5, and in the (100)-plane of (f12) CeCoIn5, (f22) CeRhIn5, within LDA
functional. The calculations of CeCoIn5 (CeRhIn5) are done in NM (AFM) phase.

Table 7
Number and types of non-equivalent CPs for CeMIn4.5Sn0.5 (M = Co, Rh)
compounds calculated within B3PW91- 0.20= functional. The calculations of
CeCoIn4.5Sn0.5 (CeRhIn4.5Sn0.5) are done in NM (AFM) phase. The numbers in
parentheses represent the number of equivalent CPs.

NCP BCP RCP CCP

CeCoIn4.5Sn0.5 10(14) 26(60) 22(72) 12(26)
CeRhIn4.5Sn0.5 10(14) 26(60) 25(75) 13(29)
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experiments [8,41,17,16,42,43], clearly show that the role of Sn im-
purity is reversed when it is doped into CeRhIn5; it causes CeRhIn5 to
deviate from its pure case to behave somewhat like CeCoIn5. On the
other hand, Sn doping causes CeCoIn5 to deviate from its pure case to
behave like CeRhIn5.

6. Conclusions

In this work, structural properties and electronic structures, in-
cluding band structures, densities of states (DOSs), and electron charge
densities (ECDs), as well as topology of ECDs (TECDs) are calculated for
the isostructural CeCoIn5 and CeRhIn5 compounds by a combination of
density functional theory (DFT) and quantum theory of atoms in mo-
lecules (QTAIM) using a variety of exchange–correlation functionals.
Investigation of DOSs and band structures reveals that decreasing the
degree of localization for the 4f-Ce electrons considerably affects the
electronic structures of the compounds under study. The effects of ap-
plying pressure on DOSs and band structures reveal that although de-
creasing the degree of localization for 4f-Ce electrons considerably af-
fects the electronic structures of compounds, the pressure effects are
negligible compared to the effects of degree of localization. From our
DFT + QTAIM calculations, the following results are obtained: The
TECD of these compounds are found to be different in number and types
of critical points (CPs) in the edges of the (001)-plane at zero pressure.
The 4f-electrons of the Co-case lie in the low localized regime so that
they can be well described by the band-like LDA functional, while this is
not the case for CeRhIn5. The effects of 4f-electrons localization on the
TECD of the other planes are almost negligible. The above differences
are vanished by decreasing the degree of 4f-electrons localization in
CeRhIn5, i.e., the number and types of CPs in CeRhIn5 within the low
localized LDA functional are found to be the same as CeCoIn5. In ad-
dition to the above differences, it is also shown that there are many
other differences between bond critical points properties of these
compounds which can be vanished in (001)-plane by applying pressure
on the CeRhIn5 case. Namely, our results show that applying pressure
on the Rh-case and simultaneously decreasing its 4f-electrons locali-
zation can make the TECD of CeRhIn5 very similar to that of CeCoIn5.

Furthermore, the effects of Sn doping are investigated on the TECD of
these compounds. Our results show that the Sn doping can make the
TECD of CeRhIn5 (CeCoIn5) somewhat similar to that of pure CeCoIn5

(CeRhIn5). Our results also show that Sn doping in these compounds
plays a dual role depending on its hosts. All the DFT + QTAIM results
presented in this work are found to be consistent with the reliable ex-
perimental data.
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