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a b s t r a c t

Here, we study the electron charge densities (ECDs) of two half-Heusler compounds, i.e. ZrCoBi and
ZrRhBi, from topological point of view using the combination of DFT and quantum theory of atoms in
molecules (DFT þ QTAIM). We also investigate the structural properties and electronic structures of these
compounds including DOSs, band structures and electron charge densities (ECDs) as well as the ther-
moelectric parameters including Seebeck coefficient and electrical conductivity. Furthermore, the effects
of pressure on the properties of these compounds are investigated. The DFT þ QTAIM calculations show
that the compounds under study have similar numbers and types of critical points, but different bonds
properties. The bonds of the Rh-case are more stable than those of the Co-case. Moreover, the ECD values
at bonds of Rh-case are more than the Co-case. Imposing pressure affects some properties of the bonds in
both cases, but does not change the numbers and types of their critical points. Based on our electronic
structure calculations, Co-case has sharper valence DOSs near the Fermi level and larger band gap
compared to the Rh-case. We have also observed flatter bands in the Co-case near the Fermi level
compared to the Rh-case. In the anticipation of further study, the presented results may provide
fundamental information which can pave the way for the study on the thermoelectric efficiencies of
these interesting thermoelectric materials. In agreement with the electronic structure, our thermo-
electric calculations show higher Seebeck coefficient and lower electrical conductivity for ZrCoBi than
ZrRhBi.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Understanding the electronic structures and bonding properties
of thermoelectric materials is crucial for improving their effi-
ciencies [1e4]. Based on the kinetic theory, the lattice part of
thermal conductivity which is a key parameter in thermoelectricity
is drastically related to the chemical composition and bonding [1,2].
Moreover, the electrical and electronic parts of thermal conduc-
tivities of materials strongly depend on their band structures and
densities of states (DOSs) [3,4]. Sharper DOS near the Fermi level
can lead to a higher Seebeck coefficient [3,4]. Lower band gap in
semiconductors can lead to a higher electrical conductivity [3].

All the above evidences show that electronic structures and
bonding properties can play an important role for interpreting

thermoelectric behaviors of materials. According to our recent
study [5], a combination of density functional theory (DFT) [6,7]
and Bader’s quantum theory of atoms inmolecules (QTAIM) [8e11],
i.e. DFT þ QTAIM, can provide a reliable ab initio approach to
quantitatively shed light on the electronic structures and bonding
properties of materials [5,12e15]. QTAIM is based on the topolog-
ical analysis of electron charge density (ECD) [8e11] and the ECD
can be calculated using DFT [6,7].

Therefore, in the present study we aim to employ the
DFT þ QTAIM to investigate the bonding properties and topologies
of electron charge densities (TECDs) of two Zr-based Half-Heusler
(HH) ZrXBi (X¼ Co, Rh) compounds. These materials have attracted
increasing attentions because of their interesting thermoelectric
properties [1,3,16e23]. We also intend to study the structural
properties as well as electronic structures of these compounds
including DOSs, band structures, and electron charge densities
(ESDs) using DFT. Furthermore, we investigate the effects of
imposing pressure on the TECDs and electronic structures of the
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compounds under question.
To validate our next new topological analysis, we first verify that

the structural properties can be well predicted by GGA þ U
approach with our optimized U value for both of the cases in
agreement with the available previous theoretical [3,23] and
experimental [17,24] results. Our topological analysis demonstrates
that the types and numbers of the critical points of ZrXBi (X ¼ Co,
Rh) are independent of the X atoms and our selected pressures
imposed. However, bonds properties of these compounds depend
on the X atoms and pressures imposed. As an important point, the
bonds in ZrRhBi case are more stable than bonds in ZrCoBi case.
Moreover, the charge values at bonds in the Rh-case are more than
those in the Zr-case. For both the considered cases the stability of
Zr-X (X ¼ Co, Rh) bonds is increased by imposing pressure.
Imposing pressure also increases the charge values at the bonds
positions. Based on our calculations, the peak of total DOS of Co-
case in the valence region is sharper and nearer to the Fermi level
compared to the Rh-case. Band structure calculations reveal that
both the compounds are semiconductors with indirect band gaps.
The predicted band gap of Co-case is slightly more than that of the
Rh-case. Moreover, a lower value is predicted for the hole effective
masses in the Rh-case compared to the Co-case.

From our electronic properties analysis, it may be anticipated
that the Seebeck coefficient of the Co-case is higher, while its
electrical conductivity is lower than that of Rh-case. However, since
these anticipations are made in the absence of the thermoelectric
calculations, they can be trusted only when they are thermo-
electrically verified, as well. Therefore, these anticipations are also
quantitatively validated by calculating the Seebeck coefficient and
electrical conductivity per relaxation time for both the compounds
in question. This shows that our topological analysis presented in
this work may be considered as a possible reliable foundation for
further comprehensive thermoelectric study of these compounds.

2. Computational details

The structural properties and electronic structures of the com-
pounds under question are calculated in the framework of the
density functional theory (DFT) [6,7] using the full-potential
augmented planewaves plus local orbitals (APW þ lo) method
[25,26], in the presence of the spin-orbit coupling (SOC), as
embodied in the reliable WIEN2k code [27,28]. A mesh of 693
special k-points is considered in the irreducible wedge of the first
Brillouin zone which corresponds to the grids of 17� 17� 17 in the
Monkhorst-Pack scheme [29]. The Muffin-Tin radii (RMT’s) are
selected to be 2.4 for Zr, Rh, Co and 2.5 for Bi. The cutoff parameter
of Kmax ¼ 9:5=RMT (lmax ¼ 10) inside the Muffin-Tin spheres
(interstitial region) is used for the expansions of the wavefunctions
in terms of the lattice harmonics (planewaves). The periodic charge
density and potential are Fourier expanded up to Gmax ¼ 13 Bohr�1.
In addition to the standard LDA and GGA functionals, we have used
the GGA þ U approach with several U values changing from 1 to
7 eV by step 1 eV.

The topological analysis of electron charge density (TECD) is
carried out using the CRITIC2 code [30,31]. We have performed the
topological calculations by a combination of DFT [6,7] and quantum
theory of atoms in molecules (QTAIM) [8,9]. Topological analysis of
electron charge density (ECD) distribution, rðrÞ, is done by deter-
mination of number, kind and position of its critical points (CPs).
For each rðrÞ distribution four kinds of CPs can be found; nuclear
critical point (NCP or simply n), bond critical point (BCP or b), ring
critical point (RCP or r) and cage critical point (CCP or c). More
details of TECD calculations are presented in our recent work [5].

Thermoelectric parameters including Seebeck coefficient and
electrical conductivity (s) per relaxation time (t), i.e., (s= t), are

calculated using the BoltzTraP2 code [32] at T ¼ 300 K. For these
calculations a denser k-mesh including 3465 special k-points is
considered in the irreducible wedge of the first Brillouin zone. More
details of thermoelectric calculations (not represented here)
including related formulas were previously presented [33e39] for
other cases.

3. Structural properties

We have theoretically investigated the structural properties
including lattice parameters (a) and bulk moduli (B0) of ZrXBi
compounds for X ¼ Co and Rh. The structural properties are ob-
tained by calculating the total energies of the unit cells as functions
of their volumes and fitting the data with the Birch-Murnaghan
isothermal equation of state [40]. We carried out these calcula-
tions employing LDA and GGA exchange-correlation functionals
(XCFs) for 3 different configurations. The first one is configured to
be non-magnetic (non-spin polarized). The two other configura-
tions are magnetically ordered (spin polarized). The spin orienta-
tions in the second (third) configuration are ordered to be [[[

(Y[Y) at Zr, X, and Bi atoms, respectively; viz. Zr[X[Bi[ magnetic
ordering for the second configuration and ZrYX[BiY magnetic
ordering for the third configuration, where X ¼ Co, Rh. For conve-
nient, we call the first (non-magnetic) configuration as Conf1, the
second configuration as Conf2 and the third configuration as Conf3.
According to our results, not only total magnetic moments of ZrXBi
(X¼ Co, Rh) compounds but also their onsite magnetic moments at
three Zr, X and Bi atoms are zero for these three different spin
configurations, i.e. Conf1, Conf2, and Conf3, at the end of our well
converged self-consistent calculations. In the other words, the
calculated magnetic moments are found to be almost independent
of the selected spin configurations in these ZrXBi (X ¼ Co, Rh)
compounds. The latter point, in turn, implies that these compounds
most likely prefer to behave as non-magnetic systems, which is
consistent with previous works [41e43,43]. Jiong Yang and co-
workers [41], have counted the number of total valence electrons in
the primitive half-Heusler (HH) unit cells of these compound and
shown that each HH unit cell contains 18 electrons. Thus, based on
the Slater-Pauling rule [42,43,43] the total magnetic moments of
these systems are zero.

Table 1 shows the predicted lattice parameters and bulk moduli
of the considered compounds using LDA and GGA XCFs along with
the available previous theoretical and experimental results. In this
table, the ground state energies of the compounds are also tabu-
lated. As Table 1 reveals, our results are in good agreement with the
previous results [3,23]. Our results show that Conf3 and Conf2
configurations lead to lower E0 than Conf1 configuration. This is
shown in Fig. 1 too. The magnetic moments of the compounds as
obtained from the calculations are matching with the Slater Paul-
ing’s rule. However, the stable structure of thematerials are not still
clear from the calculations. Therefore, to clarify this we further-
more calculate the enthalpy for the systems using GGA XCF. The
enthalpy is calculated by the DH ¼ DE þ PDV relation [44], where P
is pressure, DV is volume, and DE is expressed by the following
formula [44]:

D E¼ EZrXBi � EX � EBi; (1)

where EZrXBi is the energy of ZrXBi (X ¼ Co, Rh), EX is the energy of
X ¼ Co, Rh, and EBi is the energy of Bi element. At zero pressure
DH ¼ DE. We calculate the enthalpies at zero pressure for the three
spin configurations including NM (Conf1), FM (Conf2), and Ferri
(Conf3). These calculations lead to the values of �0.08719
[-0.07822] and �0.08802 [-0.07893] eV as well as �0.08763
[-0.07836] eV for the enthalpies of the NM and FM as well as Ferri
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phases of the Rh-case [Co-case], respectively. These results show
that FM phase is a little bit more stable than the other phases.

The predicted bulk moduli are very slightly spin configuration
dependent. However, the predicted lattice parameters are inde-
pendent of spin configuration. These results are observed within

both LDA and GGA XCFs. Based on our results, GGA predicts the
lattice parameter of Co-case better than the LDAwith respect to the
experiment. For the Rh-case, the LDA result is slightly, i.e. 0.01,
better than the GGA result compared to the experiment.

Although the GGA (LDA) leads to better results than the LDA
(GGA) for ZrCoBi (ZrRhBi) with respect to the experiment, the lat-
tice parameters predicted by LDA and GGA XCFs are far from the
experiment. To improve the results, we have performed the cal-
culations in Conf2 spin configurationwithin GGAþU as an another
alternative approach. To obtain better result we have changed the
Ueff parameter from 1 to 7 eV by step 1 eV. The results of these
calculations are tabulated in Table 2 and shown in Fig. 2. As Table 2
reveals, the increase of Ueff parameter decreases the predicted
lattice parameters of both the considered cases and makes them
better compared to the experiment. Based on our result, the pre-
dicted lattice parameter for ZrCoBi by GGA þ U with Ueff ¼ 6 eV is
in very good agreement with the experiment. Moreover, increase of
U to 7 eV does not drastically change the result of Ueff ¼ 6 eV. The
result of GGA þ U is comparable with the HSE06(24) result for
ZrCoBi compound. Lattice parameter of ZrRhBi case is improved by
increasing Ueff parameter too. However, the dependency of ZrRhBi
lattice parameter to Ueff parameter is weaker than that of the
ZrCoBi. According to the results presented in Tables 1 and 2, we can
conclude that the GGA þ U approach with Ueff ¼ 6 eV is the most
appropriate functional for the prediction of the structural proper-
ties of ZrXBi (X ¼ Co, Rh) compounds among the considered
functionals in the present work. The materials under study contain
Zr, Rh and Co elements which their individual localization degrees
can be different and system dependent. To verify the effects of the
latter two points, we calculate the lattice parameter of ZrCoBi
compound by considering a set of U-parameters which we apply on
both Zr and Co simultaneously. The set of (UeffCo, UeffZr) pari
Hubbard U parameters for the (Co, Zr) pari elements is considered
to be fð5;5Þ; ð5;6Þ; ð6;5Þ; ð6;6Þg. In this set, the Ueff ¼ 5 eV is

Table 1
Lattice parameters (a) in Å, bulk moduli (B0) in GPa and ground state energies (E0) of ZrXBi (X ¼ Co, Rh) in Ry using LDA and PBE-GGA approaches along with the other
theoretical and experimental results. The results are presented for different spin configurations including non-magnetic, up spin directions for the three elements ([ [ [ ) and
dn up dn (Y[Y) for Zr X and Bi, where X ¼ Co, Rh. For simplicity, we label the first configuration as Conf1, the second configuration as Conf2 and the third configuration as
Conf3.

ZrCoBi

a B0 E0

Conf1
LDA 6.10 144.30 �53113.204763
GGA 6.23 119.20 �53148.654121

Conf2
LDA 6.10 144.12 �53113.205633

GGA
6.23 119.81 �53148.654966
6.25a

HSE06a 6.15

Conf3
Exp.b

LDA 6.10 144.45 �53113.205637
GGA 6.23 120.1614 �53148.654968

6.18

ZrRhBi

a B0 E0

Conf1
LDA 6.32 146.64 �59892.385023
GGA 6.45 123.34 �59932.321944

Conf2
LDA 6.32 147.51 �59892.387165
GGA 6.45 122.23 �59932.322165

6.44c 122.69c

Conf3
LDA 6.32 147.52 �59892.387165
GGA 6.45 122.19 �59932.322162

Exp.d 6.38

a Reference [23].
b Reference [24].
c Reference [3].
d Reference [23].

Fig. 1. Total energy of ZrXBi (X ¼ Co, Rh) compounds versus volume calculated by (a)
LDA for X ¼ Co, (b) GGA for X ¼ Co, (c) LDA for X ¼ Rh, and (d) GGA for X ¼ Rh in three
different spin configurations; non-magnetic (Conf1), ferromagnetic (Conf2), and
ferrimagnetic (Conf3). The energies are shown with respect to the ground state energy
(E0) of Conf2, i.e, E-E0 [conf2].
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considered, because it is the most suitable nearest value to the best
value predicted by the results presented in Table 2, i.e., Ueff ¼ 6 eV.
We perform 4 individual lattice parameter calculations which in
turn each of them include 7 self-consistent field (SCF) calculations
and whence totally 7� 4 ¼ 28 SCF calculations by applying this set
of U-values, as tabulated in Table 3. To perform two of these cal-
culations, we first consider the Ueff ¼ 5 eV for the Zr and then
calculate the lattice parameter by considering individually
Ueff ¼ 5 eV and 6 eV for Co. For the next remaining two calculations
we consider the Ueff ¼ 6 eV for Zr and recalculate the lattice pa-
rameters by considering individually Ueff ¼ 5 eV and 6 eV for Co.
The results are tabulated in Table 3. The results, as tabulated in
Tables 2 and 3, show that the lattice parameter of ZrCoBi compound
increases and goes farther from (in worse agreement with) the
experimental value by including the U parameter of Zr atom when
U parameter of Co atom is also included. Similar results (not shown
here) were obtained for the ZrRhBi compound. Thus, in this work
we consider only the localization of X atom in ZrXBi compound by
setting UeffCo ¼ 6 eV and report the results with this accuracy.

4. Electronic structure

In this section, we study the electronic structure of ZrXBi

(X ¼ Co, Rh) compounds, including the densities of states (DOSs),
band structures and electron charge densities (ECDs) of the com-
pounds employing GGA þ U with Ueff ¼ 6 eV XCF. As discussed in
the previous section, the Conf3 leads to lower E0 than the Conf1,
while the Conf2 and Conf3 spin configurations lead to similar E0
parameters for all of the considered cases. Moreover, the Conf2
leads to the lower enthalpy than Conf3. Thus, we performed the
following calculations with Conf2 configuration. To investigate the
effects of pressure on the electronic structures of the compounds,
these calculations are reperformed also at P¼ 5 GPa pressure in
addition to the calculations performed at zero pressure. The zero
pressure is equivalent to a ¼ 6:19 (a ¼ 6:42 ) and 5 GPa is equiva-
lent to a smaller lattice parameter of a ¼ 6:12 (a ¼ 6:34 ) for ZrCoBi
(ZrRhBi), as calculated by the GGA þ U with Ueff ¼ 6 eV.

4.1. Densities of states

Fig. 3 shows the DOSs of ZrXBi (X ¼ Co, Rh) compounds calcu-
lated using GGA þ U approach with Ueff ¼ 6 eV at P¼ 0 and 5 GPa.
The first row of this figure displays the total-DOSs and DOSs of the
Zr-, X- and Bi-atoms of the compounds. The second (third) row
displays the partial d-DOSs (d3/2- and d5/2-DOSs) of the Zr- and X-
atoms. The first (third) column of Fig. 3 shows the DOSs of the Rh-
case and the second (fourth) column shows the DOSs of the Co-case
at zero (P¼ 5 GPa) pressure. The results at zero pressure show that
the peaks of the total DOS and partial DOSs are piled up closer to
the Fermi level and in narrower energy ranges for ZrCoBi case
compared to those for ZrRhBi case, as would be observed by
comparing the first and second columns of Fig. 3. Similar result can
be seen at P¼ 5 GPa, see the third and fourth columns of Fig. 3. This
my lead to higher Seebeck coefficient for Co-case than Rh-case
[3,4]. The results at zero pressure also show that the valence
bands of ZrXBi (X ¼ Co, Rh) compounds are mainly dominated by
the states of X-atoms, while the conduction bands are mostly
consist of Zr-states, see Fig. 3 ða1;jÞ for j ¼ 1;2. This result can be
also seen at P¼ 5 GPa, see Fig. 3 ðb1;jÞ for j ¼ 1;2. Our calculations
also reveal that the d-orbitals have the most contribution in the
valence DOSs of X- and Zr-atoms at the two considered pressures,
as shown in the second rowof Fig. 3, i.e., Fig. 3 ða2;jÞ and ðb2;jÞ for j ¼
1;2. Both the valence spin up d3=2- and d5=2-DOSs of X-atoms
have significantly contributed in both cases at both pressures,

Table 2
Lattice parameters (a) in Å and bulkmoduli (B0) in GPa for ZrXBi (X¼Co, Rh) using the GGAþU approachwith Ueff¼ 1e7 eV employing themagnetic Conf2 spin configuration,
i.e., up spin directions for the three elements ([[[) along with the experimental results (25, 17). In GGAþU calculations the U parameter is considered for Co and Rh elements.

Comp Ueff Exp.

1 2 3 4 5 6 7

ZrCoBi a 6.23 6.22 6.21 6.21 6.20 6.19 6.19 6.18a

B0 120.02 120.30 120.43 120.61 120.40 120.65 120.66
ZrRhBi a 6.44 6.44 6.43 6.43 6.43 6.42 6.42 6.38b

B0 122.30 123.26 123.26 123.51 123.08 122.73 122.70

a Reference [24].
b Reference [17].

Fig. 2. Calculated lattice parameters in Å unit for (a) ZrCoBi and (b) ZrRhBi as well as
bulk moduli (B0) in GPa unit for (c) ZrCoBi and (d) ZrRhBi compounds using GGA þ U
versus Ueff along with the experimental results (Exp.) [17,24]. The results presented in
this figure are obtained by including Ueff for Co in ZrCoBi and Rh in ZrRhBi.

Table 3
Calculated lattice parameter of ZrCoBi compound in Å using GGAþU by considering
Ueff ¼ 5 and 6 eV for both Zr and Co, simultaneously along with the experimental
data [24].

UeZr 5 6

UeCo 5 6 5 6

Theo 4.27 4.47 4.28 4.27

Exp. [24] 4.18
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whereas the valence spin down d5=2-DOSs of the X-atoms have
more significantly contributed than those of the d3= 2-DOSs in both
cases at both pressures, as shown in the third row, i.e., Fig. 3 ða3;jÞ
and ðb3;jÞ for j ¼ 1;2. The conduction spins up and down d5=
2-DOSs of the Zr-atom have more significantly contributed than
those of the d3=2-DOSs in both cases at both pressures, as shown in
the third row, i.e., Fig. 3 ða3;jÞ and ðb3;jÞ for j ¼ 1;2.

4.2. Band structure

Fig. 4 displays the spins up and down band structures of ZrXBi
(X ¼ Co, Rh) compounds at zero and 5 GPa pressures. In this figure,
the d-Zr and d-X (X ¼ Co, Rh) states are also characterized by the
thickness of bands; the larger thickness of the bands, the more
contribution of the d-states. These band structures are calculated
by the GGA þ U approach with Ueff ¼ 6 eV. As shown in this figure,
both compounds are semiconductors with indirect band gaps at
both the considered pressures. In both cases, the valence band
maximum (VBM) occurs at the G-symmetry point, while conduc-
tion bandminimum (CBM) lies in the X-symmetry point. Moreover,
the most contribution of the d-Zr (d-X) states are seen in the CBM
(VBM). Based on Fig. 4, the bands of Co-case at/near the VBM are
considerably flatter than those of Rh-case. This predicts higher

values for the effective mass in ZrCoBi compared to that in ZrRhBi.
This result is seen at both the considered pressures. The band gaps
of the compounds calculated using the GGA þ U approach with
Ueff ¼ 6 eV at zero and 5 GPa pressures, along with the results of
other calculations [3,23] are tabulated in Table 4. According to the
results presented in this table, the band gaps predicted by GGA þU
are less than those predicted by GGA [3,23] for both cases at zero
pressure. The HSE06 [23] predicts the band gap of Co-case more
than the GGA and GGA þ U at zero pressure. Comparing the band
gaps calculated by GGA þ U at the two pressures reveals that
imposing pressure increases the band gaps of both compounds. As
Table 4 indicates, the band gap of Rh-case is less than that of the Co-
case at P ¼ 0 as well as P¼ 5 GPa using GGA þU. Lower band gap of
the Rh-case makes the thermal excitation of electrons more easier
in this case than that in the Co-case, which may cause higher
electrical conductivity in the Rh-case compared to the Co-case [3].
Based on our electronic structure analyses, onemay predict that the
Co-case has higher [lower] Seebeck coefficient [electrical conduc-
tivity] than Rh-case. However, these predictions can be only vali-
dated in the presence of thermoelectric results. Therefore, let us a
little bit deviate from the main subject of this work which is to-
pological analyses, and calculate the Seebeck coefficient and elec-
trical conductivity (s) per relaxation time (t), i.e., (s=t), for the

Fig. 3. Up and down densities of states of ZrXBi (X ¼ Co, Rh) compounds at zero and P¼ 5 GPa pressures calculated by GGAþU approach with Ueff ¼ 6 eV. The ðaijÞ and ðbijÞ labels of
the figure refer to the zero and 5 GPa pressures, respectively, where i ¼ 1 index, including the first row of the figure, refers to the total and atomic DOSs, and i ¼ 2 ði¼ 3Þ index,
including the second (third) row of the figure, refers to the partial d (d3/2 and d5/2) states of the Zr and X ¼ Co, Rh elements. The j ¼ 1 and 2 indexes, stand for the ZrRhBi and
ZrCoBi compounds, respectively.
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ZrCoBi and ZrRhBi compounds using GGA þ U with Ueff ¼ 6 eV at
T ¼ 300 K. Our calculations lead to 96 mV

K [81 mV
K ] for the Seebeck

coefficient, and 5.45�1011 1
U:m:s [3.37� 1012 1

U:m:s] for the s= t of the
Co-case [Rh-case]. These results show that the Seebeck coefficient
of the Co-case is higher than that of the Rh-case, while the s= t of
the Co-case is lower than that of the Rh-case, which are in agree-
ment with our predictions made by the electronic calculations.
Moreover, based on the electrical conductivity relation [32], lower
s=t can be attributed to the higher electron effective mass. This
agreements authenticate that there should be a relation between
electronic structure and thermoelectric properties.

4.3. Electron charge density

Electron charge densities (ECDs) of the ZrXBi (X ¼ Co, Rh)
compounds in (001) and (011) planes are shown in Figs. 5 and 6,
respectively. These ECDs are calculated using the GGA þ U with
Ueff ¼ 6 eV at zero and P¼ 5 GPa pressures. The results presented in
Fig. 5 (Fig. 6) show that the ECDs of both compounds do not behave
very differently from each other in (001)-plane ((011)-plane) at
both zero and 5 GP pressures. The main of ECDs, as shown in Figs. 5
and 6, are almost spherically distributed near the atomic positions
in (001)- and (011)-planes. This result is consistent with the re-
ported results for CeMIn5 (M ¼ Co, Rh) cases.(5) The ECDs are
almost distributed uniformly outside the spheres-like charge dis-
tributions in (001)-plane for both compounds at both pressures, as
shown in Fig. 5. In (011)-plane, however, the most of the ECDs, as
distributed out of the spheres-like charge distributions, are accu-
mulated in that direction of the (011)-plane where the X-atoms

(X ¼ Co, Rh) are located there, see Fig. 6. Fig. 6 shows a blue region
in the left and right hand sides of the X (X ¼ Co, Rh) atom on the
(011)-plane. The blue color, as scaled in the right hand side of this
figure, is equivalent to the least ECD or a minimum of the ECD
distribution in (011)-plane. Each of the blue regions are surrounded
by a thin yellow corona which is itself surrounded by another thin
green corona on (011)-plane for both compounds at both pressures.
In the right hand side of the X (X¼Co, Rh) atom on the (011)-plane,
a thin yellow line between the Zr-atoms and a green line between
Zr- and Bi-atoms can be seen in (011)-plane for both compounds at
both pressures. By keeping inmind the color scale and the positions
of the atoms in the (011)-plane, as shown in Fig. 6, one observes

Fig. 4. Band structures of ZrXBi (X ¼ Co, Rh) compounds for up and down spins at zero as well as P¼ 5 GPa pressures calculated by GGA þ U approach with Ueff ¼ 6 eV. The a and b
labels refer to zero and 5 GPa pressures, respectively. The i ¼ 1 and 2 indexes refer to up and down spin bands, respectively. The j ¼ 1 (j ¼ 2) index refers to the Rh (Co-case).

Table 4
Band gaps of ZrXBi (X ¼ Co, Rh) compounds at P ¼ 0 and P¼ 5 GPa pressures in eV
unit. These gaps are calculated by GGA þ U approach with Ueff ¼ 6 eV.

Compound XCF P ¼ 0 P¼ 5 GPa

ZrCoBi GGA þ U 0.822 0.956
GGAa 1.01
HSE06a 1.34

ZrRhBi GGA þ U 0.739 0.783
GGAb 1.02

a Reference [23].
b Reference [3].

Fig. 5. Electron charge densities (ECDs) of ZrXBi (X ¼ Co, Rh) compounds in (001)-
plane at zero and 5 GPa pressures calculated by GGA þ U with Ueff ¼ 6 eV. The zero
and 5 GPa pressures are labeled by ðaiÞ and ðbiÞ, where i ¼ 1 and i ¼ 2 refer to the
X ¼ Rh and Co, respectively.
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that the two Zr atoms located in the right hand side of the X (X¼Co,
Rh) atom are weakly connected to each other, viz. the ZreZr right-
hand-side-bonds are weak. Similarly, the ZreBi bonds are weak in
the (011)-plane. Therefore, there are minima of ECDs between the
Zr and Bi atomic positions as well as between the Zr and Zr atomic
positions. However, the ECD scaled by green color between Zr and
Bi atoms is higher than the ECD scaled by blue color between the
Zr-atoms. Thus, the minima of ECDs in the ZreBi bonds (with green
color) are higher compared to the ZreZr bonds (with blue color).
The red ECDs around the Zr and X atomic positions are connected to
each other by orange color regions. Each of these orange regions are
surrounded by a yellow corona. The ECD shown by orange color is
scaled to be higher (lower) than that scaled by yellow (red) color.
This can be considered as a surface that curves up in one direction,
while it curves down in another different direction. In both of the
directions, the derivatives become zero without showing a local
extremum (minimum ormaximum) on both directions, resembling
a riding saddle critical point in the domain of the ECDs shown in
Fig. 6. Saddle point can be defined as a stationary point of a two-
variables function where the partial derivatives of its orthogonal
components vanish without having a local maximum or minimum
on both orthogonal axes. Thus, we expect a saddle point in the
region with orange color. Similar result is seen between Bi and X
(X ¼ Co, Rh) atoms. The discussed ECD results are valid for both the

compounds and pressures under study.

5. Topological analysis

The CPs of ZrXBi (X ¼ Co, Rh) compounds calculated by the
GGA þ U with Ueff ¼ 6 eV are presented in Table 5 for P ¼ 0 and
5 GPa pressures. The results show that the CP numbers of both the
compounds satisfy the Morse condition, viz, NCP� BCPþ RCP�
CCP ¼ 0, at the two considered pressures. Table 5 also shows that
the numbers and types of CPs of both the compounds are the same
as each other at P ¼ 0 and P ¼ 5 GPa. Comparing the numbers and
types of CPs for ZrCoBi at zero and 5 GPa pressures indicate that
imposing pressure does not change the numbers and types of CPs of
this compound. Similar result can be seen for the other case, i.e.,
ZrRhBi.

The CPs of ZrXBi (X ¼ Co, Rh) compounds at P ¼ 0 are displayed
in Fig. 7. Moreover, the numbers of CPs along with the flux lines
generated by VrðrÞ (green curves), as well as V2rðrÞ for both the
compounds at zero and P¼ 5 GPa pressures are shown for the
(001)-plane in Fig. 8 and for the (011)-plane in Fig. 9. The results, as
shown in Fig. 8, reveals that the numbers and types of CPs in (001)-
plane of ZrXBi compounds do not depend on the X-atom and our
considered pressures. Similar result, as shown in Fig. 9, can be seen
in the (011)-plane. According to the results presented in Fig. 8,
there are not any bonds between the atoms in (001)-planes of the
considered compounds at P ¼ 0 and 5 GPa pressures. Instead, as
shown in Fig. 8, there are RCPs on the lines connecting Zr atoms to
each other and on the lines connecting Zr to Bi atoms in the (001)-
plane of ZrXBi (X ¼ Co, Rh) at both the considered pressures. The
BCPs can be seen, however, in the (011)-planes, see Fig. 9. These
BCPs are there between the Bi and X, as labeled by b1, and between

Fig. 6. Electron charge densities (ECDs) of ZrXBi (X ¼ Co, Rh) compounds in (011)-
plane at zero and 5 GPa pressures calculated by GGA þU with Ueff ¼ 6 eV. The zero and
5 GPa pressures are labeled by ðaiÞ and ðbiÞ, where i ¼ 1 and i ¼ 2 refer to the X ¼ Rh
and Co, respectively.

Table 5
Number and types of non-equivalent CPs for ZrXBi (X ¼ Co, Rh), calculated by
GGA þ U functional with Ueff ¼ 6 eV at P ¼ 0 and 5 GPa pressures. The numbers in
parentheses represent the number of equivalent CPs.

Pressure (GPa) NCP BCP RCP CCP

ZrCoBi 0 3(12) 2(32) 2(24) 1(4)
5 3(12) 2(32) 2(24) 1(4)

ZrRhBi 0 3(12) 2(32) 2(24) 1(4)
5 3(12) 2(32) 2(24) 1(4)

Fig. 7. Critical points (CPs) of ZrXBi (X ¼ Co, Rh) compounds at zero pressure calcu-
lated using the GGA þ U with Ueff ¼ 6 eV.
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the Zr- and X-atoms, as labeled by b2, where X ¼ Co, Rh. As can be
seen from the data presented in Table 5, the ZrXBi compound has
one non-equivalent CCP for X ¼ Co, Rh. This CCP is located on the
(011)-plane for both the compounds at both the pressures, as
shown in Fig. 9. The results, as presented in Fig. 9, show that there
are not any CPs on the lines connecting the Zr atoms in (011)-planes
of the compounds at both the considered pressures.

As discussed in Sec. 1, bond properties can affect the thermo-
electric properties of materials. Therefore, the BCP properties of
ZrCoBi and ZrRhBi cases are discussed below in more details. The
BCPs and their properties are tabulated in Table 6 for ZrCoBi and
ZrRhBi at zero and 5 GPa pressures. In this table, MULT is the
multiplicity of the BCPs in the unit cell, d1 is the distance between
BCP and ATOM1, d2 is the distance between BCP and ATOM2,dd1� b� d2 is the angle between ATOM1, BCP, and ATOM2 in de-
gree, r, and V2r are the values of ECD and its Laplacian evaluated at
BCPs, respectively. Based on the data tabulated this table, ZrCoBi
and ZrRhBi have some different BCP properties. The r and V2r

values of BCPs between Bi and X atoms, i.e. b1, and BCPs between Zr
and X atoms, i.e. b2, in Co-case are less than those in the Rh-case at
zero and 5 GPa pressures. Moreover, the r value at b1 is slightly
more than that at b2 for X ¼ Co at zero and 5 GPa pressures, while
this trend is reversed for X ¼ Rh. Furthermore, b2 is closer to
(farther from) X than Zr when X ¼ Co (X¼ Rh) at both the
considered pressures. According to Table 6, imposing pressure in-
creases the r and V2r of BCPs for both of the Co- and Rh-cases.
Although the d1 and d2 are changed by pressure, the d1

d2 fraction
of BCPs is not drastically changed by imposing pressure. Thedd1� b� d2 degrees are not also strongly related to the pressures
or X atoms, for X¼Co, Rh; the dd1� b� d2 degrees are very close to
180+ for both cases at zero as well as 5 GPa pressure.

A large value of r and a large negative value of V2r at a BCP may

provide a covalent bond [45,46]. In contrast, a small value of r and a
large positive value of V2r at a BCP may provide an ionic bond
[45,46]. However, our results show small values for both of the r
and positive V2r at all the BCPs of the considered cases. This can be
taken as an indication to the fact that the ZrXBi (X¼Co, Rh)may not
be considered as purely ionic or purely covalent compounds.
Instead, they may be composed of a mixture of ionic and covalent
bonds such as LiH and NaH compounds as previously reported by
Lixian Zhang and coworkers [45]. Although the r and V2r of BCPs
are increased by imposing pressure, this latter result remains valid
at P¼ 5 GPa, as well.

Stability of a bond can be quantified by the directionality which
can be defined by two components: [15,47]

tana¼
ffiffiffiffiffiffi
l⊥
lk

s
; tanb ¼

ffiffiffiffiffiffiffi
l’⊥
lk

s
; (2)

where a and b angles represent the extreme angles of the elliptic
cone constructed by the Hessian of charge density at the BCP and
surrounding the bond path. The lk is the positive eigenvalue of ECD
Hessian matrix at the given BCP and represents the principal cur-
vature along the bond path. The l⊥ and l’⊥ (jl⊥j � jl’⊥j) are two
negative eigenvalues of ECD Hessian matrix at the given BCP and
represent the principal curvatures perpendicular to the bond path.

Fig. 8. CPs (c, b, r characters), and flux lines generated by VrðrÞ (green curves), as well
as V2rðrÞ (red curves) in the (001)-plane of ZrXBi (X ¼ Co, Rh) compounds at zero and
5 GPa pressures calculated using the GGA þ U with Ueff ¼ 6 eV. The (ai) [(bi)] labels
with i ¼ 1;2 refer to the zero [5 GPa] pressure, while the i ¼ 1½i¼ 2� index refers to the
X¼ Rh [X ¼ Co]. (For interpretation of the references to color in this figure legend, the
reader is referred to the Web version of this article.)

Fig. 9. CPs (c, b, r characters), and flux lines generated by VrðrÞ (green curves), as well
as V2rðrÞ (red curves) in the (011)-plane of ZrXBi (X ¼ Co, Rh) compounds at zero and
5 GPa pressures calculated using the GGA þ U with Ueff ¼ 6 eV. The (ai) [(bi)] labels
with i ¼ 1;2 refer to the zero [5 GPa] pressure, while the i ¼ 1½i¼ 2� index refers to the
X¼ Rh [X ¼ Co]. (For interpretation of the references to color in this figure legend, the
reader is referred to the Web version of this article.)
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Larger values of directionality means that the bond is further from
the topological instability. The directionality of bonds of ZrXBi
(X ¼ Co, Rh) compounds are tabulated in Table 7. From the data
presented in this table, one observes that the tana and tanb of the
b1 BCP in ZrRhBi case are slightly more than those in ZrCoBi case at
both the considered pressures. Similar trend can be seen for the b2
BCP. Thus, it can be concluded that the BCPs in Rh-case are slightly
more stable compared to the Co-case. Comparing the tana and tanb
of b1 (b2) BCPs in Co-case at zero and 5 GPa pressures shows that
imposing this pressure does not change (increases) the stability of
b1 (b2) bond. The same result is seen for the ZrRhBi case.

In Table 7, ellipticity (ε) of BCPs are also represented. The ellip-
ticity of a bond provides a measure of the extent to which charge is
accumulated in the plane constructed by the eigenvectors with
negative eigenvalues and is defined as [9]:

ε¼ jl⊥j
jl’⊥j � 1; jl⊥j> jl’⊥j; (3)

Bonds with ε ¼ 0 have cylindrical symmetry. Thus, this quantity
shows the deviation from the cylindrical symmetry. As presented in
Table 7, the ε parameter is zero for all of the BCPs in Co- and Rh-case
at zero and 5 GPa pressures. This shows that BCPs of these cases
have cylindrical symmetry.

6. Conclusion

In this work, we have investigated the structural and electronic
properties, including densities of states (DOSs), band structures,
and electron charge densities (ECDs), as well as topology of ECDs
(TECDs) of two half-Heusler ZrCoBi and ZrRhBi compounds using a
combination of the density functional theory (DFT) and quantum
theory of atoms in molecules (QTAIM). Thermoelectric parameters

of these compounds, including Seebeck coefficient and electrical
conductivity are also calculated at zero pressure and room tem-
perature. Structural properties calculations are carried out in
different magnetic phases, including non-magnetic (NM), ferro-
magnetic (FM) and ferrimagnetic (Ferri). Based on the results, FM
and Ferri phases are more stable than NM phase. Even though FM
and Ferri have approximately the same ground state energy, our
enthalpy calculations at zero pressure show more stability for the
FM phase than the Ferri phase. Based on our calculations, GGA þ U
approach with Ueff ¼ 6 eV predicts the structural properties of the
compounds under study in agreement with the experimental data.
The electronic structural calculations indicate the DOS of Co-case
has a sharp peak near the Fermi level, while for the Rh-case the
peak of DOS is further from the Fermi level and broader than that
for the Co-case. Our band structure calculations show smaller band
gap for the Rh-case than Co-case. These calculations also reveal
higher effective mass of the carriers in ZrCoBi than ZrRhBi. Our
electronic structure results predict higher electrical conductivity
and lower Seebeck coefficient for the ZrRhBi compared to the
ZrCoBi. These predictions are validated by our thermoelectric cal-
culations. Our calculations show that imposing pressure slightly
increases the band gaps of systems under study, but does not
change the shapes of the bands and DOSs drastically. According to
the TECD calculations, the cases under study have similar numbers
and types of critical points (CPs). For both cases, only the bond
critical points (BCPs) are seen between the Zr-X and Bi-X (X ¼ Co,
Rh) atomic positions, while between ZreZr and ZreBi atoms the
ring critical points (RCPs) are observed. Although both cases have
similar numbers and types of CPs, they have different BCP prop-
erties. The BCPs of Rh-case are more stable than those of the Co-
case. Moreover, there are more charge value (r) at BCP positions
of the Rh-case than Co-case. All of the BCPs in both cases have
cylindrical symmetry at both the considered pressures. Based on
the TECD results, the numbers and types of the CPs are not changed
by imposing pressure, however, the r value and its Laplacian (V2r)
are increased by imposing pressure. Moreover, the stability of BCPs
between Zr and X atomic positions are slightly decreased by
imposing pressure for both of the compounds. The results pre-
sented in this work may be used for further studies to improve the
thermoelectric efficiencies of these materials.

Declaration of competing interest

The authors declare that they have no known competing

Table 6
BCPs and their properties, including MULT as multiplicity of the BCPs in the unit cell; d1 as the distance between BCP and ATOM1; d2 as the distance between BCP and ATOM2;dd1� b� d2 as the angle between ATOM1, BCP, and ATOM2 in degree; r, and V2r as the values of ECD and its Laplacian evaluated at BCPs for ZrCoBi and ZrRhBi at zero and
5 GPa by GGA þ U functional with Ueff ¼ 6 eV.

P ¼ 0

BCP MULT ATOM1 ATOM2 d1 (bohr) d2 (bohr) d1
d2

dd1� b� d2 r

�
elec
bohr3

� 110�2
�

V2r

�
elec
bohr5

� 110�2
�

ZrCoBi b1 16 Co Bi 2.3199 2.7499 0.8436 179.9985 4.8621 6.8265
b2 16 Co Zr 2.5144 2.5554 0.9839 179.9987 4.8247 3.2287

ZrRhBi b1 16 Rh Bi 2.5484 2.7074 0.9413 179.9999 4.8824 7.9546
b2 16 Rh Zr 2.7533 2.5026 1.1002 179.9961 4.9726 4.8325

P¼ 5 GPa
BCP MULT ATOM1 ATOM2 d1 (bohr) d2 (bohr) d1

d2
dd1� b� d2 r

�
elec
bohr3

� 110�2
�

V2r

�
elec
bohr5

� 110�2
�

ZrCoBi b1 16 Co Bi 2.2927 2.7130 0.8451 179.9984 5.1430 7.3602
b2 16 Co Zr 2.4838 2.5219 0.9849 179.9990 5.0946 4.2092

ZrRhBi b1 16 Rh Bi 2.5109 2.6800 0.9369 179.9999 5.4094 8.7162
b2 16 Rh Zr 2.7197 2.4712 1.1006 179.9964 5.3793 5.5002

Table 7
Directionality represented by tana and tanb accompanied by ellipticity ε of bonds of
ZrXBi (X ¼ Co, Rh) compounds at zero pressure as well as 5 GPa calculated within
GGA þ U functional with Ueff ¼ 6 eV.

ZrCoBi ZrRhBi

P (GPa) BCP tana tanb ε BCP tana tanb ε

0 b1 0.42 0.42 0.00 b1 0.43 0.43 0.00
b2 0.58 0.58 0.00 b2 0.55 0.55 0.00

5 b1 0.42 0.42 0.00 b1 0.43 0.43 0.00
b2 0.56 0.56 0.00 b2 0.54 0.54 0.00
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