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This Supplemental Material (SM) accompanies the main paper titled "Temperature-dependent magnetiza-
tion and susceptibility of Tm3* in LiTmFy: integrating DFT, crystal field, superposition model, and thermody-
namic under an external magnetic field" and delves into the crystalline structure surrounding the Tm3* ion in
LiTmFy. It presents data including positional parameters, bond lengths, and angular coordinates relevant to
the ligands within the unit cell. Furthermore, this SM describes how non-interacting localized R** magnetic
ions interact with an external magnetic field. It emphasizes the basic concepts of dipole interactions, Langevin
and Brillouin functions, and sheds light on how these ions behave under different thermal and magnetic cir-
cumstances, highlighting the influence these factors have on the system’s magnetization and susceptibility.
The primary objective is to compare the results computed numerically for our interacting LiTmF4 system in
the presence of an external magnetic field discussed in the main paper with those derived analytically for a
non-interacting model when exposed to an external magnetic field. We discuss the method used for investi-
gating the non-interacting paramagnetic system, establishing it as an extreme reference point. We compare
this with the results obtained for the interacting system, analyzed through the use of density functional theory
(DFT) combined with crystal field theory (CFT), or DFT+CFT, complemented by statistical mechanics. At the
extreme limit, the non-interacting system serves as a benchmark for validating our results, as we expect both
the non-interacting and interacting systems to converge at this point. This comparison is crucial for checking
the consistency and accuracy of our findings for the non-interacting system against the theoretical predictions
for the interacting system. Consequently, this SM provides a thorough validation of the conclusions presented
in the main paper. In the Van Vleck section, we further elucidate the nuances of Van Vleck paramagnetism,
demonstrating its significance across various rare-earth ions and conditions. This section underscores the in-
sights regarding the non-necessity of a zero ground state angular momentum for Van Vleck paramagnetism
and its temperature-independent magnetic susceptibility inside crystalline environment, offering an under-
standing of the magnetic properties in complex systems.

SI. CRYSTAL STRUCTURE DATA USED FOR THE
SPM/CFPs CALCULATIONS

In this section, we examine the LiTmF, crystal structure,
as shown in Fig. S1. This figure divides into two parts: the ba-
sic unit cell of LiTmF, and the detailed area around the Tm>*
site, which can be seen from various directions due to differ-
ent coordinate systems. The unit cell part of the image offers
a glimpse into the complicated arrangement of atoms and the
connections between them within the crystal. Understanding
the shape of the unit cell, including the positions of atoms
and the lengths of bonds between them, helps in figuring
out how the crystal behaves overall. The Tm>" site is a spe-
cial spot in the structure where many important connections
with nearby atoms happen. This site plays a role in determin-
ing the features of the LiTmF, material. The different orien-
tations of the coordinate systems in the figure help us visu-
alize these complex interactions more clearly and from vari-
ous perspectives. These orientations provide a multi-faceted
view, enabling a visualization of the interactions occurring at
the microscopic level.
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SII. SPM/CFPs CALCULATIONS

In this section, we concentrate on the calculations related
to the superposition model (SPM) and crystal field param-
eters (CFPs), central to understanding the behavior of the
Tm?>* ions in the LiTmF, crystal structure. In Table S1, we
present details regarding the spatial relations between the
central Tm atom and its adjacent fluoride (F) ligands, from F1
to F8, within the unit cell of the LiTmF; compound. Please
note that all fluoride ions are equivalent, meaning they oc-
cupy symmetrical positions within the structure. The orig-
inal Cartesian coordinates of these atoms are denoted as
(x/a,y/b, z/c), with reference to the respective lattice param-
eters where a = b = 5.1450 A and ¢ = 10.6400 A. A significant
portion of our analysis hinges upon the translation opera-
tion applied to the initial position of the Tm atom, which was
previously positioned at (0.50000, 0.25000,0.37500). Through
the application of a constant vector, we managed to reposi-
tion the Tm atom at the origin, leading to a change in the ref-
erence frame for the surrounding ligand atoms as well. The
redefined coordinates, denoted as (x’/a,y’/b,z’ [c) in the ta-
ble, serve to underscore the relative positions of the F ligands
to the newly centered Tm atom. These relative coordinates
are essential for our ensuing discussion on bond lengths and


mailto:sjalali@sci.ui.ac.ir

F5

FIG. S1. The scheelite structure of the LiTmF, crystal. (a) High-
lighted within the gray tetragonal crystal system is the conventional
unit cell, illustrated alongside the respective coordinate axes. (b)
This panel offers a closer look at the local structural arrangement at
the Tm3* site, where it is surrounded by 8 fluoride ligands, labeled
F1 to F8, viewed from the ’a’ direction. In this illustration, the green
spheres represent Li ions, blue signifies Tm ions, and the gray ones
denote F ions.

TABLE S1. The table depicts the relative positions of the Tm atom
and its eight neighboring ligand atoms (F1 to F8) within the LiTmF4
unit cell, denoted in Cartesian coordinates as (x/a, y/b,z/c). The
coordinate values are relative to the corresponding lattice param-
eters (a,b,c), where a = b = 5.1450 A and ¢ = 10.6400 A. Ad-
ditionally, a translation operation has been applied using a con-
stant vector corresponding to the initial position of the Tm atom
(0.50000, 0.25000, 0.37500), repositioning the Tm atom to the origin.
The positions post-translation are indicated as (x"/a,y’ /b, 2z’ /c).

Bond x/a y/b z/c x'/a y'/b Z'/c

Tm 0.50000 0.25000 0.37500 0.00000 0.00000  0.00000
F1 0.27685 0.41937 0.54122 -0.22315 0.16937 0.16622
F2 0.72315 0.58063 0.45878 0.33063 0.33063 0.08378
F3 0.83063 0.02685 0.29122 0.33063 -0.22315 -0.08378
F4 0.66937 0.47315 0.20878 0.16937 0.22315 -0.16622
F5 0.72315 0.08063 0.54122 0.22315 -0.16937 0.16622
Fe 0.27685 -0.08063 0.45878 -0.22315 -0.33063 0.08378
F7 0.16937 0.47315 0.29122 -0.33063 0.22315 -0.08378
F8 0.33063 0.02685 0.20878 -0.16937 -0.22315 -0.16622

TABLE S2. Details of the bond lengths (R;) in A and spherical angles
(0; and ¢;) in degrees between the central Tm atom and its surround-
ing 8 Fligands (F1 to F8), as utilized in Eq. 17 in the main paper. Refer
to Fig. S1 for the visualization of the MLy, complex structure, where
M represents the metal (Tm), L represents the ligand (F), and n in-
dicates the number of ligands surrounding M (8). The R;, 6;, and ¢;
in this table are found from the positions post-translation indicated
as (x’/a,y’/b,z’ /c) in Table S1. All fluoride ions are equivalent.

Bond R; 0; oi

(F1-Tm) 2.28156 39.1787 142.8016
(F2-Tm) 2.23752 66.5230 55.9837
(F3-Tm) 2.23752 113.4770 -34.0163
(F4-Tm) 2.28156 140.8213 52.8016
(F5-Tm) 2.28156 39.1787 -37.1984
(F6-Tm) 2.23752 66.5230 235.9837
(F7-Tm) 2.23752 113.4770 145.9837
(F8-Tm) 2.28156 140.8213 232.8016

TABLE S3. The crystal field parameters (CFPs), denoted as By,
computed utilizing the semiempirical superposition model (SPM) to
align with the average CFPs presented in Table 1 of the main paper.
The parameters were fitted based on the averaged data available in
Table 1 of the main article.

Compound  Bzg Bay  Baa Bas—a Bep Besa  Be-a
LiTmF4 373 -699  -619 555 39 -771 573
LiYF4 Tm3t 357 -630  -563 504 -47 920 -684

angles, as they present a clearer image of the spatial relation-
ships and bonding configurations within the complex. As we
can observe, the translated coordinates reveal a symmetri-
cal distribution of ligands around the Tm atom, hinting at a
probable geometrical structure which could be further ana-
lyzed for its properties and behavior. It is particularly inter-
esting to note the symmetrical arrangement in the translated
coordinates, indicating the ligands might be forming a highly
ordered structure around the Tm atom.

The data showcased in Table S2 elucidates the bonding re-
lationships between the central Tm atom and its adjacent 8 F
ligands (F1 to F8), as encapsulated in the metal-ligand com-
plex ML,, visually represented in Fig. S1. Here, the Tm atom
signifies the metal (M), and the F ligands embody the lig-
ands (L) surrounding the metal, with 'n’ denoting the count
of these ligands, which is 8 in the present instance. A deeper
inspection of the bond lengths (R;) in A, and the spherical an-
gles (6; and ¢;) in degrees present a perspective on the geo-
metrical nuances of the complex. The bond lengths are con-
sistent, showing two distinct groups; the (F2-Tm), (F3-Tm),
(F6-Tm), and (F7-Tm) bonds have a length of 2.23752 A while
the (F1-Tm), (F4-Tm), (F5-Tm), and (F8-Tm) bonds are slightly
longer, measured at 2.28156 A. When it comes to spherical
angles, we notice significant variations which point towards
a complex, possibly non-symmetrical, geometric structure.
The 0; values range from 39.1787° to 140.8213°, and ¢; val-
ues are spread across a wide range, indicating a rich three-
dimensional geometric structure. These bonding parameters
play an indispensable role in Equation 17, outlined in the
main paper, where they are derived from the transformed
coordinates (x"/a,y’ /b, z’ /c), detailed in Table S1. To under-
stand the intricate details of these relations and the potential
implications it has on the crystal structure surrounding the
Tm3* ion, a thorough analysis of the positional parameters
detailed in Table S1 is warranted. This will provide a more
holistic view of the interactions and the spatial arrangement
within the metal-ligand complex.

Following the structural analysis, we present the results of
our SPM/CFPs calculations. The parameters A,(R), A4(Ry),
and Ag(R), alongside the values of t,, t4, and t; have been
calculated to be in alignment with general trends observed
in the literature, showcasing the validity of our model. These
trends are clearly represented as A;(Rg) > A4(Rg) > Ag(Ro)
and t; < t4 < t5. The reference distance adopted in our cal-
culations is Ry = Rggy = 2.2595 A.

We have successfully derived all 7 CFPs for the S4 (Tetrag-



onal IT) local site symmetry found at Tm>* centers, the details
of which are documented in Table S3. Notably, the parame-
ters B20, Byo, and By align well with the average values tab-
ulated in Table I of the main paper. This third table illustrates
the calculated CFPs (Bg) based on the SPM, showing a match
satisfactorily with the average CFPs found in Table L
Furthermore, we believe that these derived SPM model pa-
rameters are not confined to the study of LiTmFy crystal but
can be applied to similar systems encompassing F-ligands
complexes, thus widening the scope and applicability of our

findings.

SIII. NON-INTERACTING ENSEMBLE OF LOCALIZED R**
MAGNETIC IONS IN MAGNETIC FIELD

Simulating paramagnetism can introduce challenges due
to the inherent difficulties in presenting noncollinear mag-
netism accurately using the standard collinear methods avail-
able in the density functional theory (DFT) based codes such
as WIEN2k code [1]. These complexities necessitate the use
of more advanced and time-consuming techniques such as
the noncollinear magnetism version of the WIEN2k code, em-
bodied into the WIENncm code [2], or the application of DFT
augmented with dynamic mean-field theory (DFT+DMFT), a
feature implemented in the embedded DMFT (eDMFT) code
[3]. However, as observed in our recent work [4], these tech-
niques come with a high computational cost. To this end,
we utilize the DFT plus crystal field theory (CFT), DFT+CFT,
method paired with statistical mechanics to investigate the
properties of this insulating Van Vleck paramagnetic com-
pound.

In this section, we focus on analyzing an ensemble of non-
interacting localized R*" magnetic ions under the influence
of an external magnetic field, adopting a statistical mechan-
ics approach within a canonical ensemble framework. This
non-interacting system serves as a theoretical benchmark,
representing an extreme limit scenario for our LiTmF, system
under study, as elaborated in the main paper. It is notewor-
thy that our main paper explores the paramagnetic LiTmF,
system in a similar manner to this non-interacting system,
applying statistical methods to investigate the paramagnetic
phase of the system. A key distinction between the two stud-
ies resides in the method employed to evaluate the energies
involved. For the non-interacting system, we are able to de-
rive energies analytically due to its straightforward nature,
an approach not feasible with the interacting system. In con-
trast, the interacting system demands the utilization of the
DFT+CFT approach to derive energies, forming the basis for
constructing the canonical partition function, a crucial step
in computing the magnetic moment. In fact, this section aims
to elucidate how the statistical mechanics method applied to
non-interacting paramagnetic systems can be extended to an-
alyze interacting systems. Additionally, it intends to establish
the findings of the interacting system as an extreme reference
point for comparison with the results garnered through the
DFT+CFT+"Statistical Mechanics" approach for the interact-
ing system, see Figs. 2 and 3 of the main paper.

We consider a system of non-interacting N localized mag-
netic dipoles m in an external magnetic field B. On the other
words we only pay attention into the interaction between
dipoles and external magnetic field. The energy of dipoles
is [5]:

N N N
E=—Z€,~=—Zm.B=—mBZcosei, (S1)

where 6; is the angle between magnetic dipole and external
magnetic field. The partition function is

Oon =0V, (S2)

where

Q) = Z exp(fmBcos0), (S3)

0

where f is 1/kgT and kg is the Boltzmann constant. In the
classical point of view

21 T
Q1= / / exp(fmB cos 0) sin 0d0dyp
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The mean magnetic moment of the system is

N o
M, = F 3B In Q1(p) (S5)

= NmL(pmB),

weher L(x) is Langevin function and x is fmB.
1
L(x) = coth(x) — —. (S6)
x

For x > 1, the L(x) approaches to unity, and for x < 1, the

L(x) x/3 — x3/45. The latter L(x) gives the susceptibility in

the lowest approximation y = C/T where C is curie constant.
For free atoms or ions, the Zeeman Hamiltonian is

Hy = ypgB.J, (87)

where J is the total angular momentum number and g is the
Landé’s g-factor [6] which can be written as:

_JU+1)(gr +gs) + {L(L+1) = S(S+ 1)} (gL —95)68
I 2JJ+1)

If g = 1 and gs = 2, then it can be simplified as:

3 S(S+1)-L(L+1)
27 20(J+1) (59)

where S, L, and J are the spin, orbital and quantum num-

bers, respectively. The Landé factor reduces to 2 (1), if the

net angular momentum of the rare earth ion is due solely to
3 S(S+1)-0 _
T 256

3
3,1 _ 4 _ _ _ 3, 0L+ _ 3 _1_2_
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)

electron spins (orbitals); viz. g (S,L=0,]) =



There are the following relations between g (S, L, J), S, L, and
J=L+S:
L=(2-g(SL]))J,
S=(g(SLJ)-1)J,
L+2S=g(SL]J) J.

(S10)

It is worth to highlight that the g-factor in atoms, as defined
and used in this SM document, and the g-tensor in the context
of crystal fields in solids, as defined in Sec. II A and calculated
and discussed in Sec. IV D of the main text, refer to related but
distinct concepts, primarily differing in their application and
complexity due to the environment surrounding the atoms
or ions.

The g-factor in atoms is a dimensionless quantity that
characterizes the magnetic moment and angular momentum
of an atom or a free particle. It is typically used in the context
of free atoms or particles where the electronic environment
is relatively simple and spherically symmetric. The g-factor
is often associated with the Zeeman effect, where it describes
how atomic energy levels split under an applied magnetic
field. it is a scalar quantity, meaning it has magnitude but
no direction, and is usually denoted simply as g.

The g-tensor in solid-state physics, particularly in the con-
text of crystal fields, refers to a tensorial generalization of
the atomic g-factor. In crystals, the electronic environment
of atoms or ions can be anisotropic due to the crystal field
(the effect of the electric fields of surrounding ions). This
anisotropy leads to the g-factor becoming a tensor (the g-
tensor), meaning it varies depending on the direction in the
crystal lattice. The g-tensor is a 3 X 3 matrix that reflects the
anisotropic nature of the magnetic interactions in the solid. It
is essential for describing phenomena like electron paramag-
netic resonance (EPR) or magnetic resonance imaging (MRI)
in solid materials. The components of the g-tensor give infor-
mation about how the magnetic properties, like the magnetic
moment and Zeeman splitting, vary with the direction of the
applied magnetic field in the crystal lattice.

In summary, while the atomic g-factor is a simpler, scalar
quantity used for free atoms or particles, the g-tensor in crys-
tal fields is a more complex, matrix-based representation that
accounts for the directional dependence of magnetic proper-
ties in the anisotropic environment of a solid-state crystal.

The relation between magnetic dipole moment m and its
angular momentum J for free atom or ion is:

e
m = J, S11
(g 5 mec) (S11)
where m, is the mass of electron, c is the light velocity. By
considering the z axes in the direction of magnetic field the

component of magnetic moment in the direction of the mag-
netic field will be:

m; = gugmy, (S12)

where mj is the magnetic quantum number. The energy of
the dipole in the magnetic field B is:

&e=-m.B. (S13)

From the following single-dipole partition function:

J

Q= exp(BgupBmy),
m]:—]

(S14)

the z component of magnetic moment M, can be obtained as:

N o
M, —InQ.

Thus, the z component of the magnetic moment of a single
dipole is:
M; = gupJB;(x), (S16)

where Bj(x) is the Brillouin function [5]

Bj(x) = (1 + %) coth

(1+%)x] - %coth[%x], (S17)

where x = fgupJB. The Brillouin function, which is paramet-
rically dependent on J, can be represented across a range of
J values, demonstrating specific asymptotic behaviors. No-
tably, in the limit as J approaches infinity, the Brillouin func-
tion converges to the classical Langevin function, denoted as
Bo(x) = L(x), as expressed in Eq. (S6). Conversely, for | = %
it simplifies to the hyperbolic tangent function, expressed as
Bi/2(x) = tanh(x), illustrating the function’s versatility in
modeling magnetic response.

In strong field and low temperature Bj(x) =~ 1. If gugJB
is small compared to the kgT at high temperatures and/or
weak fields, the magnetic susceptibility is constant and given
by Curie’s law:

M _FugJJ+ DN
=BT kT V

C
T (S18)
The temperature dependence of magnetic moment and
susceptibility for Tm*" ion in LiTmF, is discussed in sub-
section E of the main paper. Specifically, in Figs. 2 and 3,
we show the changes in magnetization and magnetic sus-
ceptibility with respect to temperature variations, under the
influence of a 0.1 T external magnetic field, utilizing our
DFT+CFT/SPM method. Moreover, In Figs. 2 and 3 of the
main paper, we analyze the changes in magnetization and
magnetic susceptibility as functions of temperature. These
analyses are based on two separate approaches: one involves
a non-interacting ensemble of localized R** magnetic ions
influenced by a magnetic field, and the other is based on
a Hamiltonian that describes the behavior of magnetic ions
within the crystal structure subjected to an external magnetic
field. Furthermore, we compared the magnetic susceptibility
behaviors of both models with experimental data, as shown
in Figs. 2 and 3 of the main paper, and discussed in subsec-
tion D. At high temperatures, both models approach well to
the experimental data, however, at lower temperatures, the
interacting model yields more accurate results.



SIV. VAN VLECK PARAMAGNETISM

In this section, we aim to discuss that Van Vleck param-
agnetism can occur even if the total angular momentum J
is nonzero, and it can depend on temperature within a crys-
talline environment at high temperatures.

According to Eq. (2.47) of Ref. [7], when ] is zero in the
ground state, the system exhibits no paramagnetic effect, in-
dicating that applying a magnetic field does not alter the
ground state energy, hence no paramagnetic susceptibility.
This statement holds true within the realm of first-order per-
turbation theory. However, second-order perturbation the-
ory suggests a modification in the ground state energy E,,
due to the inclusion of excited states. This alteration for an
ion with J = 0 is captured by Eq. (2.48) in Ref. [7], which
considers both diamagnetic contributions and the interaction
with excited states. The formula for magnetic susceptibility
is expressed in Eq. (2.49) of Ref. [7] as:

2
2

z
_ €l 2
o )

(S19)
where the first term relates to Van Vleck paramagnetism and
the second to conventional diamagnetic susceptibility, both
described as small and temperature-independent, aligning
with the discussions in Eq. 2.15 of Ref. [7].

In discussing the nuances of Van Vleck paramagnetism,
two critical insights emerge. Firstly, the zero ground state an-
gular momentum (J = 0) is not a prerequisite for Van Vleck
paramagnetism. This distinction is supported by experimen-
tal and empirical observations, highlighting the depth and
versatility of paramagnetic behaviors. The Van Vleck effect
is crucial for understanding the magnetic properties of rare-
earth ions, particularly in cases like Eu’*, which exhibits a
nonmagnetic ground state with /] = 0 and an excited state
with J = 1at 330 K, contributing to paramagnetic susceptibil-
ity as shown in Table 4.5 of Ref. [8]. However, this effect is not
limited to Eu3*; it is also significant for other rare-earth ions.
For example, Sm* witha J =5 ground state, has a closely
lying excited state with J = 7/2 at 1225 K. Furthermore, the
Van Vleck effect has been experimentally observed for Tm>*
ion with J = 6 in LiTmF, at low temperatures and high mag-
netic fields, as reported by Abubakirov et al. [9], highlighting
its relevance across a variety of compounds and conditions.
Therefore, the significance of taking into account the excited
J-multiplets for the Tm** ion within the studied compound is
crucial by the Van Vleck paramagnetism observed. Secondly,
this paramagnetism exhibits temperature-independent mag-
netic susceptibility at low temperatures and in dilute systems,
ahallmark of quantum mechanical effects. Conversely, at ele-
vated temperatures or within a crystalline field, susceptibility
may become temperature-dependent, underscoring the com-
plex interplay between thermal energy and electronic states.
Abubakirov et al. [9] experimentally and empirically stud-
ied temperature dependencies of magnetization in LiTmF, in
two key orientations: within the (001) plane at angles corre-

[(01(z- +g5:)| n)
E,—-E,

N
X=5v 2#1232":

sponding to maximum and minimum susceptibility, ¢ = ¢ppax
and ¢min, and along the [001] axis. Consistent with theo-
retical predictions for dilute crystals, the magnetization re-
mained constant below 8 K, underscoring the characteristic
temperature independence of Van Vleck paramagnets. No-
tably, along the [001] axis, magnetization exhibited a non-
monotonic temperature relationship, a common trait among
Van Vleck paramagnets in orientations of minimal suscepti-
bility. This behavior is attributed to the larger magnetic mo-
ments of magnetic ions in excited crystal field (CF) states.
The observed temperature independence below 8 K also in-
dicates a minimal presence of impurities, which would other-
wise introduce conventional paramagnetism. The referenced
studies on Tm>" ions in LiTmF, [9], YVO, [10], and LiYF,
[11] lattices provide a theoretical and experimental basis for
understanding the temperature-independent magnetization
below 8 K and nonmonotonic temperature dependence ob-
served in LiTmF,. These behaviors are characteristic of Van
Vleck paramagnets, explained by the larger magnetic mo-
ments of Tm>" ions in excited crystal field states. The con-
nection highlights the crucial role of crystal field parameters
in determining the magnetic and thermal properties of such
materials, emphasizing the purity of the samples and the min-
imal influence of conventional paramagnetism.

In summary, Van Vleck paramagnetism is not limited to
J = 0. The characteristic temperature independence of
Van Vleck paramagnetism can occur in dilute gases at low
temperatures, while it may exhibit temperature dependence
within crystalline environments at higher temperatures.

LIST OF ABBREVIATIONS
Abbreviation Definition
DFT Density Functional Theory
CF Crystal Field
CFT Crystal Field Theory
CFPs Crystal Field Parameters
DMFT Dynamical Mean Field Theory
eDMFT embedded Dynamical Mean Field Theory
DFT+DMFT Density Functional Theory +
Dynamical Mean Field Theory
SPM Superposition Model
CQs Conserved Quantities
SM Supplemental Material (SM)
MCFT Multiple Correlated Fitting Technique
FP-APW Full-Potential Augmented Plane Waves
Exp. Experimental
Emp. Empirical
A Hybridization Parameter
T Tesla
Vo Van Vleck
Reg. Regression
Zeem. Zeeman
DFT+CFT+A+Zeem.+Reg.  Density Functional Theory +
Crystal Field Theory +

Hybridization Parameter +
Zeeman Effects + Regression



SPM+CFT+A+Zeem.+Reg.  Superposition Model +
Crystal Field Theory +
Hybridization Parameter +

Zeeman Effects + Regression
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