
Supplemental Material (SM):
Crystal Field Induced Defect Compensation in Gd-Doped PbTiO3 Preserving Ferroelectricity

and f–Electron Magnetism with Finite-Temperature Multifunctionality

Leila Mollabashi,1 S. Jalali-Asadabadi,1, ∗ Shahrbano Rahimi,1 Czesław Rudowicz,2 and Muhammed Acikgoz3

1Department of Physics, Faculty of Physics, University of Isfahan (UI), Hezar Jerib Avenue, Isfahan 81746-73441, Iran
2Faculty of Chemistry, A. Mickiewicz University (AMU), 61-614 Poznań, Poland

3Department of Science, The State University of New York (SUNY) Maritime College, New York 10465, USA

This Supplemental Material (SM) supports the main article entitled "Crystal Field Induced Defect Compen-
sation in Gd-Doped PbTiO3 Preserving Ferroelectricity and f–Electron Magnetism with Finite-Temperature Multi-
functionality” by furnishing an extensive theoretical and computational foundation for the reported findings.
Given the intricate coupling of magnetic and ferroelectric degrees of freedom in Gd-doped PbTiO3, especially
in the presence of charge-compensating defects and symmetry-reducing site substitutions, this SM offers a sys-
tematic exposition of the advanced methods employed to elucidate the origins of room-temperature multifer-
roicity. We detail two complementary crystal field modeling strategies—hybrid DFT+CFT and semi-empirical
SPM+CFT—used to extract symmetry-resolved crystal field parameters and magnetic anisotropy tensors for
Gd3+ ions under tetragonal and orthorhombic ligand environments. The temperature-dependent magnetic
susceptibility is further analyzed via Zeeman and Van Vleck tensor regression, setting the stage for paramag-
netic response modeling up to room temperature. Spontaneous polarization is computed using Berry phase
formalism, highlighting how defect-assisted lattice distortionsmodulate ferroelectricity. Electronic and optical
band gaps are rigorously evaluated through TB-mBJ and JTSKTB-mBJ schemes, supported by Tauc analysis of
the dielectric function. Additionally, a topological analysis of all-electron charge density via QTAIM quanti-
fies charge transfer, oxidation states, and defect-driven redistribution. Comprehensive details of the DFT pro-
tocols—including supercell design, Hubbard * parameterization, spin-polarized ground state sampling, and
defect energetics—are presented to ensure reproducibility and to enable future extensions. Together, these
methodologies reinforce and validate the mechanisms proposed in the main article, linking site-selective Gd
doping, defect compensation, and local symmetry breaking to the stabilization of multiferroicity at elevated
temperatures.

SMI. INTRODUCTION

The emergence of multiferroicity in lanthanide-doped per-
ovskite oxides has galvanized interest in the interplay be-
tween lattice, spin, charge, and orbital degrees of free-
dom—particularly in systems where defect engineering and
site-specific doping act as levers for tuning functionalities.
Among these, Gd-doped PbTiO3 (PTO) represents a proto-
typical platform, capable of simultaneously supporting long-
range ferroelectric order and localized magnetic moments
under appropriate symmetry and charge-compensation con-
ditions. The main article demonstrates that judicious con-
trol of Gd site occupancy and compensating vacancy type can
stabilize room-temperaturemultiferroic behavior in PTO, but
such conclusions rest on a complex foundation of intertwined
theoretical, numerical, and symmetry-driven insights.
This Supplemental Material is designed to unravel those

layers and provide a rigorous methodological blueprint for
the computational protocols and physical interpretations
presented in the main manuscript. It offers a comprehen-
sive exposition of the theoretical tools used to probe the
structural, magnetic, dielectric, and electronic properties of
pristine and Gd-doped PTO. Particular focus is given to
the hybrid crystal field modeling schemes—DFT+CFT and
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SPM+CFT—that extract symmetry-resolved crystal field pa-
rameters for Gd3+ ions under both tetragonal and orthorhom-
bic distortions. These parameters inform the calculation of
Zeeman and Van Vleck tensors, which in turn reveal the
temperature- and orientation-dependent magnetic suscepti-
bility—an essential descriptor of paramagnetic response.

In parallel, we outline the application of Berry phase the-
ory for computing spontaneous electric polarization across
stoichiometric and defect-laden structures, showing how lo-
cal lattice asymmetries induced by Gd substitution reinforce
ferroelectricity. Band gap evaluations are carried out via both
semi-local (PBE+* ) and meta-GGA (TB-mBJ and JTSKTB-
mBJ) formalisms, corroborated by Tauc-based optical ab-
sorption analyses. The semiconducting nature of charge-
neutralized Gd-PTO is thus established in a cross-validated
fashion. Furthermore, QTAIM-based topological analyses of
electron density elucidate the redistribution of charge around
dopants and vacancies, enabling robust inference of valence
states, bonding, and covalency.

This document also contains extensive computational de-
tails on supercell design, Brillouin zone sampling, spin con-
figurations, defect formation energies, and susceptibility
modeling. Together, these technical foundations not only
ensure methodological transparency and reproducibility but
also pave the way for generalizing the framework to other
complex oxide systems. In doing so, this Supplemental Ma-
terial bridges the microscopic physics and macroscopic ob-
servables of Gd-doped PTO, underpinning the central thesis
of room-temperature multiferroicity via site selectivity and
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electronic stabilization.

SMII. FUNDAMENTAL THEORETICAL
METHODOLOGIES

A. Crystal-Field Hamiltonian for Gd3+

The electronic states of Gd3+ in PbTiO3-based compounds
are described by the effective Hamiltonian

�̂ = �̂A + �̂CF + �̂ex + �̃Z, (SM1)

where �̂A is the free-ion Hamiltonian [1], �̂CF the crystal-
field (CF) term, �̂ex the exchange interaction, and �̃Z the ef-
fective Zeeman interaction [2].
The CF Hamiltonian is written in Wybourne notation [3–

5] as

�̂CF =

∑

:,@

�:@�̂
(: )
@ , (SM2)

with spherical tensor operators

�̂
(: )
@ =

√

4c

2: + 1
.̂:
@ . (SM3)

The allowed CFPs �:@ are fixed by the local point symmetry
of the Gd3+ site.
For tetragonal�4E symmetry, the CF Hamiltonian reads

�̂CF = �20�̂
(2)
0 + �40�̂ (4)

0 + �44(�̂ (4)
4 + �̂ (4)

−4 )
+ �60�̂ (6)

0 + �64 (�̂ (6)
4 + �̂ (6)

−4 ),
(SM4)

as obtained from Eq. (SM2) for real CFPs [6].
In Pb-vacancy–stabilized configurations, the symmetry

lowers to�2E , activating additional CFPs:

�̂CF = �20�̂
(2)
0 + �22 (�̂ (2)

2 + �̂ (2)
−2 ) + �40�̂

(4)
0

+ �42(�̂ (4)
2 + �̂ (4)

−2 ) + �44 (�̂
(4)
4 + �̂ (4)

−4 )
+ �60�̂ (6)

0 + �62 (�̂ (6)
2 + �̂ (6)

−2 ) + �64 (�̂
(6)
4 + �̂ (6)

−4 ).
(SM5)

Crystal-field parameters were obtained using two comple-
mentary schemes: DFT+CFT (Wannier-projected 45 Hamil-
tonians) and SPM+CFT (geometry-based ligand contribu-
tions). Implementation details are provided in the subsequent
SM sections.

1. CFPs Determination by Hybrid DFT+CFT Approach

Crystal-field parameters (CFPs) of Gd3+ were obtained
using the parameter-free DFT+CFT approach [6–9], which
combines first-principles electronic structure calculations
with crystal-field theory via projection onto the localized 45
manifold.
Calculations start from a non-spin-polarized open-core

DFT treatment of the Gd 45 shell [10–12], suppressing self-
interaction errors while preserving strong 45 localization.

Hybridization between Gd 45 and O 2?/2B states is subse-
quently introduced through an energy shift parameterΔ [6, 7,
9]. A non-self-consistent calculation is then performed with
the 45 states promoted to the valence, yielding the local 45
Hamiltonian �̂45 .
Bloch states in the 45 energy window are projected

onto maximally localized Wannier functions using
WIEN2WANNIER [13] and WANNIER90 [14–17], pro-
ducing a 7 × 7 on-site Hamiltonian. The crystal-field
Hamiltonian is obtained from its traceless part [7]:

�̂CF = �̂45 − �avg�̂ , (SM6)

with �avg = Tr(�̂45 )/7.
The CFPs �:@ are extracted by expanding �̂CF in

Wybourne-normalized spherical tensor operators �̂
(: )
@

[Eqs. (SM2)–(SM3)], with :max = 6 for 5 electrons. This pro-
cedure preserves site symmetry and explicitly incorporates
covalency and hybridization effects, providing a reliable
microscopic basis for analyzing magnetic anisotropy, Zee-
man splitting, and spectroscopic fine structure in Gd-doped
PbTiO3.

2. CFPs Determination by Hybrid SPM+CFT Approach

Crystal-field parameters were also evaluated using the
semi-empirical superposition model (SPM) combined with
crystal-field theory [18–21]. In SPM, the ligand field at the
central ion is expressed as a sum of individual ligand contri-
butions, allowing a transparent separation of geometric and
intrinsic interaction effects. This makes the approach partic-
ularly suitable for low-symmetry and defect-containing en-
vironments [22].
In extended Stevens notation, the CFPs are written as [23–

26]:

1
@

:
=

=
∑

8=1

1̄: ('8 )  @

:
(\8 , q8), (SM7)

where ('8 , \8 , q8) denote the ligand coordinates and  @

:
are

geometrical coordination factors. The intrinsic parameters
follow a power-law distance dependence,

1̄: ('8 ) = 1̄: ('0)
(

'0

'8

)C:

, (SM8)

with reference distance '0 and rank-dependent exponent C: .
Equivalently, in Wybourne notation the CFPs read [4, 22,

27]:

�:@ =

∑

8

�̄:

(

'0

'8

)C:

 :@ (\8, q8 ), (SM9)

which is used throughout this work for consistency with the
DFT+CFT analysis. For low-symmetry sites, the Stevens for-
malism guarantees real CFPs, while the Wybourne parame-
ters are related by standard transformations [22].



3

The key advantage of SPM is its parsimony: instead of fit-
ting a full set of �:@ parameters, only a small number of phys-
ically meaningful quantities (�̄: , C: , '0) are required, enhanc-
ing transferability across structurally related systems [22, 28,
29]. This feature is particularly valuable for vacancy-induced
symmetry lowering, such as the �4E →�2E reduction caused
by Pb vacancies in PbTiO3.
In this study, SPM was applied using DFT-relaxed geome-

tries for Gd3+ at Pb and Ti sites. Coordination factors :@ for
�4E and �2E symmetries were taken from tabulated expres-
sions [22]. To assess robustness, three parameter sets were
tested: SPM(a) with nominal �̄: values [30], SPM(b±) varying
�̄: by ±20%, and SPM(c±) varying C: by ±20%. The resulting
CFP trends are compared directly with the DFT+CFT results
in Sec. II F, see Tables CI and CII in the main article.

B. Zeeman Splitting and Van Vleck Susceptibility of the
Ground Multiplet

Gd3+ has a half-filled 45 7 shell with ! = 0, resulting in ( =

� = 7/2 and a 8(7/2 ground-state multiplet; the first excited
multiplet 6%7/2 (! = 1, ( = 5/2) lies at higher energy. In the
crystalline environment, crystal fields and spin–orbit cou-
pling split each � = 7/2 multiplet into symmetry-dependent
Kramers doublets. Under tetragonal �′

4E symmetry, relevant
for Pb0.875Gd0.125TiO3 and PbTi0.875Gd0.125O3−X , the splitting
follows 2Γ6 + 2Γ7, while symmetry lowering to �′

2E (Pb-
vacancy systems) yields four Γ5 doublets [31].
The field-dependent energies of the 8th Kramers doublet

are modeled as [9]

Y8 (B) = Y8 (0) ± 1
2`� B·g8 (n̂) − 1

2B·χ
vV
8 ·B, (SM10)

where g8 is the effective Zeeman tensor, χvV
8 the Van Vleck

susceptibility tensor, and n̂ = B/|B|. The zero-field energies
Y8 (0) include crystal-field and exchange contributions.

The tensors g8 andχvV
8 were extracted by quadratic regres-

sion of field-induced level splittings obtained from diagonal-
ization of the crystal-field Hamiltonian using both DFT+CFT
and SPM+CFT CFPs. Formal definitions of g8 are given in
Eqs. (5)–(11) of Ref. [9].
The magnetic moment of the 8th state along direction a is

<8,a = −3Y8,a
3�a

, (SM11)

and the thermally averaged magnetization follows Boltz-
mann statistics,

"a () ) =
∑

8<8,a4
−Y8,a /:�)

∑

8 4
−Y8,a/:�)

, (SM12)

from which the susceptibility is obtained as

ja () ) =
m"a

m�a
. (SM13)

This framework yields anisotropic susceptibilities j‖ () )
and j⊥ () ), directly linking symmetry-controlled crystal-
field splittings to temperature-dependent magnetic response.

For clarity, the two computational protocols employed
are denoted as (i) DFT+CFT+Δ+Zeem.+Reg. and (ii)
SPM+CFT+Zeem.+Reg., following Ref. [9].

C. Electronic and Optical Band Gaps

Standard DFT underestimates band gaps due to the lack of
derivative discontinuity in semi-local exchange–correlation
functionals [32–37]. To overcome this limitation, electronic
band gaps were evaluated using the Tran–Blaha modified
Becke–Johnson (TB-mBJ) exchange potential [32], which in-
troduces a semi-local correction via a system-dependent scal-
ing factor

2 = � + �
√

1

Ω

∫

Ω

|∇d (r) |
d (r) 3r, (SM14)

with � = −0.012 and � = 1.023
√
Bohr [38]. Here, d (r) is

the electron density and Ω the unit-cell volume. For corre-
lated oxides, the generalized JTSKTB-mBJ scheme [39] was
additionally employed, using 2 = � + �6 4 with � = 0.4,
� = 1.0

√
Bohr, and 4 = 0.5.

Optical properties were obtained from the complex dielec-
tric function Y (l) = Y1(l) + 8Y2(l) calculated within the
random-phase approximation (RPA). The imaginary part is
given by

ℑ[YUU ′ (l)] =
(

42Ω

2cℏ<2l2

)

∑

2E

∫

3k 〈2k|?U |Ek〉〈Ek|?U ′ |2k〉

× 5Ek (1 − 52k)X (�2k − �Ek − ℏl), (SM15)

while ℜ[Y (l)] follows from the Kramers–Kronig relation,

ℜ[Y (l)] = 1 + 2

c
P

∫ ∞

0

l ′ℑ[Y (l ′)]
l ′2 − l2

3l ′. (SM16)

The absorption coefficient was computed as

U (l) = 2l^ (l)
2

, (SM17)

where ^ (l) is the extinction coefficient derived from the
complex refractive index. The optical band gap �opt6 was ex-
tracted using the Tauc relation [40],

(Uℏl)1/W = �(ℏl − �opt6 ), (SM18)

with W = 1/2 and 2 for direct and indirect allowed transitions,
respectively.
This combined TB-mBJ/JTSKTB-mBJ and RPA+Tauc

framework provides consistent electronic and optical band
gaps for Gd-doped PbTiO3, enabling direct comparison with
experiment. Further methodological details are given in
Ref. [41].
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D. Topological Analysis of Charge Density via QTAIM

Charge redistribution in pristine and Gd-doped PbTiO3

was analyzed using the Quantum Theory of Atoms in
Molecules (QTAIM) [42, 43], which partitions the electron
density d (r) into atomic basins bounded by zero-flux sur-
faces,

∇d (r) · n(r) = 0, (SM19)

where n(r) is the surface normal. The electron population
associated with each atom is given by the Bader charge

&Bader =

∫

Ω

d (r) 3r, (SM20)

providing a quantitative measure of charge transfer and bond
ionicity.
All-electron charge densities were obtained from FP-

APW+lo calculations [44, 45] usingWIEN2k [46–48] and ana-
lyzed with Critic2 [49, 50]. This approach was applied to sto-
ichiometric, Gd-substituted, and vacancy-stabilized PbTiO3

configurations. The resulting Bader electron charges reveal
systematic charge redistribution induced by aliovalent Gd
substitution and intrinsic defects, directly correlating with
modifications of Ti–O bond ionicity, Pb lone-pair activity,
and local electronic environments discussed in the main text.
Further methodological background and applications of

QTAIM to complex oxides are given in Refs. [51, 52].

E. Spontaneous Polarization from Berry Phase Theory

Spontaneous polarization of pristine and Gd-doped
PbTiO3 was computed using the modern Berry-phase theory
of polarization within DFT+* [53–59]. For a structural
phase _, the total polarization reads [41, 60]

P(_)
=

4

Ω (_)

#
∑

B=1

/
ion(_)
B r

(_)
B

+ 24

(2c)3
"
∑

==1

∫

1BZ(_)
3k 〈D (_)

=k
| − 8∇k |D (_)

=k
〉,
(SM21)

where the first term is the ionic contribution and the second
is the electronic Berry phase term.
Expressed geometrically, the polarization component

along lattice vector ' (_)
` is

%
(_)
` =

4

2c

i
(_)
`

Ω (_) '
(_)
` , (SM22)

with i (_)
` the Berry phase.

The spontaneous polarization is obtained from the differ-
ence between the low- and high-symmetry phases,

PB = P(2) − P(1) . (SM23)

This gauge-invariant formalism accurately captures both
ionic displacements and electronic rearrangements induced

by aliovalent Gd substitution and compensating defects. Fur-
ther computational details are given in Refs. [41, 60] and the
Supplemental Material of Ref. [60].

F. Choice and robustness of the on-site Coulomb
interaction parameters

The on-site Coulomb interaction was treated within the
Dudarev formalism, using the effective parameter*eff = * −
� . The values adopted in this work,* Gd

eff
= 4.35 eV for Gd 45

states and * Ti
eff = 3.94 eV for Ti 33 states, were not treated

as fitting parameters but were taken from well-established
literature for closely related rare-earth and transition-metal
oxide systems.
For Gd 45 states, the choice * Gd

eff
= 4.35 eV is motivated

by the comprehensive first-principles analysis of Bjaalie et
al. [67], who determined the Mott–Hubbard gap in GdTiO3

and demonstrated that values in the range * Gd
eff

≈ 4–5 eV
correctly reproduce the localization, energetic position, and
magnetic character of Gd 45 states. This range has since be-
come standard in DFT+* studies of Gd-containing perovskite
and oxide materials and provides a physically sound descrip-
tion of strongly localized 45 electrons.
For Ti 33 states, * Ti

eff
= 3.94 eV is consistent with prior

studies of PbTiO3 and related titanates, including the work of
Shimada et al. [68], where comparable *eff values were em-
ployed to capture electron-correlation effects associated with
Ti–O bonding, defect-induced charge redistribution, and lo-
cal electronic reconstruction in ferroelectric environments.
To explicitly assess the sensitivity of our results to the

choice of *eff , we examined the evolution of the electronic
structure as a function of* Ti

eff
over a wide physically relevant

range (1–9 eV), while keeping* Gd
eff

fixed at its literature value.

As summarized in Table SM1, increasing * Ti
eff leads to a sys-

tematic and monotonic widening of the band gap in pristine
PbTiO3, as expected for correlated 3 states, but does not al-
ter the qualitative nature of the electronic structure (indirect
gap) nor the insulating character of the system. Crucially, for
Gd-doped and vacancy-stabilized configurations, the reopen-
ing of the band gap upon charge compensation, the relative
energetic position of the Gd 45 manifold, and the total mag-
netic moment per Gd atom remain robust across this entire
range of* Ti

eff values.
Likewise, systematic benchmarking of the effective Hub-

bard parameter for Gd 45 states in Gd-containing sys-
tems—including our recent study of GdAl2 summarized in
Table I of Ref. [69]—demonstrates that moderate variations of
* Gd
eff within the physically relevant range (∼ 4–6 eV) primar-

ily affect quantitative details, such as equilibrium lattice con-
stants and elastic moduli, while leaving the qualitative elec-
tronic and magnetic characteristics unchanged. In particular,
the localized nature of the Gd 45 states, the magnitude of the
magnetic moment, and the magnetic ground state are robust
against reasonable variations of * Gd

eff
.

A similar robustness with respect to the Hubbard param-
eter has been demonstrated in our recent systematic study
of correlated oxides and metals (Table SM2 in Supplemental
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TABLE SM1. The electronic bangap (E4g), type of electronic band gap (Type), direct optical band gap (dir. E
opt
g ), and indirect optical bandgap

(ind. E
opt
g ) for for the PbTiO3, Pb0.875−XGd0.125TiO3, and PbTi0.875Gd0.125O3−X . Total magnetic moment per Gd atom (MM). XC, SOC, 2 , and

Ueff represent exchange-correlation, spin-orbit coupling, 2 parameter of various mBJ versions, including TB-mBJ and JTSKTB-mBJ as defined
and discussed in Sec. SMII C and Ref. [41], and effective Hubbard parameter of GGA+* , respectively. Results of this work are denoted by *.

Compound Structure Scheme SOC 2 * Ti
eff (eV) *Gd

eff
(eV) E4g (eV) Type E

opt
g, dir.

(eV) E
opt
g, ind.

(eV) MM (`B ) Ref.

PbTiO3 Bulk/tetra. PBE-GGA Yes - - - 1.78 ind. 3.2 2.5 - *

PBE-GGA+* Yes - 0.99 - 1.88 ind. 3.4 2.4 - *

PBE-GGA+* Yes - 2.04 - 1.99 ind. 3.4 2.5 - *

PBE-GGA+* Yes - 2.99 - 2.06 ind. 3.5 2.5 - *

PBE-GGA+* Yes - 3.94 - 2.20 ind. 3.5 2.6 - *

PBE-GGA+* Yes - 5.03 - 2.32 ind. 3.6 2.6 - *

PBE-GGA+* Yes - 5.99 - 2.42 ind. 3.7 2.6 - *

PBE-GGA+* Yes - 6.94 - 2.54 ind. 3.8 2.6 - *

PBE-GGA+* Yes - 8.03 - 2.66 ind. 3.3 2.3 - *

PBE-GGA+* Yes - 8.98 - 2.70 ind. 2.2 1.0 - *

TB-mBJ Yes 1.38 - - 2.08 ind. 3.6 3.1 - *

JTSKTB-mBJ Yes 1.80 - - 2.60 ind. 3.7 3.2 - *

Bulk/tetra. PW91-GGA - - 1.56 dir. - [61]

Bulk/cub. B3PW - - 2.87 - [62]

Thin film/tetra. Exp. - - 3.45 - [63]

Bulk/cub. DFT-HF hybrid - - - [63]

Thin film/tetra. Exp. - - 3.7 - [64]

Thin film/tetra. Exp. - - 3.88 - [65]

Thin film/cub. Exp. - - 3.67 - [65]

nanoparticle/- Exp. - - 2.6 - [66]

Pb0.875−XGd0.125TiO3 Bulk/tetra. PBE-GGA+* Yes - - 4.35 1.82 dir. 3.5 2.5 6.93 *

PBE-GGA+* Yes - 3.94 3.35 2.23 dir. 3.7 2.8 6.93 *

PBE-GGA+* Yes - 3.94 4.35 2.23 dir. 3.7 2.8 6.93 *

PBE-GGA+* Yes - 3.94 5.35 2.23 dir. 3.7 2.8 6.93 *

PbTi0.875Gd0.125O3−X PBE-GGA+* Yes - - 4.35 1.73 dir. 3.4 2.6 6.85 *

PBE-GGA+* Yes - 3.94 3.35 1.84 dir. 3.7 2.6 6.85 *

PBE-GGA+* Yes - 3.94 4.35 1.84 dir. 3.7 2.6 6.85 *

PBE-GGA+* Yes - 3.94 5.35 1.84 dir. 3.7 2.6 6.85 *

Material of Ref. [60]), where extensive benchmarking over
multiple exchange–correlation functionals, magnetic config-
urations, spin–orbit coupling, and a broad range of* values
showed that varying* primarily affects quantitative metrics
such as lattice parameters or gap magnitudes, while leaving
the qualitative electronic phase (metallic versus insulating)
and symmetry-driven trends unchanged. In that work, as
here, the inclusion of * shifts energetic thresholds but does
not qualitatively alter the underlying physical mechanisms.

We therefore conclude that the central findings of this
work—namely, defect-induced charge compensation, stabi-
lization of insulating behavior, preservation of 5 -electron

magnetism, and the resulting crystal-field–controlled mag-
netic anisotropy—are not artifacts of a specific numeri-
cal choice of * , but are robust features of the underly-
ing physics captured within a physically motivated and
literature-supported GGA+* framework.

G. Supercell Construction and Brillouin Zone Sampling

To model the Gd-doped PbTiO3 compositions, a
2 × 2 × 2 supercell was employed for Pb1−GGdGTiO3

(Pb0.875Gd0.125TiO3), while 2 × 2 × 4 supercells were used for
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Pb1−G−XGdGTiO3 (Pb0.8125Gd0.125TiO3) and PbTi1−GGdGO3−X
(PbTi0.875Gd0.125O2.9375). Here, G = 1/8 = 0.125 denotes the
Gd doping level, corresponding to substitution of one out of
eight Pb or Ti atoms by Gd3+ in the respective supercells.
The vacancy concentration is given by X = 1/16 = 0.0625,
introduced either as a Pb-site vacancy (VPb) or an oxygen
vacancy (VO) to maintain charge neutrality. Full structural
details, including atom indices and symmetry settings, are
provided in the ESI of Ref. [70]. Brillouin zone integrations
were carried out using Monkhorst-Pack meshes [71] with
5 × 5 × 5 and 5× 5 × 3 :-point grids for structural relaxation.
For band structure and optical property calculations, denser
9 × 9 × 8 and 9 × 9 × 4 grids were employed, respectively.

H. Magnetic Configuration Sampling and Spin-Polarized
Calculations

As pure PbTiO3 (PTO) is non-magnetic [72], magnetic
ordering is not expected in its undoped form. However,
upon Gd doping, magnetic behavior becomes plausible, espe-
cially in light of prior observations of ferromagnetism in PTO
dopedwith Fe andGdnanorods [73]. To systematically assess
the magnetic character introduced by Gd3+ substitution, we
performed total energy calculations for non-magnetic (NM),
ferromagnetic (FM), and antiferromagnetic (AFM) configura-
tions for all doped compositions. These magnetic configura-
tions were examined for both Pb-site and Ti-site Gd doping,
with accompanying Pb or O vacancies. The relative energies
of FM andAFM states provided insight into the preferred spin
alignment induced by the Gd dopants in the PbTiO3 lattice.
The spin-polarized calculations were carried out consistently
within the GGA+* framework, as described above, enabling
a quantitative evaluation of the magnetic stabilization asso-
ciated with Gd incorporation.

I. Defect Formation Energy Calculations

To ensure consistency in formation energy calculations,
we employed 2 × 2 × 4 supercells for all doped configura-
tions, including those without intrinsic vacancies, matching
the supercell dimensions used for vacancy-containing struc-
tures. The formation energy of a vacancy-type defect, ��

5
,

was computed using the relation ��
5

= �Total(with Vac.) −
�Total(without Vac.) + �atom(Vac.), following the method-
ology outlined in Ref. [70]. Here, �Total(with Vac.) and
�Total(without Vac.) refer to the total energies of supercells
with andwithout the vacancy, respectively, while�atom(Vac.)
represents the isolated atomic energy of the removed Pb or O
atom, calculated in its respective ground state configuration.

J. Electronic Band Gap Corrections

To address the well-known underestimation of band gaps
in standard DFT [32–37], we employed the modified Becke-

Johnson (TB-mBJ) exchange potential and its tailored exten-
sions, as systematically reviewed in Ref. [41]. Our calcula-
tions incorporated both the original TB-mBJ scheme [32, 33],

characterized by the expression 2 = U + V
√

6 with U = −0.012
and V = 1.023

√
Bohr, and the JTSKTB-mBJ variant [39],

which generalizes the 2 parameter as 2 = � + �64 using
� = 0.4, � = 1.0

√
Bohr, and 4 = 0.5. The JTSKTB-mBJ

parametrization was developed to enhance accuracy in per-
ovskite systems by adjusting the 2 factor based on their spe-
cific electronic environments. In this study, both formula-
tions were applied self-consistently to evaluate their perfor-
mance on the PbTiO3-based compounds. This dual approach
enabled a cross-validation of results and offered a broader
perspective on the sensitivity of band gap predictions to ex-
change potential parametrizations in complex oxide materi-
als.

K. Optical Band Gap Extraction via Tauc Analysis

For the evaluation of optical band gaps, we applied the
Tauc method by plotting (Uℏl)2 and (Uℏl)1/2 as functions
of photon energy, corresponding to direct and indirect tran-
sitions, respectively. These plots were generated from the
absorption coefficients obtained via the calculated dielectric
functions, following the procedure outlined in Sec. SMII C
and demonstrated in Ref. [41].
In optical spectroscopy, the Tauc method is widely used

to estimate the optical band gap �
opt
6 of semiconductors

and insulators based on the absorption coefficient spectrum.
The method is grounded in the relationship expressed in
Eq. (SM18). A Tauc plot is created by plotting (Uℏl)1/W on
the vertical . -axis against � on the horizontal axis. The on-
set of the absorption edge appears as a linear region, and ex-
trapolating this region to the energy axis gives the band gap
�
opt
6 . To accurately estimate �opt6 , a tangent must be drawn

to the linear region of the Tauc plot. While this is often
done manually by visual inspection, the choice of tangent
line is critical and must be made with care. In this work,
we present a systematic procedure for selecting the optimal
tangent and estimating the optical band gap using the Tauc
method. The steps are detailed below and visually summa-
rized in the flowchart shown in Fig. SM1. A valid tangent
line: must lie entirely below or on the Tauc curve in the se-
lected region, must touch the curve at exactly one point, and
should have the maximum possible slope under these condi-
tions. The procedure begins by selecting a suitable energy
interval [�min, �max] where the Tauc plot appears approxi-
mately linear. Within this interval, all pairs of data points
(�8, .8) and (� 9 , .9 ) are considered, where.9 denotes the 9 -th
value of the transformed absorption data, . = (Uℏl)1/W . For
each pair, a candidate line is formed:

< =
.9 − .8
� 9 − �8

, 2 = .8 −<�8 . (SM24)

This line has the form . =<� + 2 , where . = (Uℏl)1/W . The
line is tested against all other points in the interval to ensure
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Start: Load Tauc data (�, (Uℏl)1/W )

Select energy interval [�min, �max]

Loop through all point pairs in the interval

Compute slope< and intercept 2

Is line ¶ Curve at all points? Store line if< is the largest so far

Next pair

All pairs tested?

Select steepest valid tangent

Compute �
opt
6 = −2/<

End: Plot tangent and report �
opt
6

Yes

No

Yes

No

FIG. SM1. Flowchart illustrating the algorithm used to estimate the optical band gap �
opt
6 from a Tauc plot. The process begins

with loading the photon energy � and transformed absorption data (Uℏl)1/W , where W = 2 or 1/2 depending on whether direct or indirect
transitions are considered. A suitable energy interval [�min, �max] is then selected where the Tauc curve appears approximately linear. All
pairs of data points within this interval are tested to form candidate tangent lines, each defined by its slope < and intercept 2 . A line is
considered valid only if it lies entirely below or on the Tauc curve and touches it at exactly one point. Among all valid lines, the one with the
maximum slope is selected as it corresponds to the earliest physically meaningful onset of absorption. The optical band gap is then obtained

by extrapolating this line to the energy axis, using �
opt
6 = −2/<. This approach ensures consistency with the theoretical foundations of the

Tauc method and avoids under- or overestimation of the gap due to misaligned tangents.

it lies below or on the curve:

<�: + 2 ≤ .: , for all :. (SM25)

If the condition is satisfied, the line is considered a valid tan-
gent. Among all valid lines, the one with the maximum slope
< is selected, as this choice is both physically justified and

methodologically essential for a reliable estimate of the op-
tical band gap. In the Tauc plot, a steeper tangent reflects a
more abrupt rise in the absorption coefficient, characteristic
of a well-defined electronic transition at the absorption edge.
By selecting the steepest possible line that remains entirely
below (or on) the Tauc curve and touches it only once, we en-
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sure that the extrapolated intercept corresponds to the earli-
est physicallymeaningful onset of optical absorption. Choos-
ing a line with a lower slope, though still valid in the math-
ematical sense of tangency, would result in an x-axis inter-
cept at a lower energy. This implies that absorption begins at
photon energies below those actually supported by the data,
thereby underestimating the band gap. Such a choice is in-
consistent with the physical behavior of the material, where
absorption only becomes appreciable once the photon energy
exceeds the gap. Conversely, lines with slopes greater than
the maximum valid one would inevitably intersect the curve,
violating the physical requirement that no absorption occurs
below the band edge. Hence, the tangent with the maximum
admissible slope is unique in that it satisfies all physical con-
straints while capturing the sharpest, earliest linear rise in
absorption. This approach not only adheres to the theoret-
ical assumptions of the Tauc model but also mimics the ex-
pert judgment traditionally applied in experimental interpre-
tation, now implemented with algorithmic rigor. It thus pro-
vides a robust, accurate, and physically consistent determi-
nation of �

opt
6 . The band gap is then determined from the

horizontal energy-axis intercept of this tangent line:

�
opt
6 = − 2

<
. (SM26)

This method guarantees a physically meaningful estimate of
the optical band gap. It mimics what a trained analyst might
do manually, but with the objectivity and precision of algo-
rithmic computation. By strictly adhering to the criteria of
tangency and non-intersection, the resulting �6 aligns with
the theoretical assumptions of the Tauc model.

L. Spontaneous Electric Polarization Calculations

To compute the spontaneous electric polarization of the
PbTiO3-based compounds under investigation, we utilized
the Berry phase formalism within the DFT framework, as
implemented the WIEN2k package [46–48]. In practice,
we calculated the polarization difference between the low-
symmetry (tetragonal) and high-symmetry (cubic) phases of
each compound. This difference corresponds to the sponta-
neous polarization and is given by: Pspontaneous = Ptetragonal −
Pcubic. The Berry phase calculations accounted for both elec-
tronic and ionic contributions to the polarization. The elec-
tronic part was obtained by integrating the Berry connection
over the occupied valence bands in reciprocal space, while
the ionic part was determined from the positions of the nu-
clei and their respective charges. This methodology provides
a robust and accurate means of determining spontaneous po-
larization in ferroelectric materials, capturing the essential
physics associated with structural distortions and electronic
rearrangements.

M. Charge Density Analysis

To assess the charge distribution in Pb0.8125Gd0.125TiO3 and
PbTi0.875Gd0.125O2.9375 compounds, we performed a topolog-

ical analysis of the all-electron charge densities using the
Quantum Theory of Atoms in Molecules (QTAIM) formal-
ism. The charge densities were obtained from DFT calcula-
tions using the FP-APW+lo method as implemented in the
WIEN2k package [46–48]. The resulting densities were sub-
sequently analyzed with the Critic2 code [49, 50], which par-
titions space into atomic basins based on zero-flux surfaces
in the gradient field of the electron density. Bader electron
charges (BECs) were computed from the integrated electron
densities within these basins. These BECs were then used
to estimate the valence states of each atomic species. This
workflow provided quantitative data on atomic charge distri-
bution, enabling comparison across different doped and non-
stoichiometric configurations.

N. DFT+SPMHybrid Approach

For the SPM-based calculation of CFPs, we extracted
the required local structural data—namely, the Gd–O
bond lengths and O–Gd–O angular coordinates—from DFT-
optimized geometries (Table CI) and our previous structural
work [70]. Intrinsic parameters �̄: (: = 2, 4, 6) were adopted
from studies on structurally analogous GdO12 clusters in
tetragonal SrTiO3 and BaTiO3, using the reported values in
cm−1: (�̄2, �̄4, �̄6) = (452, 156, 10) and (470, 140, 8), respec-
tively [30, 74]. Power-law exponents were set as C2 = 5,
C4 = 6, and C6 = 10, with the reference distance '0 defined
as the average Gd–O bond length within the coordination
shell. To evaluate the sensitivity of the computed CFPs, we
considered three models, hereafter referred to as model (a),
model (b), and model (c): (a) employing nominal values from
Ref. [30], (b) varying each intrinsic parameter �̄: by ±20%,
and (c) modifying the power-law exponents C: by ±20%. This
computational framework facilitated a parameter-space ex-
ploration necessary for validating the robustness and trans-
ferability of the derived CFPs across related compositions.

O. DFT+CFT Hybrid Approach

Central to our investigation is the accurate determina-
tion of crystal field parameters (CFPs) for Gd3+ in PbTiO3,
achieved through a dedicated hybrid DFT+CFT strategy in-
tegrating electronic structure and ligand field theories. To
complement the DFT-based analysis and extract the CFPs as-
sociated with the localized 45 states of Gd3+ ions, we em-
ployed a post-processing methodology combining DFT and
CFT (DFT+CFT). This approach enables a quantitative de-
scription of the electrostatic crystal field effects in a lig-
and environment, critical for rare-earth-doped perovskites.
Starting from the self-consistent DFT calculations described
above, we performed non-spin-polarized open-core simula-
tions in which the Gd 45 electrons were treated as part of
the ionic core. This initial step was necessary to isolate the
electrostatic crystal field contributions before accounting for
hybridization. The resulting electronic potentials were used
to construct an effective Hamiltonian for the 45 orbitals. Hy-
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FIG. SM2. Spin-resolved projected density of states (PDOS) for pristine and Gd-doped PbTiO3 systems calculated within GGA+* . Panels in-
clude orbital-resolved contributions from Pb (6B , 6?), Ti (33), O (2?), and Gd (45 , 53) states for (a1–a5) pristine PbTiO3, (b1–b5) Pb1−GGdGTiO3,
(c1–c5) Pb1−G−XGdGTiO3, and (d1–d5) PbTi1−GGdGO3−X . The Fermi level is set to 0 eV (vertical dashed line). These data provide detailed
insight into orbital hybridization, Gd 45 localization, and defect-induced spin polarization that underpin the total DOS trends discussed in
the main text.

bridization effects between the localized Gd 45 states and the
O 2? valence orbitals were subsequently introduced through
a semi-empirical correction characterized by the hybridiza-
tion energy parameter Δ, as formulated by Novák et al. [7].
At this stage, the 45 electrons were reintroduced into the va-
lence manifold and treated explicitly in a non-self-consistent
calculation. This allowed us to capture the effects of cova-
lency and electronic screening on the crystal field interaction
without the computational overhead of full iterative conver-
gence. The next step involved transforming the Bloch states
to a localized Wannier representation using the Wannier90
package [14, 15]. This facilitated the projection of the local 45
Hamiltonian onto a compact orbital basis suitable for spheri-
cal tensor analysis. The CFPs were then extracted by expand-
ing the local Hamiltonian in terms of Wybourne-normalized
spherical tensor operators, enabling direct comparison with
experimental spectroscopic data and multiplet structure pre-
dictions. All CFP calculations were carried out using the
modified LANTHANIDE code described by Novák [7], which
builds upon the foundational work of Edvardsson and Son-
dell [75]. Given the relatively weak material dependence of
the radial integrals in the hybridization Hamiltonian ��, we
adopted average values for Gd3+ ions as tabulated in a com-

prehensive survey of optical data [31] and employed in sub-
sequent studies such as [76]. This generalization improves
the transferability of our results across a range of Gd-doped
perovskite systems. By adopting this hybrid DFT+CFT strat-
egy, we bridge the gap between ab initio electronic structure
theory and phenomenological crystal field models, offering
an internally consistent framework for interpreting the role
of crystal symmetry and covalency in shaping the 45 level
structure of lanthanide ions in complex oxides.

P. Zeeman Tensor and Susceptibility Evaluation via
Hybridized Crystal Field Approaches

To estimate the components of the effective Zeeman
g tensor and Van Vleck susceptibility tensor, we applied
quadratic regression to the energy-level splittings derived us-
ing both the DFT+CFT and SPM+CFT approaches. In these
calculations, the hybridization between the Gd 45 states
and the O 2?/2B orbitals was enabled with a hybridiza-
tion parameter Δ = −0.6 Ry. The resulting computational
workflows are denoted as "DFT+CFT+Δ+Zeem.+Reg." and
"SPM+CFT+Zeem.+Reg.", respectively, and are used consis-
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tently for evaluating magnetic anisotropies and paramag-
netic responses.

SMIII. ORBITAL-RESOLVED ORIGIN OF GAP
REOPENING AND LOCALIZED MAGNETISM

Figure SM2 provides the microscopic, orbital-resolved ex-
planation for the total DOS trends discussed in the main text.
By resolving contributions from Pb 6B/6? , Ti 33 , O 2? , andGd
45 /53 states, the PDOS clarifies how correlation, hybridiza-
tion, and defect-induced symmetry lowering shape the elec-
tronic structure.
For pristine PbTiO3, the valence band is dominated by O

2? states hybridized with Pb 6B and Ti 33 , while the conduc-
tion band is primarily Ti 33 in character. The inclusion of *
enhances Ti 33 localization and increases the band gap, con-

sistent with correlation effects in transition-metal oxides.
In uncompensated Pb1−GGdGTiO3, highly localized and

spin-polarized Gd 45 states cross �� , directly accounting for
the metallic behavior observed in Fig. 2(b) in the main article.
Induced spin polarization in Ti 33 and O 2? states indicates
finite exchange coupling between Gd moments and the host
lattice.
In vacancy-stabilized systems, the Gd 45 states are dis-

placed away from �� , explaining the gap reopening in
Figs. 2(c,d). Pb and O vacancies reduce local symmetry and
modify orbital hybridization, leading to site-dependent PDOS
features and enhanced spin polarization of O 2? states. These
orbital fingerprints demonstrate how intrinsic defects simul-
taneously stabilize insulation and localized magnetism.
Thus, Fig. SM2 complements the main-text DOS by re-

vealing the orbital-level mechanisms through which vacancy
engineering enables insulating, spin-polarized states in Gd-
doped PbTiO3.
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